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Abstract The transverse momentum (pr) distribution of
strange hadrons (K 2 and A) and multi-strange hadrons( =
and £2) measured in p—p, p—Pb, and Pb—Pb collisions at LHC
energies has been studied for different multiplicity classes
using Tsallis—Weibull (or g-Weibull) formalism. The distri-
bution describes the measured pr spectra for all multiplicity
(or centrality) classes. The multiplicity dependence of the
extracted parameters were studied for the mentioned colli-
sion systems. The A parameter was observed to increase sys-
tematically with the collision multiplicity and follows a mass
hierarchy for all collision systems. This characteristic feature
indicates that A can be associated to the strength of collectiv-
ity in heavy ion collisions. It can also be related to strength of
dynamic effects such as multi-partonic interactions and color
reconnections which mimic collectivity in smaller systems.
The non-extensive g parameter is found to be greater than
one for all the particles suggesting that the strange particles
are emitted from a source which is not fully equilibrated.

1 Introduction

The study of collisions of relativistic heavy ions at RHIC and
LHC energies allows us to understand the formation of the
new phase of matter created at extreme conditions of tem-
perature and density. The key observables studied in heavy
ion collisions to characterize the produced system are often
studied in smaller collision systems such as proton-nucleus
(p—A) and elementary proton-proton (p—p) collisions to dis-
entangle the effects of initial and final stages of the collision.
The recent observations in high multiplicity p—p and p-Pb
collisions at LHC energies such as the enhanced produc-
tion of strange particles [1-3], the long-range correlations
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(“ridge” structure) in the near-side region of the two-particle
correlations [4,5], hardening of spectra of identified parti-
cles which become more pronounced for massive particles
[3] and few more are reminiscent of creation of a deconfined
medium as produced in A—A collisions.

One of the proposed signatures of the formation of this
novel state is the enhanced production of strange and multi-
strange hadrons [6]. The strange quarks are predominantly
produced in the parton-parton scattering processes (like fla-
vor creation and flavor excitation) as they are not present in
the initial state of colliding nuclei. The abundance of strange
partons in the deconfined medium results in the production
of more strange particles compared to p—p collisions [6,7].
The yield of strange particles in central and mid-central col-
lisions has been well described by statistical hadronization
models assuming a grand canonical ensemble approach [8].
However, in smaller systems like p—p collisions, the relative
abundance of strange hadrons is reduced compared to A-A
collisions. This observation was attributed to the effects of
canonical suppression which imposes a local conservation
of strangeness quantum number in a canonical ensemble for-
malism while producing strange hadrons [9]. However, this
mechanism does not explain the strangeness production in
peripheral collisions at RHIC where a smaller system was
expected to be produced [10]. The system produced in p—
A collisions can be considered to be intermediate between
the heavy-ion and the p—p collisions in terms of particle
multiplicity and volume of the system. Therefore, the study
and comparison of particle production in these systems is
crucial in order to interpret the effects of canonical formal-
ism and hadronization in general. The recent observation of
strangeness enhancement in high multiplicity p—Pb and p—p
collisions indicated towards the progressive lifting of canon-
ical suppression with increase in particle multiplicity [2,3].
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Fig. 1 pr distribution of strange and multi-strange hadrons in p—p collisions at 4/s = 7 TeV for || < 0.8 as measured by ALICE experiment at
LHC [3]. The solid lines are the g-Weibull fits to the data points. The data points are properly scaled for visibility

Therefore, it is worth investigating the transverse momentum
(pr) distribution of the produced strange hadrons created
in such collisions within different statistical frameworks, to
understand the strange particle production, as the integrated
effects of dynamics of particle production from initial stages
of collision leaves its footprints in the pr spectra. The par-
ticle production in high energy collisions is usually divided
into soft and hard production regimes. The low p7 regime is
dominated by soft hadron production and the pr spectra of
the produced particles can be described by Boltzmann—Gibbs
statistics. The high p7 region is well described by a power
law type of distribution as the hadrons are produced by hard-
scattering processes dominant in the initial stages. Generally,
the Tsallis statistical distribution is used to describe data for
elementary p—p collisions over a wide range of p7 because
of its two limits: the power law like shape at large pr and
exponential distribution at small pr. The flow parameter is
introduced is Tsallis distribution to explain the hadronic spec-
tra in heavy ion collisions to account for the effects of col-
lectivity [11-14]. A recent work/study also explained the pr
spectrain high energy collisions using the Pareto-Hagedron—
Tsallis distribution which emphasized the application of non-
extensive statistics in describing particle production features
in high energy collisions [15]. The intermittency studies has
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Table1 The valuesof (d N¢j /dn), <o 5 for different multiplicity classes
for p—p collisions at /s = 7 TeV [1]

Multiplicity class (dN¢p/dn)  Multiplicity class (dNcp/dn)

1 21.5£0.6 VI 8.45 £0.25
11 16.5£0.5 VII 6.72 £0.21
11 13.5+04 VIII 5.40 £0.17
v 11.5£03 IX 390 £0.14
v 10.1 £0.3 X 226 £0.12

shown about the multi-fractal aspects in the dynamics behind
particle production. The non-extensive Tsallis statistics have
been associated to thermofractal structures, and to conjec-
tured fractal structures in Yang-Mills Fields [16,17]. A pre-
vious has shown that the Tsallis—Weibull (or g-Weibull) dis-
tribution described the pr spectra of charged particles in p—p,
p—A and A-A collisions for the measured pr range [18]. In
this work, the Tsallis—Weibull (q-Weibull) distribution has
been used to describe the pr distribution in classes of mul-
tiplicity for strange and multi-strange hadron production in
p—p, p—Pb and Pb—Pb collisions at LHC energies. The param-
eters which characterize the distribution have been studied
as a function of charged particle density and centrality to
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understand their evolution with collisions dynamics. This
study allows to extend the g-Weibull formalism to identified
strange particles in order to gain a clear physical interpreta-
tion of the associated parameters.

2 The q-Weibull distribution

The natural evolving processes where the dynamic evolu-
tion is governed by fragmentation and sequential branching
are described by Weibull distribution [19,20]. The produc-
tion of hadrons in non-perturbative domain has an inherent
cascade branching fragmentation and therefore Weibull dis-
tribution successfully described the multiplicity distribution
of charged particles in hadron-hadron and leptonic collisions
[21,22]. The Weibull-distribution is incorporated with Tsal-
lis statistics to obtain g-Weibull distribution.

Mathematically, the q-Weibull distribution is obtained by
replacing the exponential factor in Weibull distribution by its
equivalent g-exponential [23,24].
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Fig. 2 Variation of k (upper panel), A (middle panel) and g (lower

panel) as a function of (d N, /dn) for p—p collisions at /s = 7 TeV

Table 2 The values of k, A, ¢ and x2/ndf obtained from the fits of pr
distributions using g-Weibull function in p—p collisions at /s = 7 TeV
for different multiplicity classes as measured by ALICE experiment at

LHC [1,3]

(dNew/dn) — k s q x*/ndf
Ky
21.3+0.6 1.84 £ 0.02 0.68 &=0.007 1.31 =£0.005 0.8
16.5 +£0.5 1.80 £ 0.02 0.65+0.007 1.31 +£0.005 0.54
13.5+04 1.81 £0.02 0.64 +=0.006 1.31 +£0.004 1.3
11.5+03 1.79 £ 0.02 0.62 £0.006 1.30+0.004 1.65
10.1 = 0.3 1.79 £ 0.02 0.61£+0.006 1.30+0.004 2.03
8.454+0.25 1.80+£0.02 0.58 +0.005 1.30+0.004 1.09
6.72 £ 021 1.774+0.02 0.55+0.005 1.30+0.004 0.69
540 +0.17 1.78+0.02 0.54 £0.001 1.324+0.001 1.7
390+ 0.14 1.79+0.02 0.51 £0.005 1.30£0.005 09
226 +0.12 1.734+£0.03 048+ 0.006 1.274+0.005 2.13
A+ A
21.3+0.6 1.99 +0.08 1.082+0.02 126=+0.02 0.18
16.5 0.5 1.95+0.08 1.00+0.018 1.25+0.02 0.15
13.5+04 191 £0.08 0.95+0.017 1.25+0.02 0.10
11.54+0.3 1.93+0.08 091 £+£0.017 125+0.02 0.14
10.1 0.3 1.89 £ 0.08 0.88 +=0.017 1.25+0.02 0.16
8454+0.25 1.89+0.09 0.85+0.016 1.25+002 024
6.72+021 1914+0.09 0.79 +£0.016 1.26+0.02 0.17
540 +£0.17 1.81+£0.09 0.75 £0.003 1.24 +0.02 1.56
390+0.14 1.92+0.11 0.70 &£ 0.02 1.26 £0.02 0.40
226+0.12 197+0.16 0.60 £0.03 1.28 £0.02 0.430
E-+ &5t
21.3+0.6 196 £0.12 1.29 +0.03 1.23+£0.03 0.74
165+05 205+0.13 1.194+0.02 1.26+0.03 0.38
135+£04 183+0.13 1.114+0.02 1.21+0.03 0.53
11.5+£03 190+0.13 1.084+0.02 123+0.03 0.17
10.1 £0.3 1.97 £ 0.14 1.04 +0.03 1.254+0.03 0.16
8.45+0.25 1.894+0.14 1.04+0.02 1.23+0.03 0.35
6.72 £0.21 191 +0.14 0.96 & 0.03 1.23+0.03 0.39
540+£0.17 1.85+0.11 0914002 1.23+0.03 1.10
390+0.14 1.974+0.19 0.83+£0.04 1.264+0.03 0.68
226 +£0.12 1.83+0.27 0.70 &£ 0.07 1.24 £0.04 0.34
24+ 0+F
189+ 0.6 1.98 + 0.8 1.54+ 0.1 1.196 = 0.03 0.74
125+ 0.5 1.90 = 0.7 1.38 & 0.09 1.2 +0.03 0.38
93+04 1.86 = 0.8 1.37 &+ 0.09 1.15+0.03 0.53
6.06 +£ 0.3 1.87 £0.13 1.03 £0.01 124 +0.03 0.17
3.08+0.3 1.87 £0.14 0.84 =0.026 127 +£0.03 0.16
where
(3! 16y ()
e :<1‘(1“’)(X)> @)
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Fig. 3 pr distribution of strange and multi-strange hadrons in different multiplicity classes for p—Pb collisions at 5.02 TeV for || < 0.8 as
measured by ALICE experiment at LHC [2,25]. The solid lines are the ¢g-Weibull fits to the data points. The data points are properly scaled for

visibility

As observed in previous analysis of pr spectra of charged
particles in heavy ion collisions [18], the value of the non-
extensive g parameter is related to the deviation of the sys-
tem from thermal equilibrium. In general, ¢ > 1 value is
attributed to the presence of intrinsic fluctuations in the sys-
tem and depends upon the observable being measured. The
A parameter can be associated with the mean pr in hadronic
collisions or the collective expansion velocity of hadrons in
heavy ion collisions. The k parameter can be related to system
dynamics associated with the type of collisions.

3 Analysis and discussion

In a previous study [18], the g-Weibull distribution was suc-
cessful in explaining the p7 distribution of charged particles
in p—p, p—A, A-A collisions for the measured pr range for
most of the beam energies studied. In this work, the analy-
sis has been extended to identified strange and multi-strange
hadrons in these collision systems. The p7 distribution of
strange and multi-strange hadrons in different multiplicity
classes were fitted with q-Weibull function in p—p [3], p—Pb
[2,25],and Pb—Pb [26,27] collisions at beam energies of 7
TeV, 5.02 TeV, and 2.76 TeV, respectively as measured by
ALICE experiment. The fitting is performed on basis of x>
minimization procedure using ROOT libraries and the sys-
tematic studies were done by varying the fitting ranges.

@ Springer
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Figure 1 shows the invariant yield of K 0 A% 2% and

2% as a function of pr for p—p collisions at /s = 7 TeV
for ten different multiplicity classes. The definition of multi-
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plicity classes and the associated values of (d Ny /dn), o s
based on measurement by ALICE experiment [1] is shown in
Table 1. The spectra is observed to be nicely described by g-
Weibull function for all multiplicity classes as shown by solid
lines in the figure. The evolution of values of the extracted fit
parameters with respect to the mean charged particle density
({(dN¢p,/dn)) corresponding to different multiplicity classes
is shown in Fig. 2. The values of the extracted fit parame-
ters together with the x2/ndf are shown in Table 2. The ¢
parameter is observed to be greater than one for the mea-
sured strange and multi-strange hadrons for all multiplicity
classes. These values are consistent with the non-equilibrium
scenario present in p—p collisions. The A parameter which is
related to the mean pr shows a gradual decrease from higher
multiplicity classes to lower ones. It can also be noted that the
values are higher for massive hadrons compared to the lesser
massive ones. This observation seems interesting and is remi-
niscent of the onset of collective motion as observed in heavy
ion collisions. However, other mechanisms like increase of
multi-partonic interactions and color reconnections in final
stages as predicted by fragmentation models [28—30] can play
an important role in this observation. The k value which was
predicted to be related to the dynamical processes contribut-
ing to non-equilibrium scenario (dominant in initial stages)
[18] is almost independent of multiplicity and the values are
similar for the selected hadrons within uncertainties.

Figure 3 shows the description of pr spectra for strange
and multi-strange hadrons in p—Pb collisions at 5.02 TeV

[2,25] for different multiplicity classes. The variation of g-
Weibull parameters as a function of (d N, /dn) is shown in
Fig. 4. The pr distribution of K9 AY 2% and 2% in Pb—
Pb collisions at 2.76 TeV [26] in different centrality classes
is shown in Fig 5. Figure 6 shows the centrality (Npars,
number of participating nucleons in a collision) dependence
of parameters for different strange hadrons. Tables 3 and 4
shows the value of the extracted parameters for identified
strange particles in p—Pb and Pb—Pb collisions, respectively.
As can be observed from the figures, g-Weibull fits provide
an excellent description of the data for both the collision
systems for a broad range of centrality classes. The X val-
ues show a systematic increase from peripheral to central
collisions for all the studied strange hadrons. The values are
also consistently higher for massive hadrons compared to the
lesser ones in both the systems. This observation is consis-
tent with the presence of collective motion (as per transverse
expansion scenario in hydrodynamic evolution) in heavy ion
collisions which increases with centrality. An increase in col-
lective radial flow implies an increase in mean pr and the
presence of collective radial flow creates a mass ordering
of mean pr. The A parameter exhibits both behaviors and
thus A can be related to collective velocity of particles and
therefore to mean pr. The same behavior is seen in p—Pb
collisions, which is interesting and suggests the presence of
collective effects in p—Pb collisions. The parameter k shows
a slight decrease as we move from central to peripheral col-
lisions in both Pb—Pb while it is not evident nor significant

@ Springer
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in p—Pb collisions within the uncertainties. This indicates
that the value of k parameter increases with onset of pro-
cesses leading to non-equilibrium conditions. The deviation
from local equilibrium can be quantified by the non-extensive
parameter, q. The g values show a deviation from one which
decreases slightly from central to peripheral collisions. A
detailed investigation of other identified particles in terms of
system size and beam energies is required to obtain a clear
and consistent interpretation of the parameters.

4 Summary

The study of production of strange and multi-strange par-
ticles in different systems have become quite relevant with
the recent observation of strangeness enhancement in high
multiplicity p—p collisions at LHC energies. The q-Weibull
statistics has been applied for the first time to comprehend

@ Springer

Table 3 The values of k, A, ¢ and x2/ndf obtained from the fits of
pr distributions using g-Weibull function in p—Pb collisions for differ-
ent multiplicity classes at \/syy = 5.02 TeV as measured by ALICE
experiment at LHC [2,25]

Multiplicity (dNen/dn) & Py q x%/ndf

percentile

(%)

I
0-5 45+ 1 1324003 0424001 1174001 04
5-10 362408 1304003 041+001 1.17+001 05
10-20 305407 1324003 039+001 1.18+001 03
20-40 232405 13+£003 037+001 1184001 02
40-60 161404 134003 0354001 1184001 0.1
60-80 98+02 1294003 0324001 1.18+£0.01 0.1
80-100 44401 1344004 029+001 120+001 03

A+ A
0-5 45+ 1 1.79+£0.10 0.88+0.03 1.1940.02 0.1
5-10 362408 1.77+0.11 0.86+0.03 1254002 0.1
10-20 305407 1.74+0.11 0.83+0.03 1254002 0.05
20-40 232405 1.69+0.12 0.77+0.03 125+0.02 0.05
40-60 161404 1.68+0.12 0.71+£0.03 1254002 0.1
60-80 98+02 1.6240.14 0624004 125+003 0.1
80-100 44401 1.60+0.19 0524003 1264003 0.2

E-+EF
0-5 45+1 1.654+0.09 1034003 1.134+002 03
5-10 362408 1.654+0.09 0984003 1.15+0.02 05
10-20 305407 1.684+0.09 0974002 1.15+0.02 02
20-40 232405 1.654+0.09 0914002 1.1640.02 0.1
40-60 1614+04 1.60+0.11 0824003 1.16+0.02 03
60-80 98+02 1.62+0.12 0.75+0.03 1.18+0.02 0.1
80-100  44+0.1 153402 0594005 1.194+0.04 02

Q-+ 92F
0-5 45+ 1 168402 1224008 1.13+£0.03 06
5-10 362408 1.66+03 1254008 1.12+0.03 04
10-20 305407 1.64+03 1234008 1.094+0.03 0.2
20-40 232405 160401 1.1+£008 1.13£003 0.1
40-60 161+£04 1.60+0.1 1064003 1.124+0.03 1.6
60-80 98+02 269407 094+003 1.13+£0.03 0.5
80-100  4.44+0.1 22540.1 0.68+003 1374003 0.16

the pr distribution of strange and multi-strange hadrons in
different colliding systems (p—p , p—Pb and Pb—Pb) for a
broad range of multiplicity classes. The g-Weibull function
successfully describes the pr distribution for all ranges of
pr measured. The evolution of the parameters of the distri-
bution extracted from the fit were studied as a function of
multiplicity for all the collision systems. The A parameter
which was conjectured to be associated with the collective
expansion velocity was observed to systematically increase
with the collision centrality in Pb—Pb and p—Pb collisions.
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Table 4 The values of k, A, ¢ and x2/ndf obtained from the fits of
pr distributions using g-Weibull function in Pb—Pb collisions for dif-
ferent centrality classes at /syy = 2.76 TeV as measured by ALICE
experiment at LHC [26,27]

Centrality (%) (N par) k A q x%/ndf
I
0-5 382.74+3.0 246+£0.05 076 +0.01 1.33+001 18
5-10 3294443 2434005 0754001 1324001 15
10-20 260.1 +£3.8 239+0.05 0.74£0.01 1.32+0.01 2.1
20-40 1572 4£3.1 22740.05 0.71£0.01 1.32+£0.01 1.2
40-60 68.6+2.0 2.07=+0.05 0.66+0.01 1.30+0.01 1.1
60-80 223408 1.80£0.05 0.57+£0.01 1.28+£0.01 0.5
80-90 64+£42 161£0.06 051001 1.26+0.01 1.3
A+A
0-5 382.743.0 2.73+£0.07 1.39+0.02 1.26+0.01 12
5-10 3294443 2754007 1.36+0.02 1274002 1.3
10-20 260.1 +3.8 2,70 £0.08 1.33+£0.02 1.27+0.02 1.1
20-40 1572 4£3.1 2634008 1.26+0.02 1.28+0.02 1.1
40-60 68.64+2.0 2474008 1.14+£0.02 1.28+0.02 0.5
60-80 22340.8 23940.09 1.00+0.02 1.30£0.02 0.9
80-90 64+42 18440.13 0.85+0.03 1.21£0.02 0.1
E-+E-
0-10 356.1+3.6 2.64+£0.05 1.50+0.01 1.224+0.01 14
10-20 260.1+3.8 228 £0.04 1.46+£0.01 1.17+£0.01 1.8
20-40 1572 4£3.1 231+0.05 1.37+0.02 121 £0.01 2.1
40-60 68.6+£20 216+0.05 1.30+£0.01 1.19+0.01 0.7
60-80 223408 213+£0.07 1.17+£0.01 1.21+£0.02 1.6
2 +0F
0-10 356.1+3.6 2.71£0.18 1.67£0.03 1.25+0.03 1.1
10-20 260.2+3.8 236+0.16 1.74+£0.03 1.17£0.03 1.2
20-40 1572 4£3.1 2044016 1.62+0.04 1.12+0.03 1.3
40-60 689420 241+£028 1.43+£0.04 1.24+0.04 2.1
60-80 223408 1954032 1.41+£0.06 1.13+£0.05 2.6

A mass hierarchy was also observed i.e. the particles with
higher mass had larger values of 1. These features are con-
sistent with the presence of collectivity(radial flow) in the
medium formed and hence one can attribute A parameter to
the collective velocity. A similar behavior for the variation of
A with multiplicity was also observed for p—p collisions. For
p—p collisions, this parameter can be related to strength of
other mechanisms like multi-partonic interactions and color
reconnections which mimic features of collectivity. The ¢
parameter which is related to the degree of deviation from
conditions of thermal equilibrium was almost a constant with
respect to centrality for all collision systems studied. The
values consistently deviated from one for all the collision
systems and were also higher for Pb—Pb and p—Pb collisions
indicating that the system from which the strange hadrons
are emitted is not fully equilibrated. The values of k show

a slight variation with centrality where the values decrease
while moving from higher multiplicity to lower ones for cer-
tain particles. It can be related to certain dynamical features
of collision which indicate the presence of processes which
are dominant in initial stages of collision.
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