Eur. Phys. J. A (2018) 54: 162
DOI 10.1140/epja/i2018-12595-1

THE EUROPEAN
PHYSICAL JOURNAL A

Regular Article — Theoretical Physics

Beautiful mathematics for beauty-full and other multi-heavy

hadronic systems

K. Azizi»??, A.R. Olamaei®®, and S. Rostami*¢

W N =

Received: 24 April 2018 / Revised: 9 July 2018
Published online: 28 September 2018

Department of Physics, Dogug University, Acibadem-Kadikoy, 34722 Istanbul, Turkey

School of Physics, Institute for Research in Fundamental Sciences (IPM) P. O. Box 19395-5531, Tehran, Iran
Department of Physics, Jahrom University, Jahrom, P. O. Box 74137-66171, Iran

Young Researchers and Elites Club, South Tehran Branch, Islamic Azad University, Tehran, Iran

© Societa Italiana di Fisica / Springer-Verlag GmbH Germany, part of Springer Nature, 2018

Communicated by Xin-Nian Wang

Abstract. In most non-perturbative methods in hadron physics the calculations are started with a cor-
relation function in terms of some interpolating and transition currents in x-space. For simplicity, the
calculations are then transformed to the momentum space by a Fourier transformation. To suppress the
contributions of the higher states and continuum, and enhance the ground state contribution, the Borel
transformation as well as continuum subtraction are applied with the help of quark-hadron duality assump-
tion. In the present study we work out the mathematics required for these processes in the case of light
and multi-heavy hadrons. We address a well-known problem in the subtraction of the effects of the higher
states and continuum and discuss how we find finite results without any divergence by using an appropriate
representation of the modified Bessel functions, appearing in the heavy quark propagator, and successive
applications of the Borel transformations, which lead to more suppression of the higher states and contin-
uum contributions. The results obtained can be used in the determination of the spectroscopic and decay
properties of the multi-heavy standard and non-conventional (exotic) systems in many non-perturbative

methods, especially the QCD sum rules.

1 Introduction

The traditional mesons and baryons as strong bound
states of quarks and gluons are represented as the stan-
dard g and gqq states in terms of the valence quarks.
Good progresses have been made in the identification and
determination of many spectroscopic and decay proper-
ties of theses standard hadrons both experimentally and
theoretically (for more information see for instance [1-4]
and references therein). Indeed, many ground and higher
states at different light and heavy channels have been dis-
covered in the experiment. Roughly, all the light and heavy
ground states mesons predicted by the quark model have
been observed. Besides, all the light and single charmed
ground state baryons together with some excited states
have been detected by different experiments, as well. In
the case of heavy b-baryons, except for the (2 baryon
with spin %, all single heavy baryons have been seen. For
the standard baryons with two or three heavy quarks,
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however, only the =Z.. has been discovered. For the first
time, its existence was reported by the SELEX Collabora-
tion [5,6], but it was not later confirmed by other groups.
Recently, the LHCb Collaboration has reported the obser-
vation of doubly heavy baryon =T via the decay mode
AFK~mr with mass 3621.40 +0.72(stat.) £0.27(syst.) +
0.14(AF) MeV /2 [7].

Neither the quark model, nor the QCD as the the-
ory of the strong interaction exclude the existence of the
strong bound states out of the traditional qg and qqq sys-
tems [8-12]. The existence of such non-conventional (ex-
otic) states was predicted by Jaffe [8,13]. Although they
had been predicted more than forty years ago, the ex-
perimental searches had ended up in null results up to
2003, when the Belle Collaboration discovered the famous
X (3872) in the 717~ j /¢ invariant mass distribution from
B* — K*7rtn~J/¢ decays [14]. This discovery has stim-
ulated the experimental and theoretical investigations of
the exotic states such that a plenty of tetraquarks were
discovered by different experimental collaborations.

Motivated by these progresses, in 2015, the LHCb Col-
laboration announced the observation of two pentaquark
states P (4380) and P;(4450) in the J/vp spectrum of
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the A, — J/¥p K~ process [15]. After the discovery of
the exotic states, many theoretical and experimental ef-
forts have been devoted to the determination of the in-
ternal structure of these new objects. Despite a lot of
studies, unfortunately, the nature and structure of most
exotic states remain unclear. The studies predict a hid-
den charm/bottom structure together with two or three
light quarks for the tetraquark or pentaquark states newly
discovered by experiments. However, there are many con-
tradictory suggestions on the quark organizations of these
states in the literature (for more information see for exam-
ple [16-18] and references therein). Hence, we need more
study on the spectroscopic and decay properties of the
newly found exotic and heavy baryonic states.

Up to now, studies of hadrons with light and one heavy
quark have well covered (see for instance refs. [18-31] and
references therein) but investigations of hadrons with two
or more heavy flavour quarks are still rare (see for exam-
ple refs. [32-40] and references therein). In order to study
the properties of heavy systems containing more heavy
quarks using some non-perturbative methods, especially
the QCD sum rules, we should develop the mathematics
of heavy and light systems with more quarks. The situ-
ation in calculations of the spectroscopic parameters of
such states and corresponding mathematics is better. In-
deed, in [32-36], the mathematics required for performing
the Fourier and Borel transformations as well as the con-
tinuum subtraction related to the spectroscopic parame-
ters of the doubly and triply heavy baryons has been well
worked out. We present the mathematics required to cal-
culate all physical properties of the baryons with two—five
heavy quarks, especially their electromagnetic and strong
decays and their interactions with other particles. Special
cases of these baryons with full b quarks and without light
quarks are called beauty-full states (see for instance [41]).
We use the phrase “beautiful mathematics” in the title
of the paper to insist that the results are finite and the
calculations do not include any divergence.

Similar calculations for the light and single heavy sys-
tems have been done for interaction with photon (¢? = 0)
in ref. [42] and in the case of single heavy baryons with
q* # 0 in ref. [22]. We extend these calculations to study
the heavy systems containing two—five heavy quarks for
all values of the transferred momentum squared. For the
reader we repeat the calculations done in refs. [22,42] for
the light and heavy systems to give an idea about the
calculations for simple systems.

This article is structured in the following way. Section 2
is devoted to developing the mathematics of the light and
heavy systems, each of them is explained in details in sep-
arate subsections. In sect. 3 we present the concluding
remarks.

2 Mathematics for light and heavy systems

As we previously mentioned, in many non-perturbative
methods, especially the QCD sum rules (traditional SVZ
and light cone QCD [43,44]), in order to calculate the
physical parameters of hadrons as strong bound states of
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quarks and gluons, we start with a basic object called
correlation function. This function is expressed in terms of
time ordering product of some interpolating or transition
currents in coordinate space. As an example let us consider
the strong interaction of doubly heavy spin 1/2 baryons
with light pseudoscalar mesons. The light-cone correlation
function responsible for such vertices can be written as

=i / d'ze (P(q)|T {n(x)A(0)}0), (1)

where P(q) denotes the pseudoscalar mesons of momen-
tum ¢. In light-cone QCD sum rules we use the distribu-
tion amplitudes (DAs) of these mesons expanded in terms
of wave functions having different twists (for details about
DAs of the pseudoscalar particles please see the appendix).
In eq. (1) n represents the interpolating currents of the
doubly heavy baryons. It is given as

1 = e (@TCP Q" + QO
+A(QT 1" Q" + BQ T Crsa") Q7.

1
77A = %Gabc{z(QaTcQ/b)’}%qc + (Qachb)’y5Q/c

~(QTCq")5Q° + 28(Q" C15Q" )"
+HQT O )Q — BQTCd)Q ), (2)

where S and A respectively represent the symmetric and
anti-symmetric parts, [ is a mixing parameter with § =
—1 corresponding to the famous loffe current, C is the
charge conjugation operator; and a, b, and ¢ are the color
indices. Here Q/Q" and ¢ correspond to the heavy and
light quarks fields, respectively. The interpolating current
with the u or d quark corresponds to the Zgg,, but with
s indicates the f2gg baryons, respectively. Note that in
the symmetric part, both heavy quarks can be identical
or different, but in the anti-symmetric part two heavy
quarks should be different. After insertion of the above
currents into the correlation function and contracting out
the quark-pairs using the Wick theorem, we get a result
in terms of the heavy and light quarks’ propagators. For
instance for the symmetric part we get

I° = iAeabcea/b/c// dtzetr® (’P(q)|{ — 7588’/55"1/ ng/l/’}/g,
—5 58 S S& 15 + 75555 75 Tr |58 S|

9555 s Tr [ S8 57| + B( = 155 1557 S5
1558 155" S = 55 S 1558 75

58! S 35 S 15 + 75555 Tr 58 1557 |

+55 95 T [S& Sy ] + 7558 Tr [ S8 1557 |
+5 95 T [ S&8 5] ) + 6% ( = 5845 S 5585
—Sg’,/%Séba/%S%C, + g [Sga/fyg)Sgb/%]

+5§ Tr [Sé’“/%S'“P/%_ ) }|0>,
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where S’ = CSTC, with S being the heavy or light quark

propagator, and A is the normalization constant. To pro-

ceed, we need to know the explicit expressions of the light

and heavy quark propagators in x-space. They are given
s [18,45-47]

_ i me  {49) (M
Sqlz) = 2m2zd 4222 12 (1 ! 4 ¢>
x? m

——szmia) (1

1
—igs/o du [WTWGW(U‘%)UW
v
4m2g2

. m y —22A?
—13277:26:“”(“%)0'“ <ln( 1 ) + Q*yE)} ,
(4)

urh Gy (ux)y”

and
mg Ki(mov—x2) mai
_ B Q
Sale) = T Vo g K2 (maV %)

Ak
i < —ikx d
ig /(277)46 /o u

k + mq GHv

W (uz)op,

u
——— 1, G (uz)y,
+m?Q o k’2 Ty (ux)’y

: (5)

where vg is the Euler constant, G, is the gluon field
strength tensor, A is the scale parameter and K, in the
heavy propagator denote the Bessel functions of the sec-
ond kind. By inserting the explicit expressions of the heavy
and light propagators we end up with an expression in co-
ordinate space that we need to transfer to the momentum
space in order to make the calculations easy and ready for
the application of the Borel transformation as well as the
continuum subtraction to enhance the ground state pole
contribution and suppress the effects of the higher state
and continuum. In the case of heavy systems with more
than one heavy quark, using the integral representation of
the Bessel functions of the second kind, appearing in the
heavy quark propagator in the form

Sse L[ ] 50

in Minkowski space with mg being the heavy quark mass,
leads to a well-known problem and we end up with in-
determinate results in the calculations of the continuum
subtraction (for details see appendix C of ref. [48]). B

choosing an appropriate representation of the Bessel func-
tions and applying successive Borel transformations with
the aim of suppressing more the unwanted contributions,
we show how we obtain a finite result for systems of multi-
heavy quarks. In the following, we present the mathemat-
ics required for these processes in the light, single heavy,
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double heavy, triple heavy, four heavy and five heavy sys-
tems. Note that we will use the free parts of the quark
propagators to present the calculations; however, the ap-
plied method is also valid when we include the interacting
parts of the quark propagators. The interacting parts of
the heavy quark propagator can also be written in terms
of the modified Bessel functions [18].

2.1 Light systems

In the following, we study the mathematics required for
the investigation of the light hadrons containing the light
(u,d, s) quarks and their interaction with the photon and
other particles. Inserting the light quarks’ propagators
into the expression obtained after contracting out the
quark pairs in the correlation functions in many non-
perturbative methods, we get the following generic expres-
sion in x-space:

/ du/d4xeszf = :c2)”’ (7)

where P = p + ug with ug coming from distribution am-
plitudes of the on-shell state, u is the momentum fraction
and f(u) is a general function. In the following for sim-
plicity we omit the dependence of the T function on p
and ¢q. We perform a Wick rotation to go the Euclidean

space
Ty = —i /01 du/d4x e T f(u) (xi)n . (8)

Now we use the Schwinger parametrization

1 1 o
— = dtt" e A>0 9
TG, M Az o)
and get
1 o) ) 2
To = du xf(u)/ dt e Prwe=teryn=1,
0 0

(10)

The next step is to make the power of the exponential

full-squared and perform the resultant Gaussian integral
over four x using

/d4:17 emiPrta® (1)2 6741?2.
t
This leads to

Fz;)/ol duf(u)/ooodtef (%)215”’1. (12)

Using the double Borel transformation with respect to
(p + ¢)? and p? with the help of

1 U 1 a\ —
BMlnger 4t =0 <M2 - 4t> ) (]\422 — 4{;) 6M12+M§7
(13)

(11)

Ty =
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and performing the u and ¢ integration, one obtains

_2'427n7r2 2\n M2q+2MZ
Bar, Bar, To = O flug) (M=) etz (14)
2 MiM3
where ug = Mz+M2 and M~ = VEESTER

Spectral representation and continuum subtraction for light
systems

Our aim is to write the Ty function in terms of a double

dispersion integral
po(s1,s2)
ds / ds ,
/ ' Ts1—(p+9)I[s2—p’]
(15)

and find the spectral density po(s1,s2). The final goal is
the application of continuum subtraction in order to sup-
press more the contributions of higher states and contin-
uum. The double Borel transformed form of the Ty func-
tion is written as

To ((p+4)?,

S1 52

TO(Mf,Mg):/ ds1/ dSQpO(Sl,SQ)e_]u%@ M
0 0
(16)

Now, let us discuss how contributions of the continuum
and higher states are subtracted and the spectral density
po(s1,s2) is obtained. To this end, we consider a generic
term of the form

Iy = (M?)" f(uo)- (17)
The first step is to expand f(ug) as
ug) = Zaku’g. (18)
k
As a result we get
mamg \" o\
IIy = | —+—2 —2 . 19
0 <M12+M22> zk: <M2+M2> (19)
Introducing new variables, o; = #, we have
k
o
H — 1
0 Zak 0_1 +U2)n+k
dt 7t(01+o’2)tn+k71' 20
- Y arery | e (20)

Applying double Borel transformation with respect to

01 — = and 0y — X, we obtain the spectral density as
T1 T2

—1)k oo 3
Bl/‘UBl/TzHO = Zakf((njk)/ de¢nth-t
k 0

x <<§t>k 5(r — t)) S(r—t).  (21)
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We define the spectral density po(s1,s2) =
1ly with 7 — s1 and 79 — so. Hence,

(_1)k > n+k—1
zk:‘”“r(mwf)/O deer
k
X <(§t> 0(s1 — t)) d(s2 —1).

Performing integration over ¢, finally, we obtain the
following expression for the double spectral density:

~Yur

where 6%(x) = ;Tkkd(x). Using this spectral density, the
continuum subtracted correlation function in the Borel
scheme corresponding to the considered term can be writ-
ten as

Bl/TlBl/TQ

po(s1,s2) =

(22)

SRR (s (23)

31,82 2—81),

I3 (MF, M3) =

S1 S2
/ dsl/ d82p(81,82)6_81/M126_52/M227
0 0

where “sub” stands for subtracted. Defining new variables,
s1 = sv and s = s(1 —v), we get

(24)

5" (ME, M3) =
S0 1

/ dS/ dv p(sh82)86—311/Mlze—s(l—v)/]b[%.
0 0

Finally, using the expression for the spectral density, one
can get

b S0 Sn—l d k
I3 (M2, M2) Zak n+k/ ds = <dv>

~ |: n+k—1 7sv/M1 75(17v)/M§:|

(25)

v=1/2
(26)

2.2 Systems with one heavy quark

In the following, we study the hadrons containing a single
heavy quark with some light quarks. Let us consider the

following generic term:
K, (mqv—a?)

T, = / du/d‘*melpwf (V—a?)" )

where my is the mass of heavy quark and K, is the mod-
ified Bessel function of the second kind of order v. The
K, function comes from the z-representation of the heavy
quark propagator. Using the following integral represen-
tation of the modified Bessel function:

K, (mQ\/ixZ) = W /000 dt cos(mqt)
/=2y

X (t2 — 22)v+1/27

(27)

(28)
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we have

I(v+1/2)2"
vmg

x/ dt —.
0 (2 2)%3

We perform a Wick rotation to go to the Euclidean

T, =

/01 du/d4xeip'm flw)

cos(mgt)
— 22)rH1/2(g

(29)

space
Tl: V+1/2 /du/d4 —lef()
cos(mgt)
g /0 (£2 + 22)v+1/2(22) 2" (30)

Using the identity

1 1 > n—1_—tA
eq. (30) can be reformulated as
2y(_i) ! 4, —iP-x
Q
/ dt/ dy/ dv v~z 0@ +t%)
- lemule? ) cos(mgt). (32)

In the next step, we perform the Gaussian integral over
four-z and ¢

2 s
/d4$ e—iP~me—v$2€_yI2 _ (y j’_ v) e‘l(yii’l’), (33)
and 2
. —m?
/ dt cos(mt) et = M- (34)
0 2V/v
As a result, we get
qr=1.2(_, 1 > o
R aug [ [ o
r*z=)mg Jo 0
e 0 id 1y7_le4(y+U)
35
(v+y)? (%)

We introduce the new variables p and A, defined by

Y

p=v+vy, /\:v—i—y’ (36)
which leads to
T12V12(./duf /dp/d)\
reg*)
X e Tl x>pf*3(1 )Y e (37)
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Using the Borel transformation of the exponential

u 1 u %

4 *5 _ 5 _ MZ+M,
BanBar,e 5 <M2 4p) (M22 4,0)6 2’
(38

and performing the u and p integrals, one obtains

22 n 2 1+n 1
B, B, T = fup)(M?) 2 / dX
mQ 0
—m?2 n—v
em(l_)‘)y_l)‘ 2 _lerqu%
rz*)
(39)
2 M} M.
where ug = M2+M2 and M* = M2+M2 By replacing

A =22, we get

22771,”2

q2
B B, Th = —i——— f(ug) (M?) 5" ¢ M43
Q
1 ;ﬂz 2 1 1
MZ(1-22) (] — v—1,.n—v—
x / dz’ A —a)" e
0 F( 2 )
(40)

In the last step, we change the variable 1 1= — tand
we get

B, Bar, Th =

22777, 2 y m2
i fluo) (M?) e Ty <a,ﬁ, e ] @y
Q
where
mg IR )
Q —t—5 4f—a— a—
¢<a’ﬂ’]\42 = I_‘(O()/1 dte t]w?tﬁ l(t_l) 17
(42)

with a = 5% and =1 —v.

Spectral representation and continuum subtraction for sys-
tems containing one heavy quark

Now, let us discuss how the contribution of the contin-
uum and higher states are subtracted. As is obvious from
eq. (41), the generic term has the form

2\ ¥En mé
H C(M) f(UO)i/J avﬂ7W ’ (43)

where ) )
2 —n
C=—i—7" (44)
mQ
The first step again is to expand f(ug) as
(45)

up) = Z apul.
k
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As a result we get The double spectral density pi(s1,s2) is found by re-
placing 7 — s; and 72 — S5 in the expression as
M32M2 E M? ’ 1
k
I = C| —5—25 ax 2 -1
<J\412"‘]\422 ; M? + M3 | I'(a) 1(s1,82) CZ U u+n T ) ()
o) m2
X / dte_tﬁgtﬁfo‘fl(t ) (46) / At P ) 1/ Rl A S
1
Introducing new variables, 0; = 1, we have a\"*
g M? X <<dl> 6(s1 — (l+tm2Q))>
1
=C ak — x0(sg — (1 +tm3)). 49
DL +W(a) (2= (L+ tmd) (49)
S , Performing the integration over [, finally we obtain the
X / dt e~tmoloitoa)fma—ly _ qya-l following expression for the double spectral density:
1
—CZa % 1(51,52) Czak mll
- TR 4 k) D (o) ’ ”*" + k) (e)
k 2
X/1 dte=tmalotoa)yfmoslg_ qyo-t ></1 A= (= 1) (s —tmy) TR
e vin k
x [ dlemlorton) kol d 2
/0 X . d(s2 —s1) | O(s1 —tmgy),  (50)
o
= C (075 on L or
% F(% + k) (@)
[e%e] L 1 p (S s ) — Czak (_1)k‘
A i o) =€ 2 O T )
1
> A g1 —(l+tm?2)(o1+02) s1/m,
X ; dil = e Q X / detP=o=t (it — 1)t
1
S A o (51— i) “5
— (5 + k) (o) i
a4 \*
y /OO AnEE R ((d>ke—(l+tm2Q)al> o (Htm3)os X <<dsl> d(s2 — 51)> . (51)
dl
0

47
(47) Using this spectral density, the continuum subtracted

correlation function in the Borel scheme corresponding to

Applying a double Borel transformation with respect {he considered term can be written as

to o1 — % and o9 — %2, we obtain

HSUb(M%a M22) -

)k S S
H 0 0
Bl/ﬁBl/‘rz 1=C Z k u+n + k)F( ) / dsl/ dsy p(s17 82)6_‘91/M126_s2/M22. (52)
. mg I,
B—a—1/y  1ya—1
X / det (t—1) Defining new variables, s; = 2sv and ss = 2s(1 — v),

0o we get
« / V+n +k 1
: 08 =

2 So 1
< — (l + th))> / ) ds/ do /)(81, 82)(48)6—2311/M126—23(1—1))/M22-
meg 0

xS (rs — (I + tm3)). (48) (53)
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Using the expression for the spectral density, one can
get

Hiqu(Mlzv M2

)k S0
CZak "+"—|—k)f‘( )/m ds

[ oo (1) e - 2)

25’0/m2Q
xt/1 dttP=o=t(t — 1)t
1

x (250 — tmg,) R

—251)/]\/[126—25(1—1))/]\/[22

xe (54)

By integrating by parts over v, finally we obtain

22—n 2
Hsub M2 M2 _
A = e
so 1 d k 2sv/m2Q
d — dt
X/mz S2k5kl<dv> /1
Q
xtfme (g — 1)t

v+n _ _ 2
><(2sv—tm%) k=l o—2su/My

Xe—2$(1—’u)/]\/f§‘| (55)

v=1/2

2.3 Systems containing two heavy quarks

In the following, we study hadrons containing two heavy
quarks and some light quarks. Let us consider again the
following generic term:

1
T :/ du/d4xeip'w A(u)
0

Ky (miqv—2?) K.(maqV *552)

(V=)
where m;g’s are the masses of heavy quarks and K, and
K, are the modified Bessel functions of order v and p,

respectively. Using the integral representation of the mod-
ified Bessel functions from eq. (28), we have

r 1/2 1/2)2#tv
(V+ / ) + / / du/délxelPlA

WlemQQ

X / dtQ / dtl
0 0

cos(migty) cos(magts)

(12 — 22)v+1/2(42 — 2)ut1/2(g2) 5" '

(56)

T, =
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We again perform a Wick rotation to go to the Eu-
clidean space

I(v+1/2)I(p+ 1/2) 20
™Y oMo

1
></ du/d"‘xe‘ipw A(u)
/ dt, / iy

cos(migti) cos(magts)
(t2 + 22)VH/2(12 4 g2)Ht1/2(g2) '

Ty = (i)

(58)

Using the Schwinger integral representation presented

in eq. (31), eq. (58) can be reformulated as
Qv
Ty = (—1) (== /du/d‘lxe“DGEA u)
wlemQQ nok

X/ dt2/ dtl COS(letl)COS(mQQtQ)

/ dy2/ dyl/ dyoyo B

e —y1(z®+t )y “ e v2(2?+t3)

(59)

Performing the Gaussian integral over four-z, t; and
to, we get

2,u,+1/72ﬂ.2 1
Ty = (—i) — = / du A(u)
lemZQF( 5) Jo
© n—v—py_q
X dyoyé )
X/ dyz/ dy:
v-lg=a JZZQ 4(41131 )
xy1 e y1 y2 e v2 e4(yotyvityz . (60)

(o + 91 +y2)?

Now we introduce the variables p, v and u, defined by

Y1
= Yo+ Y1+ Y2, V= —,
p=dominTy Yo +y1 +y2
w=—9 (61)
Yo+ Y1 + Y2
which leads to
2#—0—” 2.2
Ty = (— du A(u
2= )lemQQ n”“/

1
X/‘Mdml—v—wnwiw*4
0

[ 1 n2 b2
x/ dp/ dv (pv)"~te” o (pw)* e 455’26 E
0 0
(62)

Applying again the double Borel transformations with
respect to (p + ¢)?> — M? and p?> — M3 and performing
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the integrals over the variables u and p, using the resultant
Dirac deltas, we obtain

2277171'2 ntv+
BM1BM2T2 = (_ ) n— l/ “w A( )<M2) 2 ‘
leszF( )
><eM2+M2 / dw/ dv
X(lf’Ufw =) —le— Ml?% VL
’NL2
e (w)* 1. (63)
The new variables
v=2z(1-y), w = 2y, (64)
change the above expression to
227”’7‘(2 ntvtp
By, Bar, To = (1) T Alug) (M) 2
lemQQF( )
><eM2+M2 / dz/ dy
21— ) (T (1 e
B m%Q 7‘@2@
xXe MZz(1-y) g MZ2zy (65)

Spectral representation and continuum subtraction for sys-
tems containing two heavy quarks

Now, let us discuss how contributions of the higher

states and continuum are subtracted. We consider again
a generic term of the form

2 1
1Ty = C(M) ™5™ A(uo) / d / dy 2/
0 0

X(1— 2)(=51

2 2
m7y ms

—“le M-y e M2y (66)

x(1—y)"ty"
where
22—n7T2

c=(-

) .
i T (*57E)

The first step is to expand A(ug) as

= Z apuf. (68)
k

As a result we get

ntv+4p

M2M2 :
T
2+ M

xZak<M2+M2> /dz/ dy

X1 = )Lyt

2 2
miQ maQ

xe MZ:(1-v) e MZ2zy (69)

Introducing new variables, o; =

Bl/TlBl/TQHQ
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1
—, we have
MZ)

ok 2 1
I, =C» ay L — / dz/ dy
Z (0’1+0’2)%+k 0 0

k
X1 ) (BT

mig(o1+02) 77L2Q(<71+02)

x(1—y)" tyt 16_

:CZak "+”+”+k / dz/ dy

)5 -1

z2(1-y) g

x 2V T —

migleito)  miy(e1402)

z(1-y) e zy

x(L—y) 'yt te”

oo
X / dle~l(or1+o2) "5 th—1
0

=C2ak n+y+ /dz/ dy
— I( “+k

— )

x(l—y)”‘ly“‘l/ 10 A
0

x 2L

(l+z(1 y)+ )(0'1+02)

zy

= C ak—'n P / dz/ dy
Zk: Dt gy Jo 0
XZV+'LL71(1 _ Z)(4717;7*H)*1

X(l _ y)uflyﬂfl/ dl lerkfl
0

(@) )

Xe (l+z(1 y)+ zy )02_

1

k

Czak +M+k)

/ dz/ dy zvtH=t

x(1— )T (1 gyt

x / ApE k-
0

m2Q

d k m%Q
xd | 12— Z+L%Q+m7§Q )
2(1—-y) 2y

2

(70)

Applying a double Borel transformation with respect
to o1 — = and g3 — %, we obtain the spectral density

)

(71)

N——
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where the spectral density pa(s1,s2) is found by 71 — s1
and 79 — $9 in this relation

(71)k 2 1 A
(s1,82) =C akny—/ dz/ dy z""H~
2(51, S2 Xk: F(%+k) 0 o

X(1=2) T 1=y Ty

0
d\* m%Q m%Q
g <<dl> 6<81_<l+2(1—y)+ 2y
2 2
ﬂ%lQ ﬂl2Q
1) -+ — 4+ == . 2

Performing integration over [, finally we obtain the fol-
lowing expression for the double spectral density:

)k
2(s1, $2) CZak n+V+u+k / dz/ dy 27 tr—t

—v—p

x(1—2)"2

I =yt

9 9 "+;+“+k—1
ﬂllQ 7n2Q
X |s — ——— —
z(1-y) 2y
m%Q mgQ
x0s — —F— — —=
2(1—-y) 2y

X <d(i1>k(5(52 —$1).

If we look at the integrand out of the step function
0, it diverges inside the bound of z. However, this di-
vergence is removed considering the step function coming
from the successive application of the double Borel trans-
formations by modifying the limits of the integral over z
and removing the points leading to the divergences out of
the boundaries. Hence, we get finite results for the values
of n, k, u, and v. Using this spectral density, the contin-
uum subtracted correlation function in the Borel scheme
corresponding to the considered term can be written as

(73)

15" (M}, M3) =

s0 50

2 2
/ dsl/ dszp(sl,SQ)efsl/Ml6752/M2,
SL Sr,

where s, = (mi1g + mag)?. Defining new variables, s; =
2sv and so = 2s(1 — v), we get

(74)

15" (M}, M3) =

S0 1 ) )
/ ds/ dv p(s1, 82)(4s)e™ 20/ M g=2s(1=v) /My
L 0

(75)
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Using the expression for the spectral density, one can
get

sub 2
IT30 (M2, M32) CZak e “+k/ ds/ dv

xﬁ <<£})ka(v1/2)>

2 1
></ dz [ dyzvtrt
0

0
x(1—2) 7 (1 — gyt
ntv+4p k—1
m? m2 =
X | 2sv — e 720
z(1-y) 2y
><6—251)/1\412e—2$(1—1))/M22
m? m2
x0 | 250 — —19& 229 (76)
z(1-y) 2y

Integrating over v, finally we obtain

b 9 9 227n7.r2
ng (M17M2) = (71) P m n—v—pu
lem2QF(72 )
X a
Z Fp(ntvte gy n+l/+u T k)

S0 1 k p2
></ ds (d> / dz
S, d'U 0

m? m2
%0 | 250 — —1@ 2@
z(1-y) 2y

1
x/ dy zvtr=1(1 — )1
0

x(1—y)ty"!
L
2 2 2
o« [ 26y — @ M2
z(1-y) 2y

Xe2sv/MfeQS(1v)/M§] (77)

v=1/2

2.4 Systems containing three heavy quarks

In the following, we study hadrons containing triple heavy
quarks with some light quarks. The general form of the
correlation function in this case is

15 = / du/d4x6’PzA u)

v(migV—2?) K (maqv—a?) Ky(msqv —2?)
(V—a?)n

(78)
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Using the definition of the modified Bessel function which leads to

from eq. (28), we obtain QuFv+A=3 2 1
PPEEEEY Tz = (=) PITSNTINNDY n—v—p—X / du A(u)

T, = I(v+1/2)I'(p+1/2)(A+1/2)2 migmygmagl (“—55=) Jo
(77)3/2mlme§Qmé\Q

1
x/ du/d4xeip'x A(u)
0
o o oo / pdp/ d’l)/ dr p’U -1
X/ dtg/ dtg/ dtl
0 0 0 m3o

Plem Tl e (83)

/ldw( (1= -7 —w)" =51

v p=1,= T
cos(migty) cos(magta) cos(msgts) xe T (pr)* e w (pw

(12— 22)VH1/2(12— g2)nt1/2 (12 — g2 )M 1/2 (—g2) = Now we apply the Borel transformation of the expo-

(79) nential e%, and perform the uw and p integrals. As a
result we get

where a Wick rotation and usage of the Schwinger integral

X ' 21_”7-(2
representation lead to Bas, B, Ts = (—i) — s
lem2Qm3QF(72 )
' 2y+u+)\ 42 1 1
Ty = (=) ()32 mbsymi I (25t ) X A(ug) (M2) 5 e ME g / dw/ dv

2
1
/ du/d4xe_lPIA / dt3/ dto ></ dr(l—v—r—w)— 2z !
0

2

/dtl/ dyO/ dyS/ dy2 xe ity phLe TR e TS, (84)

The variables x, y and z, defined by
% d b —yl(x +t ) # 2 —yg(ac2+t§)
/0 vy e v=zx(l—y), r = zxy, w=z(1-x), (85)

xyg\ o Ya (@’ +i3 Ve Bl yoa® help us obtain in the final form of the double Borel trans-
formed T function as
x cos(migty) cos(mQth) cos(mzgts). (80) ylon 2
o

Performing the t;’s and z-Gaussian integrals, we get Ban Bar, Ts = (=0) [T

ml{ngng‘QF( 5
n—V—u—A)

nivipty —l—y 1 !
i —— xA(uo)(M2)%’“eM%+M%/ dx/ dy
m’meszng( 3 0 0

3
! * novopmd_ g X/ dz(l — 2) "7 LA
/duA()/ dyoye i

quﬁufl(l _ 1}))‘71(1 _ y)uflypfl

2 2 2
d d d _ ’!le _ 77L2Q _ ’NLSQ
/ Ys Y2 y Xe M2zx(l—y)e MZ2zzye M2z(1-=2) (86)

2

2/1+V+>\73,/T2

T3=(—

m3Q _p2
v=lom Ty e T mn M e T Tus e TmoFuiFuatus)
Y1 e y1 y e y2 y e y3 e4Wwotvity2+ys

(o +y1 +y2 +y3)?

Spectral representation and continuum subtraction for sys-
tems containing three heavy quarks

(81)
) ) To suppress the contribution of the higher states and con-
We introduce the variables p, v, r and w defined by tinuum in this case we consider a general form as follows:
=yo+y1+ Y2+ U3 ntv Lo 3
P=YoTY1+Y2+Ys Iy = C(M?) + ;M+AA(UO)/ dx/ dy/ &
_ Y1 0 0
Yo+yi+y2+ys’ X(l*Z)%Mfllehqu)\—l
- Y2 m2o
Yo+uyr+y2t+ys’ )z N1 — )M (L = )yt e MG
y3 m3q m3g
= , 82 T MZzey e MZ:(1-m)
y0+y1+y2+y3 ( ) Xe M2Zzzye MZz(1 ). (87)
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where

2177171.2

C = (—i)

v n—v—p—Ay\ ° (88)
m1ngQm§QF(fu)

Expressing the A(ug) function in series leads to

ntvtpdA
2

M} M3 ) Z

k

M.
Il = 1772 "2
el ()

1 1 3 n—v—p—X
x/ dx/ dy/ dz(1—2)" =z !
0 0 0

qu+,u+)\71xu+,ufl(1 _ x)Afl(l _ y)ufly,ufl
77L2 2 7712
_ 1Q o] _ 3Q
Xe M2zz(l-y) e MZzzype M2z(1-z) (89)
We introduce the new variables, o; = ﬁ, and rear-

range the terms

x(1 - z) "= *—1zv+w—1

m%Q(”l*’UZ)

x$u+,u—1(1 _ .T))\_l(l o y)u—ly,u—le— Zo(1=3)
mQQ(U1+0‘2) m3Q(”1+02)
Xe zxy e_ z(1—x)
=C E ak ”+”+“+)‘+k‘ / dx/ dy/ dz
x(1—z)" 2 2 -1yvbptAsl
2
_ mig(e1to2)
xx”ﬂ‘*l(l _ x)Afl(l _ y)uflyyfle (-9
7n§Q(01+02) mgQ(alJraQ)
xXe zxy ei z(1—x)

oo
></ dle~l(or+oa) PR 4R
0

=C2ak n+y+ +>\ /dx/ dy/ dz
% RIS k)

X(l*Z) — A1 V+[L+)\ 1 l/Jr/,L 1(17I) -1
'n.+1/+;1+)\
x/ 1/
0
2
miQ QQ
Ye (Hzm R w))(“1+"2)(1 _ ) lyal

(—l)k 1 1 3
=C ag /dx/ dy d
zk: F(n+VJ2rlt+)\+k) o 0 0
X(1—2)"2
></ AL R
0

2
% d ke (”zr(l -9 T u?*z(ld%))
dl

2
Xei(l+z:r(l 1/)+tf§+z(l T)) (1,y)V*1yH*1

B _ _ —
1 V+/A+)\ lquru 1(17x)’\ 1

(90)
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Applying the double Borel transformation with respect

to 01—>T—11and 02—>T—12gives us
1 1
/dx/ dy
) Jo 0

A
—1zy+p,+)\—1

_ (—1)k
BijrBijry I3 = Czk:ak F("‘Hj—g““\ Tk

3
></ dz(1—2)" =2
0

X$V+#71(1 _ I)A71(1 o y)uflyufl

0
d k m%Q
— | 5l
X<<dl> (ﬁ <+Z:v(1—y) "
2 2
_MsQ B PRI
+z(1 - m)>>)6<T2 <l+ zx(l —y)
m3q N mig
zry  z2(1—x) ) )’

where the spectral density ps(si,s2) is found in the same
manner as in the previous sections as

I
3(s1,82) =C a dx/ d
pd( 1 2) zk: kl—a(n-l—u-g,u-i-)\ + k) A o Y

3
n—v—p—X\ _ _
x/ dz(1—2) = Lyvtnta-l
0

+

(91)

qu+u—1<1 _ SC))\_l(l _ y)”_ly”_l/ dlln+v +u+>\+k 1
0
a\* m%Q 2
X<(dl) 5<sl—<z+m(1_y)+ z(l—x))
m3q

S9 — m%Q g .
><5< <z+zx(1_y)+ z(l—x))) (92)

Performing integration over [, finally we obtain the follow-
ing expression for the double spectral density:

(_1)k 1 1
s1,82) =C a / dm/ dy
3( 1 2) zk: kF(n—i-V-ng-/\ + k}) o 0

3
n—v—p—X _ B
x/ dz(1—2)" = LyptptA—lpvtp—l
0

x(1—a)M 1=yttt
mQQ

) (Sl - Zm(llf )
k

X <(dil> (5(82 — 81))

miq miq miq
x0| s1 — — — .
zz(l—y) zzy  2(1—x)
Using this spectral density, the continuum subtracted cor-
relation function in the Borel scheme corresponding to the

2
sz m3Q

Zxy

2
sz
ZTyY

ntv4putA _

2 S
2Q 3Q

zay z(1 — x)

(93)
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1 ) 2 2 2 — 2
T, :/ du/d“xe“"“‘ A(u)KV(leV 2?) Ku(magv—a?) Kx(msqV—2?) Ky(magv -z ), (98)
V)"
considered term can be written as 2.5 Systems containing four heavy quarks
sub
13" (M7, M22 ) = In the following, we study hadrons containing four heavy
g y
80 80 5 2 and some light quarks. We start with the generic term
/ dsl/ dsg p(sy,s9)e™ 51/ Migm52/Ma (94)
sL sL see eq. (98) above
where s, = (miq +maq +msq)*. Defining new variables, where m;q are again the masses of the heavy quarks. We
s1 = 2sv and s3 = 2s(1 — v), we get can rewrite eq. (98) as
T3 (M2, M) = T
50 1 v+ 1/2)T(pn+1/2)T (A + 1/2)[(n + 1/2) 2#FvEr+n
ds dv p(s1,82)(4s e~ 25/ M} p=2s(1=0) /M5 (g5 »
| as [ avatn sy (95) EETAT
Using the expression for the spectral density, one can get iP-x 1
ing xpression for pectr nsity, one can g /du/d4xep A() )n“gxn

)k’
5 (M2 M2 =C ar e
Z + +”“ﬂ”f) / dt4/ dt3/ dtg/ dt;

k
y 50 ds /1 dvi i 5(1] _ 1/2) % COS(letl) COS(mthQ) cos(m3Qt3) COS(m4Qt4)
s o 2ksk\ \dv (2 —22) 12 (2 —g2)nt1/2(2 — g2) 172 (12— g2)nt1/2”
A (99)
nov—poX g
X/O dx/o dy/o dz(1 - 2) ’ We perform a Wick rotation to go to the Euclidean
b iAA—1 D1 N bl ol space and use again the Schwinger integral representation,
Xz g1 —2) T (=) Ty we get
ntvipdtd g ) y
m%Q mgQ mﬁQ = T, — (—g)2mtvtrtn 1d
X | 2sv — — — 4= 2 n—v—pu—A—n u
ze(l—y) zaxy  z(1-—2x) () lemZQmBQm4QF(7) 0

m2 2 2 /d4:re P Ay / dt4/ dt3/ dt,
><9<2sv - lo Mo ™ )
za(

1—y) zzy  z(1—=x)

2 2 / dtl/ dy4/ dy3/ dl/2/ dy
~2s0/M? ,~25(1-v) /M3 (96)

n—v—pu—>X\ -1
Integrating over v, finally we obtain X dyo Yo
0

anf, M) =

Y

xXe

e~ Yoz y;’ 3 —yl(I +t3)

I xyh” 3 ,—y2(a? +t) )‘ 3 ,—ys(a? +t3) - 3 o —ya(a?+t3)
T x cos(migti) cos(mQth) cos(mthg) cos(magts).

—v—p—A FrHputA
migmagmag l(*= =) I (52 + k) (100)
k
> dsi (d> o250/ M7 ,—2s(1—v) /M3 The next step is to perform the Gaussian integral over
2 dv four-z and integrals over parameters ¢;. As a result, we

) zay  z(1—ux)

2sv —

m2 m2 m2 get
(11Q 2Q 3Q 2/L+l/+>\+7]—4ﬂ.2
Yy T4:(_Z) 7#7)\777)

3
d
N -
m{ngszngZQ[’(i" L
d

x/ z0
0
! : by
/ 3:/ dy(l—z)’wgk —1 vtptA-1 L - A .
0 X/ duA( )/ dyoyo 2 e 4oty tyatyztya)

XIVJr;L*l(l _ x)Afl(l _ y)uflynfl

o o [ e
« <28@ B ( 1Q Mg Ya Y3 Y2 1

ze(l—y)  zwxy 2
-1 - -1 - - -1 —lae
ETESIESY Y le 41'1 yh e 492 y e 4y3 Yyl e

m2 T otk X
M . (97) (o +y1 + Y2 +y3 + ya)?
Z(l N :L') v=1/2

(101)
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We introduce the new set of variables as Spectral representation and continuum subtraction for sys-
tems containing four heavy quarks

P =Yo+y1+y2+ys+uys
Y
v = Yoty tystystus We again start with the following general form:
Y2
r = ) n v
Yot+yr+y2t+ys+ v Iy = C(M2) ™52 A(u, / dz/ d:c/ dy
Y3
w = ,
- Yo +y1+ Zi Y3+ s o) % /0 dt Zv A=) Z)M
Yo+ yr +y2+ys+uya ’ Xt”+“+>‘_1(1 _ t)n—lxy—i-p—l(l _ x))\—lyu—l
which leads to mlg
‘ outv+A+n—4,2 1 x(1— y)V—167 M2zzt(1—y)
Ty = (7Z)mu mbomd ml, [(2=Y=l=A=n) / du A(u) m3g m3q miq
1Q7"2Q7""3QMQ 2 0 xe MZizzyte MZzt(l-z) e M2z(1-1) , (]_07)
1
n—v—p-X-n_
/dw((l—v—r—l— w)) 2 where
2
2 1 e 9—n 2
< d”/ “f d’”/ oo € (e ey (108)
2 ) miomagMmagMmig!( 2 )
-1 - -1 - o~ o o
I8 e 4/)7 w e 4pw l 4pl e “dp .
x(er)! (p)? ()™ As usual, the first step is to expand A(ug) in series,

(103) which leads to
Applying the double Borel transformation and per- e

. 3 . k
forming integral over the parameters u2and p, we obtain ¢ < M2 M2 ) p Z . < )
9-—n = 2 2

BMlBM2T4 = (72) T M1 + M2 Ml + M2

P -
m’l’ngng‘QmZQF(” o )

q? /dz/ dx/ dy dtz”*““‘“ﬁ1
x A(ug)(M?) MQ+MQ

7"”“*”1u++,\1 -1
/dv/ dr/ dl/ dw x(1-2) g (L =)
m%Q

XIV+“_1(1 _ x)/\—lyu—l(l _ y)u—le—m

n+u+u+%+n

x(1—v—r—Il—-w

TILIQ 7’L2Q mgQ ’"'LgQ mZQ
xo¥ " teT T P e T Wz xe MZzayte MZ2zt(l-w) @ MZz(1-1) (109)
”VLSQ 1 7n4
xe 2w ([ M2, . .
e Wl (104) Now, the new variables, o; = ﬁ, are introduced. After
k3

For further simplifications, we introduce the variables gome manipulations, we get
x, Yy, z and t, defined by

v = zat(l —y), r=zzyt, Czak n+/»1«+u+)\+77 + k) / dZ/ dz/ d

w = zt(l — z), l=2(1-1). (105)
Hence,
_ novop-A-n_
T
B, B, Ty = (1)
Iz A n n—v—pu—A—n _ _ _ _
mlmeszstzLQF(iz ) ey 1(1_y)u Lyt 1(1—15)" 1
2 n+u+u+k+n M272Mz Fu—1 A—1 © nbptvddtn g g
x A(ug)(M*) + Xz THTH(1 = x) dil 2
0
+ptA+n—1
/ dz/ dx/ dy/ dt v A= d\* s miq  mlg . mig_ +1n4Q)
X & e ot T zzyt T zi0-o) T 2(1=0)
n—v—p—A—mn —
1 72)7 1tu+u+)\ 1(1 t)’r] 1
2
-1 A—1, p—1 -1 _ miQ 50 _miq

x gV (1—.7;) yH (1—y)” Ye <l+z"rf(1 1;)+21yt+zf(1 T)+z(1 t)) ' (110)
2 2 2 2

Xe MTzztizwie Mizmyte MTl-oe M1, The double Borel transformations with respect to

(106) o1 — % and oy — % are applied. In a similar manner to
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the previous cases, the spectral density is found as
(_1)k 4 1
4(31732):Czakr M—i—k / dz/o dx

/dy/ Atz HHtAtn— 1(1 2)7”*”*5**”71

)11

_ _ ntputv+itn _
XVt 1(1—3:)A 1/ drg——=z tht
0

)V 1t1/+p«+>\ 1 (1

k 2 2
d Mig Maq
% (dl) 6<81 (t+ zat(l —vy) + zayt
2t(1—x)  2(1—1¢)
fe
) l
. <82 < N zat(l —y)
2 2 2
M2 5 "q (111)
zeyt  2t(1—z)  2(1—4t) ) )

Performing the integration over [, finally we obtain the
following expression for the double spectral density:

(_1)k 4 1
4(s1,52) =CZ%F [EETES ST / dz/o

Xdz/ dy/ dt v HutAn—1

X(1—2) =5 e (g
Xtu+u+)\ 1(1 _t)n 11,1/+u 1(1 —:L’)/\_l

oo m%Q B m%Q B m%Q
! zat(l—y) zazyt  zt(1 — )
ntpt+rv+A+n k—
__mig S
(1-1)
d b m%Q
) S(se — ol s - —1Q
) ( <d51> (o2 Sl)) (81 zat(l —y)
2 2
M Mg _™Mig (112)
oyt at(l—z) z2(1—1t) )

Using this spectral density, the continuum subtracted
correlation function in the Borel scheme corresponding to
the considered term can be written as

5" (M}, M3) =

S0 So
L M2 — e M2
/ dsl/ dss p(s1, s2)e s1/My g=s2/M3
SL SL

where s;, = (mig + mag + msg + m4Q)2. Defining new
variables, s1 = 2sv and sq = 2s(1 — v), we get

5" (M7, M3) =

El 1
/ ds/ dv p(sy, 82)(48)6—231;/1\/[12e—25(1—v)/M22.
5 0

(113)

(114)
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Using the expression for the spectral density, one can
get

l)k 50
CZ Qg n+u+y+,\+n + k) / ds

x/oldvﬁlsk<(i}>k6(v—l/2)>
/dz/dm/dy/dt

Hsub(Mlzv M2

V—HH-)\-H? 1(1 Z) Ao p—an_ A=n g
Xy”71(1 _ y)VfltVJrlHr)\*l(l _ t)ﬂ*l
)V tHL(1 — )l

2 2

m m
x| 2sv — 1Q )
zat(l —y)  zayt

ntptvdddn
nbpdrdAdn gy

B mig B mig
zt(l—z) =z2(1—1)
2 2
m m3 m
x0| 2sv— 1Q 2Q 3Q
zxt(l—y) zayt zt(1—x)
mig

_ —2sv/M} —2s(1—v)/M2
- t)>e e :

(115)

Integrating over v finally leads to
2o

2 "2

mY ombgmigmijy [ (P=E=h=A=0) [ (At 4 )

k4 m2
/ds ! d /dz@ 250 — — 2
2kgk | \ dv 0 zat(1 —y)
2
sz )
z(1—1t)

zxyt
/dx/ dy/ dt zv A=l z)%‘m—l

HEUZ)(MI ’ M2 =

X

- zt(1—2)

><y o y)y 1t”+ﬂ+>\ 1(1 t)n 1 V+M 1(1 x))\—l
X | 2sv — m%Q — m2Q — mg@
zat(l—y)  zaxyt  2t(1 —x)
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Ts =
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I'v+1/2)I'(p+1/2)I(AN+1/2)(n+1/2) (4 1/2) QuAVFA+D+E

(m)>/2migmygmagmigm

oS} oo e} %) ¢S} 1 .
></ dt5/ dt4/ dt3/ dtg/ dtl/ du/d‘lwezp'z A(u)
0 0 0 0 0 0

X

cos(migti) cos(magta) cos(msgts) cos(magta) cos(msqts)

(8 — %) +1/2( —a) /(6 —

x2)A+1/2(ti — 2

(118)
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2.6 Systems containing five heavy quarks

The required function to be evaluated in this case is
A(u)

Ts = /Oldu/d‘*xei”m
<K, (migV/=a2) K, (maqv/=2?) K
(a0 =2) Ky (maa /=) e
« (V).

(117)

where m;q, are the masses of heavy quarks. Using the
integral representation of the modified Bessel function, we
have

see eq. (118) above
In this step, for further calculations, we again perform
a Wick rotation to go to the Euclidean space and use the

Schwinger representation. We get

(_i)2u+u+>\+n+£

(7T)5/2m1me§Qmé\QmZQm§Q

/ du / drze P A(u / dts / dty
X/ dtg/ dtz/ dtl/ dy5/ dy4
0 0 0 0 0
/ dy3/ dy2/ diyr
<
0

-1 2,42 -1 2,42y A—1
2e yi(= +t1)y§’ 2e y2( +t2)y3 2

Ts =

F( ”_M_Vg>\_71_5)

n—p—v—A—n—¢

dyo Yo 2 - 7y0x2

v
Xy,
Xefys(w%rt?)yz*%efy4(x2+ti)y§*%efy5(m2+t§)
x cos(migti) cos(magts) cos(msgts)

x cos(mugqts) cos(msgts). (119)

The next step is to perform the Gaussian integral over
x and integrate over ¢;’s. This leads to

2#+V+)\+77+§—57-(2
Ts = (—

i U—h—n—
mfgmbgmiomiigms ol (FEIGAIE)

1 oo 0o 0o
></ dUA(U)/ dy5/ dy4/ dys
/ dyg/ dyl/ dyo e4<yo+y1+yz+y3+y4+y5>

n—/;—u—)\—n—ﬁ
XYo

yor Mo oy mq 0 Mg, ™o o mEg
Yy e 4yq yg e 4yzy3 e 4y3yz e 4y4y5 e 4ys
X

(Yo+y1 +y2+ys+ya+ys)?

(120)

We introduce the variables p, v, [, r, h and w, defined
by

Y1
p_y1+y2+y3+y4+y5a U_y1+y2+y3+y4+y57
_ Y2 _ Y3
ity tys+ys Cyityetystystuys
Y4 he Ys

P+ Y+ ys+yst+ys
(121)

ity tystuatys

to write the function Tj as

) 2M+V+/\+1’]+§757T2
Ts = (=)

[y
mTngQmQQmZQmEQF(in b 6)

1 1 1 1
x/ duA(u)/ dw/ dv/ dr
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1 1 00 _p2
></ dl/ dh/ pidpe o

0 0 0

x(pl—v—r—10—w-— h))nikygxinigfl

2
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x(pv)" e~ (pry e P

3o
o (pw

m2 2 m2
xe™ T (pl)" e T (ph)E T e (122)
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Now we apply the double Borel transformation and
perform the integrals over u and p,

271777,,”2

BM BMF T5 = (72)
o mlmengéQmZngQ[(nﬂhy;\inig)

XA UO) MQ)W+M+V+X+W+§

foef oo fafo

717;4—1/7)\71775
X(1=v—r—Il—w-—~h) -

v—1

XV A—1

2
_mMe . _M29 _mQ
e 2ot loT W e 2w 11

2 2
5Q q
xe M2L h5 le— MQher*MS. (123)

The following new set of variables makes the function
B, Bar, T easy to process:

v = zaxtj(l —y), r = zayty, w = ztj(1 — ),
L=zj(1—1),  h=z(01-j), (124)
so,we get
2_1_"7{2
BM16M2T5: (_Z) U —h—n—
mlmengQQmZngQf(in = 1 5)
A uo)(MQ) nbpucty Attt
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Xe M2zmtj(17y)e Mzz:l;ytje M2ztj(1—z)
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(125)

Spectral representation and continuum subtraction for sys-
tems containing five heavy quarks

We take the general term

IT5 = C(M2) ™5 Ay / dz / dz / dy / dt

></ dj 7 THt A te- 1(1 2)7“—”—“;*—"—5
0

Xju+u+/\+n—1(1

xaVTr (1 —

_ j)f—ltV-HH-)\—l(l
)My (1 -yt

2 2 2
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(126)
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Expanding A(ug), this leads to
(—1)F
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By applying the double Borel transformation with respect
to o1 — ?11 and o9 — 7—12, we obtain
(—=1)*
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and this leads to the spectral density
(—1)*
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Performing the integration over [, finally we obtain the
following expression for the double spectral density:
(—1)k
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(131)

X < (d(il>k 0(s2 — 51)>.

Using this spectral density, the continuum subtracted
correlation function in the Borel scheme corresponding to
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the considered term can be written as
I3 (M7, M3) =

S0 S0
/ ds1/ dss p(shsz)e*sl/Mfe*SQ/M?z, (132)
Sr, SL

where sp, = (mig +mag + msg +mag + msg)?. Defining
new variables, s; = 2sv and so = 2s(1 — v), we get

I3 (M}, M3) =

; 1
/ ds/ dvp(sl,32)(45)6_28”/1‘/1126_23(1_”)/1‘/13. (133)
0

Using the expression for the spectral density, one can
get
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By integrating over v, finally we obtain

see eq. (135) on top of the next page

3 Conclusion

We worked out the mathematics required for the calcu-
lations of the parameters related to the spectroscopy as
well as the electromagnetic, weak and strong decays of
the light and heavy systems with two—five heavy b or ¢
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(135)

quarks. In particular, we presented the calculations re-
quired in the Fourier and Borel transformations as well
as continuum subtraction of the considered systems. We
showed that by choosing an appropriate representation of
the modified Bessel functions of the second kind and ap-
plying successive Borel transformations with the aim of
a greater suppression of the unwanted contributions, we
can get finite results without any divergence. Such diver-
gences appear for systems of two heavy quarks by choos-
ing a special integral form of the modified Bessel functions
and performing the regular calculations according to the
standard prescriptions of the QCD sum rule approach as
done in appendix C of ref. [48].

The method presented here greatly simplifies the cal-
culations of the correlation functions for systems contain-
ing more than two heavy quarks. Our results can be used
in calculations of many parameters of the conventional
and non-conventional heavy hadrons and their interac-
tions with other particles using the non-perturbative ap-
proaches like QCD sum rules.
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Appendix A. DAs of pseudoscalar mesons
In this appendix, we present the matrix elements (P(q)]
q(x)I'q(0)[0) and (P(q)|g(x)I'G,q(0)|0) representing the

interactions of the particles under consideration in terms
of the wave functions of pseudoscalar mesons [49-51],
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In eq. (A.1) we have,

and Da = dagda,dagd(l — ag —

m2 _
mQ1 + qu

m!h + qu

. pp = =
mp

pp = fp

g — ), and the DA’s

op(u), Aw), B(u), op(u), oo (u), T (i), AL(a;), Aj(ai),
Vi (o) and Vj(a;) are functions of definite twist whose
explicit expressions can be found in [49-51].
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