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Abstract. We review connections between the cumulant generat-
ing function of full counting statistics of particle number and the
Rényi entanglement entropy. We calculate these quantities based on
the fermionic and bosonic path-integral defined on multiple Keldysh
contours. We relate the Rényi entropy with the information gener-
ating function, from which the probability distribution function of
self-information is obtained in the nonequilibrium steady state. By
exploiting the distribution, we analyze the information content carried
by a single bosonic particle through a narrow-band quantum communi-
cation channel. The ratio of the self-information content to the number
of bosons fluctuates. For a small boson occupation number, the average
and the fluctuation of the ratio are enhanced.

1 Introduction

Measurements of the average current and its fluctuation (noise) have been power-
ful tools to study the quantum transport in mesoscopic systems [1]. The probability
distribution of current can be treated by the theory of full counting statistics [2—4].
Suppose we partition a mesoscopic conductor, i.e., a tunnel junction, into a sub-
system A and a subsystem B (Fig. la). By applying bias voltage, electrons flow
from subsystem B to subsystem A. The theory of full counting statistics offers a
method of calculating the probability distribution function of the number of elec-
trons in subsystem A, P, (N4) at a given measurement time 7. It is often convenient
to introduce the Fourier transform of the probability distribution function [5], the
characteristic function, Z(e’X) = 3"\ P,(Na)e'N4X or its logarithm, the cumulant
generating function, which yields quantities characterizing the profile of the prob-
ability distribution function, kth moments (N%) = 8fXZT(eiX)|iX_O or cumulants
(NE) = 05 2, ()], .

The two subsystems can get entangled after exchanging electrons [6]. The amount
of the entanglement between subsystems A and B can be quantified by exploiting the
entropy [7-9]. It is the von Neumann entropy [9] S(pa) = —Tra [pa In pa] associated
to the reduced density matrix obtained after tracing out degrees of freedom of subsys-
tem B; p4 = Trpp. In other words, it is the average of the operator of self-information,
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or the entanglement Hamiltonian, In=-In pa- The full counting statistics and the
entanglement entropy are related to each other [10-13]. In reference [10], a nontrivial
relation between the current cumulants and the dynamical entanglement entropy [14]
was demonstrated. The entropy quantifying the entanglement can be expressed by
using the current cumulants of even order as [10],

(La) =D (=) (2m)*  Ban (NZ)/ (2K)1, (1)

k=1

where By are Bernoulli numbers (B; = 1/6, By = —1/30, Bs = 1/42,...&
The Rényi entropy [8,15] of order M, InSy /(1 — M), where Sy = Traph
for quantum cases (hereafter, we call Sj; the Rényi entropy [16]) is another
tractable measure of entanglement. In reference [11] the following relation was
presented;

S = e [ detn (14 92— 9] o). ®

— 00

where the phase is ¢ = 0 for bosons and ¢ = 7 for fermions (precisely, the equality
for fermions was presented in Ref. [11]). The spectral density is related to the current
cumulant generating function; u(z) = e~?9,Imn Z, (u = 1+ =% /(2 +i0)) /7.

In this article, we review these two universal relations based on the multicontour
Keldysh technique introduced in reference [16] and developed in references [17-22].
In those previous works, the operator representation was adopted. Here we introduce
path-integral representation. We also present another universal relation between the
Rényi entropy of order M, where M is a positive integer, and the current cumulant
generating function [21,22];

_2rl+ o

. 3)

M-1
In Sy = Z In Z. (™), xe
=0

A similar relation connecting the Rényi entanglement entropy and the partition func-
tion was derived before [23,24]. In the present article, we focus on the ‘dynamical
Rényi entanglement entropy’ in the nonequilibrium steady state realized in the limit
of 7 — oo. We also calculate the probability distribution of the self-information and,
to illustrate its usage, analyze the information transmission through a narrow-band
bosonic quantum communication channel [7,8,25].

The structure of the paper is as follows. In Section 2, we review the full
counting statistics for fermions and bosons. In Section 3, we introduce the self-
information of the information theory and explain that it is a random variable.
Then in Section 4, we explain the path-integral approach to the full counting
statistics and the Rényi entanglement entropy. In Section 5, we apply our tech-
nique to an information transmission problem carried by a single bosonic particle.
In Section 6, we summarize this article. Step-by-step derivations are given in
Appendices.
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Fig. 1. (a) Bipartition of a tunnel junction into subsystems A and B. (b) Electron scattering
processes at the interface between subsystems A and B. (c¢) Probability distribution function
of self-information.

2 Full counting statistics
2.1 Classical picture of transmission of particles
2.1.1 Fermions

Lets us consider electron transmission through the tunnel junction (Fig. la). An
electron is injected from subsystem B to subsystem A and is transmitted (reflected)
with the probability ¢(1) =7 (¢(0) = R =1 — T). Suppose during a given measure-
ment time 7, N electrons are injected regularly from subsystem B (Fig. 1b-1). If we
detect the first electron in subsystem A, we set 1 = 1. If not, we set 1 = 0. Suppose
we obtain z,, for the nth electron (n =1, .-, N). Then we write such a sequence
of events x1xs---xy, where 2, € X = {aj,a2} = {0,1}, as x. The probability to
find this sequence is ¢~ (x) = q(z1)q(z2) - - - q(zy). For example, when all electrons
are transmitted (Fig. 1b-2), the probability is ¢V (11---1) = q(1)q(1)---q(1) = TN.
On the other hand, when all electrons are reflected (Fig. 1b-3), ¢V (00---0) =
q(0)q(0) ---q(0) = RYN. The above two events are rare. In a given sequence x,
Npy(a) = 2521 0z,,.a (a € X) electrons are transmitted (reflected) for a =1 (a = 0)
(Fig. 1b-4). The probability to find such a sequence is ¢ (x) = [T cx q(a)Npx(@) =
TNP<(RNPx(0) Therefore, the probability that N electrons transmit is,

Pr(Na)= D V(%) nanpet) = (]\%) THARN N (]7\17) = n'(J\f'\”n)' (4)

xeXN

This is the binomial distribution. The characteristic function is [2],

Zo(e%) = Y0 Pr(Na)e™ X = (R+ Te) ™ (5)
Na

By taking the derivative of its logarithm, we obtain the first cumulant or moment,
the average, (Na)) = (Na) = >y, NaP-(Na) = NT corresponding to the peak
position of the binomial distribution. The second cumulant, the noise, is (N3)) =
(N3)—(Na)? =Y 5, NiPr(Na)— (XN, NAPT(NA))2 = NTR, which corresponds
to the width of the distribution.
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2.1.2 Bosons

Let us consider a linear bosonic channel operating at frequency f within a nar-
row bandwidth B < f. In the duration of the measurement time 7, N = 75 modes
are allowed. Suppose the nth mode contains z,, € X bosons (X = {aj,as,as,...} =
{0,1,2,...}). Such probability is given by the geometric distribution g¢.(z,) =
(1 — r)r®», where r = e #8"f and Bp is the inverse temperature of subsys-
tem B. Therefore the probability to find a configuration zj29---2x is ¢V (x) =
gr(z1) -+ - ¢r(xn). Then the probability to find N4 bosons among N modes is given
by the negative binomial distribution as,

N—-1+N
PT(NA) = Z qN(X) 6NAaZ]a‘.;1(j*1)pr(a7‘) - (1 B T)NTNA ( N-—1 A> . (6)

xeXN
The characteristic function is,

i - ix1— NV -
Z:(eX) = [ng(hf) — ng(hf)eX] . ng(hf) =1+n5(hf), (7)
where nf(w) = 1/(e#2* — 1) is the Bose distribution function. The average number

and noise are (N4)) = nf and (N3)) = n}(1 + n}), respectively.

2.2 Large deviation

Once the cumulant generating function is obtained, the probability distribution func-
tion can be calculated by performing the inverse Fourier transform. In the limit of
long measurement time 7 — oo, the number of particles grows as N4 oc 7. Then,
within the saddlepoint approximation,

T d , 4 ,
P.(Ny) :/ Z—Xe_lXNAZT(elX) A exp | min [anT(elX) - ixNA) , (8)

g &T ixER

which is the Legendre-Fenchel transform [26]. The probability distribution
function is,

Na\, 1-54 N, Ja ,
(1 - N> In = + N In Ea (Fermions)

InP;(Ng) =~ —N N N Na =—ND(p*||q) .
(1 + A) In 11"’7?\[; + WA In n% (Bosons)

(9)
The result is expressed by the relative entropy D(p|q) = le)ill p(a;)Inp(a;)/q(a;)
(1X| is the number of elements in the set X)), which measures the difference
between the distributions p and ¢. The classical picture of the full count-
ing statistics in Section 2.1 is an application of the method of types (Chap-
ter 11 of Ref. [8]). px(a) is called a type, and equation (9) is a consequence
of Sanov’s theorem (Appendix A). The probability distribution p* is closest
to ¢ in relative entropy, i.e., it minimizes D(p||q) subjected to the constraint

*

Ny = Z‘jﬂl (j — 1)p(aj). For fermions, p* and ¢ are Bernoulli distributions,
(p*(0),p*(1)) = (1 = Ng/N,N4/N) and (q(0),q(1)) = (R,T). For bosons, they are
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geometric distributions (p*(0),p*(1),...) = (¢1/a+n8/N4)(0), q1/+n/N 4 (1), - ..) and
(¢(0),q(1),...) = (g-(0),qr(1),...). Whenp = ¢, equivalently N4 = {(N4)), the peak
of the distribution In P, (N 4) ~= 0 is realized.

3 Information as a random variable

We recall the basics of information theory [8,27]. Suppose X = {a1,a9,a3,a4} is
a set of four symbols and the probability of occurrence of each symbol is g(a;) =
1/2, q(a2) = 1/4, and q(a3) = q(aq) = 1/8. If the outcome is a, the self-information
associated with this outcome is,

Ia(a) = —logy q(a) (bit), La(a) = —Ing(a) (nat). (10)

The self-information of each of the four symbols is IT4(a;) = 1, T4(az) = 2, and
Talag) =1 (a4) = 3 bits. The Shannon entropy is the average of self-information [8];

H(q) = S5 a(a;)Ta(ay) = = 3270 alag) ng(ay) = (1/2) x 1+ (1/4) x 2+ (1/8) x
3+ (1/8) x 3 = 7/4 (bit). The measure of information content introduced here is
a random variable, in the sense that it is a value associated to a random event.
Therefore, we can consider the probability distribution of the self-information; see
Chapter 2.7 of reference [27]. The probability distribution of self-information (in
bits) is, P(L1) = S0 q(a;)8(1a — Lala;)) = (1/2)8(1a — 1) + (1/4)3(1a — 2) +2 x
(1/8)6(14 —3), Wh1ch is visualized in Figure lc. It is clear that the Shannon entropy
is the average of this probability distribution function H = (I4) = [dIaP(Ia)la.

Let us consider the transmission of particles in Section 2.1. In the follow-
ing, we measure the information content in nats. A sequence x carries the
self-information amount to I4(x) = —Ing¢™¥(x). The probability distribution func-
tion of self-information and its Fourier transform, information generating function
[28,29], are,

N
|X]

Pr(1a) =Y gV (x)6(1a — Ta(x)), S1ic = /dIAeifIAPT(IA) = ZQ(aj)l_iE

(11)

Since there is an apparent formal similarity, in the following we use the terms “infor-
mation generating function” and “Rényi entropy” interchangeably. The information
generating functions for fermions and bosons are,

Sur = (T + RN | Say = [ng(h)M —nfy(hf)M] . (12)

The average is the Shannon entropy, ((a)) = Oi¢InSi—ic|;c—
H(q) = HQ(T) =—ThT-01-T7) ln(l - T) is the binary entropy for fermions and
H(q) = Hy(n}5) = (1 +nk)In(1 +n}) —n} lnnB is the entropy for bosons. Similar
to equation (9), the probability distribution is calculated as,

In Py (I14) + 14 ~ NHy (W) , NH, (IA/N:TS — ”) . (13)

= NH(q) where

Let us rewrite equation (11) and check its meaning. For N >> 1, typical sequences
are around the peak position (I4)) = NH(q) of the distribution function P, (I4).
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For € > 0, the intensity around the peak |I4/N — H(q)| < € is the probability to find
typical sequences; [y 5((:)”:) dIaPr(I1a) = Y ser(n,0) ¢ (x) where T'(N, €) is a set of
all e-typical sequences of length N [9] satisfying e~ N (H(@)+e) < ¢N(x) < e~ NH(@)=e),

4 Path-integral approach

4.1 Full counting statistics

The Hamiltonian of the tunnel junction is given by, H=Hj+ Hg +V. The
Hamiltonians for the leads r = A, B are, H, = >, € kéikérk, where ¢,;, annihi-
lates a particle in quantum state k in the lead r. The tunnel Hamiltonian is

V= Jzk k/(chch/ + ch,cAk) Then the probability distribution function of a
particle number in the subsystem A and its characteristic function are

P(Na) =Tra [ﬁNA ﬁA(T)] , Z.(e) =Tra [eiXNA ﬁA(T)] , (14)

where Ny = >k éLkéAk is the operator of the number of particles in subsys-
tem A and Iy, = ST _dxe!™Na=Na)x/(2r) is the projection operator. The phase
x is called the counting field. The reduced density matrix of subsystem A at
time 7 is prepared by the following protocol. Initially at time ¢ = 0, the sub-
systems are decoupled and each subsystem is equilibrated with the inverse tem-
perature 84y and the chemical potential L A( y- The equilibrium density matrix

of the subsystem 7 is, peqr = € —Br(Hy—pr N /Zr, where the equilibrium partition
function is Z, = Z(B,, pur) = Tr, [e Br(Hy—=pur N )}. The explicit form is, InZ, =
—e' [ dwp,(w)In (1 — ¢~ Fr@=r))  where p,(w) = 3, 0(w — &) is the DOS of

particles in the lead r. At t = 0, we switch on the coupling V and let the total system
evolve till £ = 7. Then the reduced density matrix of the subsystem A at t = 7 is,

pAA(T) = T‘rB [e_iHTﬁqupAqueiHT} . (15)

We introduce the Keldysh path—integral [30—-32] representation of the characteris-

tic function Z;( = [ Dlcyi(t) cri(t)]e?SN) /(Z4Zp) (see Appendix B for detailed
derivations), where the action is,

SO0 =Sk ({ern® e + Y Soelenn(me)”,em(r2); Ar).- (16)
r=A,B

Here ¢, is a complex number (Grassmann number) and ¢, is its complex conjugation
(conjugation) for a bosonic (fermionic) field [33]. The action is defined on the Keldysh
contour K (Fig. 2a),

1S = Z za/ dt, { Crk(te) (10, — €rg)cri(t JZ car(ts) ey (ts)
kK’

+ i (te) car(t }Jrzcrk 04)" (err(0-)e Priermrn) — e (04)),  (17)
rk
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Fig. 2. (a) Keldysh contour K consisting of the forward (upper) branch K4 and the back-
ward (lower) branch K_. The shaded box is the initial density matrix. The solid dot at
t = 7 indicates the operator eV4X. (b) The sequence of M Keldysh contours. Time 7 on the
upper branch of mth Keldysh contour Ky, + is connected to time 7 on the lower branch of
m + 1th Keldysh contour Kppy1,—- (m=1,--- M and Kpy+1,— = K1,—). (¢) M disconnected
Keldysh contours obtained after the discrete Fourier transform. Solid dots at ¢ = 7 indicate
operators e'NAXe (0 =0,..., M —1).

where time ¢ty is defined on K. The first term is defined on the forward (upper)
and backward (lower) branches K, and K_. The second term imposes the boundary
condition at t = 04 and ¢ = 0_. The action determining the boundary condition at
t=7y and t =7_ is,

iSp.c.(on(T2)", (T )i Ar) = D i (72) (ern (T4 )€™ = eon(7-)), (18)
k

where Ay = x + ¢ and Ag = ¢. Then, after the functional integral, and in the limit
of long measurement time, we obtain

Z,(e'X)

1 .
1 Zo(eix)

T
~ —e“i’% /dw In det [7'0 — JQngA’XJr(z,(w)ngB,Cﬁ(w)] , (19)

where 79 = diag(1, 1) is the identity matrix and 75 = diag(1, —1) is the Pauli matrix
in the Keldysh space. The 2 x 2 modified Keldysh Green-function matrix (see,
e.g., [4,34-40)) is,

1/2 + n:/\(w) nt (w)e

Boale) = —2mipe) | 12 ) T L 20)
where we neglected the real part. We introduced,
- 1 —Br(w— ix ) —
noaW) = T m T @) =TT @), 21)
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which is the particle distribution function when A = ¢. For ¢ = 0, the Bose distribu-
tion function nf, = n} = 1/(efrlo=rs) — 1) and n,o=mn, =1+nf are obtained.
For ¢ = m, the Fermi distribution function n;[, = —f} = —1/(e“=#) 4 1) and
n, . = f = 1— fF are obtained. At 7 = 0, the two subsystems are decoupled
and the characteristic function is, In Zy(e?X) = In Z(Ba, pa + ix/Ba)/Z(Ba,pa) =
—e' [dwpa(w)In(ny ,(w) —nk ,(w)eX).

Further calculations lead to:

Z_(efx ) At (w)eX —ay L (w
1nLi) :fe“f’l/dwln f“’( ) : j"‘z’( >, (22)

Zy(e?x) 27 ny y(w)ex —ny  (w)
where we omitted a constant to satisfy the normalization condition Z;(1) = 1. We
introduced the effective particle distribution function, nj W) = R(w yn W) +

T(w)n? s(w), where the transmission and reflection probabilities are T(w) =
1 —Rw) =472 T%pa(w)pp(w)/[1 + 72 J?pa(w)pp(w)]?. For fermions, ¢ = 7, equa-
tion (5) is obtained from equation (22) by taking the zero temperature limit
Ba,Bs — oo for the energy-independent transmission probability 7 (w) = 7. The
number of injected fermions is N = 7(up — pa)/(27) for up > pa. For bosons
¢ = 0, equation (7) is derived for the narrow-band channel, i.e., the energy fil-
ter T(w) = hBd(w — hf), where the bandwidth B is much smaller than the signal

frequency f, when the subsystem A is empty, nJA&O(h fi=0.

4.2 Rényi entanglement entropy

The probability distribution function of self-information and the information gener-
ating function are

Po(I4) = Tra [ﬁA(T)(S(IA —Tam)|, Siiie=Tra[pa(m) %] . (23)

The spectrum of the entanglement Hamiltonian I A(T) = —Inpa(7), the entan-
glement spectrum [41], is closely related to this distribution; Tra [(5(],4 — fA)] =

elaP (I4). This relation implies (ef4) = rankps, which is reminiscent of the
Jarzynski equality [42,43]. As an example, let us consider the density matrix p4 =

®N
(Z . q(aj)|j><j\) , where |j) is an orthonormal set. Then equation (23) reduces

to the classical case, equation (11). By applying Jensen’s inequality to the Jarzynski
equality (ef4) = |X|V, we obtain (I4) < Nln|X|, i.e., NIn|X| is the maximum
entropy.

At 7 = 0, when the subsystems are decoupled, the information generating function
is, spr = Try [ﬁé‘gA] = Z(MBa,pua)/ZA. At finite 7, when the coupling induced
the correlations between the two subsystems, the information generating function is
calculated by the replica trick: We first calculate it for a positive integer M and then
perform the analytic continuation M — 1—¢£. The path-integral representation of the
Rényi entropy of a positive integer M order, Syy = Tra [pa(7) -+ pa(7)], is evaluated
by extending the contour K to a sequence of M Keldysh contours [16] (Fig. 2b);
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Sy = (ZaZp)™M fD[cmrk(tm)*cmm(tm)]eig, where the action is,

M
S = Z SKm ({Cm'rk (tm)*a Cmrk (tm)}) + Sb.c.(cmBk: (Tm,:l:)*7 CmBk (Tm,:l:); qs) + SlTC.A'
m=1
(24)

Here, time t,,, + is defined on the upper (lower) branch of mth Keldysh contour K, .
The fields ¢y and thus the action Sk, are defined on the mth Keldysh contour
K,,. The definition of the action Sk, is the same as equation (17). The action
imposing the boundary condition at ¢t = 7,,, + and ¢t = 7,, _ for the fields of the
subsystem B, Sy, is the same as equation (18). For the fields of the subsystem A,
the action &) , imposes the boundary condition connecting ¢t = 7, + on the upper
branch of mth Keldysh contour and ¢ = 7,,41,— on the lower branch of m + 1th
Keldysh contour;

iShlea = Z Cmt 14k (T-) " (Cmak(T4) — Cmy1ak(7-)) (25)
k

where cary1ax(7-) = c1ak(7_)e” . This action can be diagonalized by the discrete
Fourier transform;

M—-1

—1(27r€+¢)m/]\/1 (26)

cm'r’k: Cérk

1
M £=0
which fulﬁlls the periodic or anti-periodic boundary condition c¢ptprri(t) =
Cmrk(t)e™. The resulting action is,

M
2
Z:Slg.lCAA = Z Shee.(Coan(T+)", coan(T2);Xe +¢), Xe = Wf\;—d) —¢. (27)

The discrete Fourier transform introduces a discrete counting field x, at ¢t = 7. Since
the action defined on the Keldysh contour, equation (17), is quadratic it is diago-
nal after the Fourier transform; Zi\f:l Sk, ({ck k> Cmrk}) = e o 'Sk ({¢s Cgrk})
The action imposing the boundary condition for subsystem B is also diagonal in /¢;
S She (B (Tms)* s empr(Tm4); ) = Yoo’ Soe.(cenr(Ta)*, copr(e);6). In
this way, we separate connected M Keldysh contours (Fig. 2b) into disconnected
M Keldysh contours (Fig. 2¢). The action is expressed by using the action of the
cumulant generating function (16),

~ M-—1
§= S(xe)- (28)
e

By noticing that the Jacobian of the Fourier transform is 1, we obtain the relation (3).
For further calculations, we define u = ¢'X and rewrite the summation over ¢ as
the contour integral [23,24];

IHZ ( ) du M ip(1—M)
lnSM—/ 2m —/C—auln (u e )anT(u), (29)

u — etxe 27
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Fig. 3. (a) Contour of integral C' encircling singularities at u = e!(2™+9)/M=9) (in this
panel, ¢ = m and M = 8) denoted by crosses. The dashed line indicates the unit cir-
cle. There is a branch cut connecting two branch points uiy = fz;qb(w)/ﬁz’d,(w) and
u_ = n;yqb(w)/nz’(ﬁ(w) on the real axis (in this panel, we assumed uy > u—). (b) The

contour C' and singularities after the variable transform z = —e7" /(1 — u). The dashed line
indicates Rez = —e™'?/2.

where the contour C' is taken so that it encircles poles at u = eX¢ ({ =0,--- ,M —1)
(Fig. 3a). Then we substitute the expression for 7 — oo, equation (22). The integrand
has a branch cut on the real axis connecting two branch points uy = 7 ,(w)/ ik W)
and u_ = n27¢(w)/n:7¢(w). By a varigble transform z = —e~* /(1 — u), which trans-
forms a unit circle to a line Rez = —e?®/2, and by noticing that the branch cut stays

on the real axis after this transform (Fig. 3b), equation (29) can be transformed into
equation (2). The explicit form of the spectral density associated to equation (22) is,

n(z) = /dw {ié(z — e Rg 4(w)) + (PA(W) - i) 5(z— e "n} 4(w))| - (30)

The first term in the square brackets contains the effective distribution function
and thus is related to particle transmission and reflection. The second term is
the bulk thermodynamic entropy of subsystem A and the overcounting term. For
noninteracting fermions, in the limit of zero temperature, equation (30) is the
effective-transparency density [44] and the above discussions are applicable to a
finite 7 case since singularities are always on the negative real axis of complex
u-plane [45].

The information generating functions in equation (12) are obtained by substi-
tuting equation (30) into equation (2). For fermions ¢ = 7, again we take the zero
temperature limit 84,8 — oo and consider the energy-independent transmission
probability. For bosons ¢ = 0, we set 7 (w) = hBJ(w — hf) and ”j{;,o (hf) =0.

The relation (1) is obtained by expanding the RHS of equation (3) in powers of
x¢ and then performing the summation over /;

Nt k mi\ " — —((— =
lnSM:I;«JZ?» (2M> X{ b=k M) (6=0 )

Here ((s,a) = > joq(a+ €)™ is the Hurwitz zeta function. By the analytic con-
tinuation M — 1 — i€ and by differentiating in &, we obtain equation (1) except
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for the imaginary number —im{{N4)) for bosons, which may be an artifact and is
neglected.

5 Information transmission through a bosonic quantum channel

It is known that noninteracting bosons cannot be entangled if the initial decoupled
systems are in equilibrium [6,46]. Therefore, our average self-information does not
measure the amount of entanglement for bosons. Here we present that the probability
distribution function of self-information can be used to analyze the performance of a
quantum communication channel [8] by regarding subsystem A as a receiver side and
subsystem B as a transmitter side. Let us consider the single narrow-band bosonic
channel. The transmitter side generates signals, the thermal noise of temperature
5;1, with average power Py = thng. We set B4 — oo to suppress the detector
noise. Then we ask a question addressed in reference [25]: How much information can
be transmitted by a single boson? The quantity we consider is the ratio of the self-
information content to the number of bosonic particles, n = I4/N4. It is a random
variable, since both the numerator and the denominator are random variables. It is
also an analog of the efficiency, the ratio of output to input, whose fluctuations have
been addressed recently [47-51]. In the limit of long measurement time 7 — oo, the
average approaches (n) &~ (I4)/(Na) = Hy(n}f)/n} as predicted in reference [25].

In order to analyze the probability distribution of 7, we introduce the
self-information associated with a state after the projective measurement of
the particle number N, in the subsystem A; I, = —Ingp/,, where §, =

ZNA ﬁNA ﬁAﬁNA- The joint probability distribution of I’y and N4 is P-(I,Na) =

Tra [ﬁNA pally, 6 (I'y +1n ﬁ;\)] . The information generating function is,

. - L . 1—i€
Suieln) = [ dry Y eV A, (1, N) = Trg {(e%NAx/“@/sA) ] . (32)
Na

where we used the local particle number super-selection [6,22,52,53], which
ensures [pa, Na] = 0 [22]. Then for the narrow-band channel when the detec-
tor mnoise is absent B4 — oo, the characteristic function is InSp(x) =
—~Nnng(hf)M — eXnf(hf)M]. The joint probability distribution is then,
P(I'y,Na) = P;(N4)d (I’y + In(1 — 7)NrN4) where P-(N,) is given by equation (6).
The probability distribution is,

Py=Y / AT4 P, (T, NaYS(n — Iy /NA) ~ N4 P(N)/(n + 1), (33)
Np=1

where N3 /N = —In(1 —7)/(n+ lnr). From the condition N} > 0, we observe that
the fluctuation of 7 is bounded below n > —Inr = Sghf. In the limit of 7 — oo,
we can adopt equation (9) and see that the peak position is at 1/(1 + N/N}) =r
equivalently n = (n).

Figure 4a shows the boson occupation number ng dependence of the average
value. In the limit of small boson occupation number ng < 11t goes to infinity (n) ~
—In ng, as predicted in reference [25]. Figure 4b shows the probability distributions
for various boson occupation numbers. For large 7, the probability decays in power
law fashion Py (n) ~ (1 +n})~" /n3. This implies that, for a small boson occupation
number, the information carried by a single particle fluctuates strongly. It can be
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Fig. 4. (a) The information content carried by a single boson particle. (b) The probability
distribution of ratio n = Ia/Na. Dashed lines indicate —N Inny.

understood by the following: a sequence x satisfying Ny = Z;‘;l(j — 1)Npx(a;)
carries the self-information 74 = —In¢"¥(x) = —Ns In7— N In(1 —r). For small ng =
r/(1 —r) < 1, the ratio for this particular sequence is 7 ~ —Innjf + Nnj/Na. The
first term is the average value and the second term is the fluctuation. The fluctuation
is strongly enhanced for a sequence, in which the number of bosons is much smaller
than the average number of signal quanta Na < Nnj = 7Pa/(hf).

For fermions, the probability distribution of the ratio was analyzed in refer-
ence [22].

6 Summary

In summary, we present the fermionic and bosonic path integral for the full count-
ing statistics and the Rényi entanglement entropy. The key relation (3) holds for
the quadratic action, i.e., noninteracting particles. We analyzed the ratio of self-
information to the number of bosons transmitting through a narrow-band quantum
channel. For small occupation number of bosons, the average of the ratio diverges.
At the same time, for an event in which the number of bosons is much smaller than
the average number of signal quanta of a given signal power, the fluctuation of the
ratio is enhanced.

We thank H. Okada for discussions. This work was supported by JSPS KAKENHI 17K05575
and JP26220711. Y.U. performed calculations and wrote the manuscript.

Appendix A: Short derivation of Sanov’s theorem

Let X = {a1,...,a;x|} and consider the distribution ¢ on X. Let X1,..., Xy be a
sequence of random variables drawn i.i.d. according to g(z). The probability that the
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sample average of g(X) is equal to « is,

N N
P (Z g(zn) = Na) = Z v (x)o <Z g(xzn) — Na) . (A1)

n=1 xc XN n=1

By using the multinomial coefficient, it is written as,

N
P ~ NI¥I /dp1 - dp|x| (Np1 Np|X|> q(al)Npl ---q(a|X|)Np‘X‘
| X |x

ijg(aj)fa 0| N ij,1 . (A.2)

By rewriting the delta function as, e.g., d(z) = [dée™%"/(2m) and by using
Stirling’s approximation, we obtain P ~ exp( Nming, 1 ieireR J(p,&, /\)) within
the saddlepoint approximation, where J = D(p|q) + i (Z‘Xllp]g(aj) a) +

i\ <Z|X|1 P — 1) For the precise derivation, see reference [8].

The result is rephrased as P ~ e —ND@"ll9) where p* 15 the closest to ¢ in relative
entropy under the constraint Z 1 pig(a;) = o and Z‘ _, pj = 1. For our problems,
we set a; = j — 1 and |X| = 2(oc0) for fermions (bosons) Equation (9) is obtained by
setting @« = Na/N and g(a;) = j — 1. Equation (13) is obtained by setting oo = I4/N
and g(a;) = —Ing(a;).

Appendix B: Path integral on multiple Keldysh contours

We adopt the time-slicing technique [32,54-58] to introduce the path-integral
= M
representation of equation (32); Sar(x) = Tra {(elNAX/M,éA(T)) } This is the

characteristic function for M = 1, S1(x) = Z,(e™X), equation (14), and the Rényi
entanglement entropy for x = 0, Sy = Sy (0), equation (23). Initially, when the two

M
subsystems are decoupled, it is spy;(x) = Tra {( ZNAX/Mp A) ] =Z(MBa,pa+

ix/(MBa))/Z(Ba,ua)™. For simplicity, we consider one quantum state in each
subsystem, and thus the Hamiltonians are, Hy = esdta, Hp = eBBTI;, and V =
J (dTl; + l;Td). To obtain the path-integral representation, we discretize each branch
of M Keldysh contours into N — 1 time steps (Fig. B1) The step size is dr =
7/(N —1). A discrete time on the lower branch of the mth Keldysh contour is t,, ; =
(N —j)dr for j =1,...,N and that on the upper branch is ¢,, ; = (j — N — 1)dr
for j = N +1,...,2N. Then, at time t¢,,;, we insert the closure relation, e.g.,
1= [dat, jday, je="mi®|am, ;){am,j|/N, where N = 1(2mi) for fermions (bosons)
(we follow the convention of the textbook [33]) and a'|a,, ;) = am jlam ;) is the
coherent state.

By inserting closure relations for subsystem A at 7,, + =ty on and T, - =t 1

and using the trace expression, Tr O = fdaildalyle*‘lilalvl<e*i¢a1,1|(§\a171>/./\/',
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Fig. B1. Discrete time points on the mth Keldysh contour.

the Rényi entropy becomes,

da* daMQN da}‘\/[ 1daM1
S = Tr |: iNax/M . ’LNAX/M :| :/ M,2N ) / , )
Mm(X) A pa(r)- pa(r) N N
B / d“?ﬂj\cfialv” d“’fj&lalvle— SM (@ o 2T 1)
x(e™ay1|e™N XM |ay on Y anran|pa(m)lan ) (arsale™ XM ap 1 on) -
x(ag 2 |pa(T)]az,1) (a2 €™ XM |ay o) (a1 2n]pa(T)|ar ). (B.1)
Then by using the relation, <a|eiNAX/M|a’> = @ @™ e obtain,

M
day, ondam anday, (dam 1 M om
Sul) = [ [ Freen ST, o o, 7)e B S, (B2

The action, ¢S], 4 = a:frH»l,l (amﬁgNeiX/M — am+1,1) where apr41,1 = e‘iqﬁam, corre-
sponds to equation (25) and imposes the boundary condition of the field a at 7,, 4 and
Tmt1,—- PA(Gm 2N, Gm,1;T) = (amygN\ﬁA(T)|am71>e_“:"~2N“mv2N is the reduced density
matrix expressed by the double path-integral [30,31,59].

2N—-1

da*daj dbdb, e!SK+iSb.c.(b1(2n) b1 (2)38)
H / / ZAZp ’

palaan,ar;T (B.3)

where we omitted the replica index m. The action corresponding to equation (17) is,
2N—1

N-1
Sk~ | Y+ |:_a;+1(aj+1 —aj) = b1 (bj+1 — b))

j=N+1  j=1
_isgn(j — N) H(as1 b 11ra3,by) df]

+ @it (aNe—ﬁA(fA—uA) _ CLN+1> + b (bNe—/BB(EB—,UB) — bN+1) . (B.4)

The action iSy.c. (bm,1(2n5) b}, 12N @) = bina (bmgl\/e"‘ls — bm71) corresponds to equa-
tion (18) and imposes the boundary condition of the field b at 7,,, +. Summarizing
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above,
M 2N
damj dby, idby, ;s
Su(x) = 1\}51100 H H/ Yl (B.5)
=1j5=1
where the action is,
M
S= Z Sk, {amJ( m ])7 mj(b* )}) + Sb.c‘(bm,1(2N)vb:z,1(2N)§ ¢) +Sile.a- (B.6)
m=1

In the following, we perform the functional integral. The matrix form of the
action is,

S= aTgZ}Ma—F bf (1M ® g;}(b) b —iJdr [a' (1, @ P)b+Db! (1), @ P)a], (B.7)

where 1,7 is M x M identity matrix and ® stands for the Kronecker product. Vectors
a and b consist of 2N M components of fields, e.g., al = (al,---  al,) where a,, =
(@m.1, + yaman)T. The inverse Green function of subsystem A is a block (skew)
circulant for ¢ = 0 (¢ = 7) and that of subsystem B is block diagonal. They are, e.g.,
for M = 3,

B X4 0 eix/M+i¢Y

igahy = [eYMY Xy 0 , (B.8)
0 XMy X,

1

185 4 0 0 A

1y ®iggl,=| 0 igp, O |, igs,=Xp+e?Y. (B.9)
0 0 iggl,

2N x 2N submatrices are, P =13 @ pny,—, Y =74 @ py,+ and

X, =1 ® (711\[ + pN,—) + 7'_];_ X pN?_‘_e*B"'(e"*”T') + idTe, T3 ® PN,—, (BlO)

where 74 = pg 4 is a 2 X 2 matrix. py,+ are N x N matrices, and their (i, 7)-
components are [pn,+]i; = 0;19; v and [pn,—]ij = 0ij+1. Explicit forms are, e.g.,

for N = 3,
001 000
pnv+=|000|, py—-=[100]. (B.11)
000

010

The block (skew) circulant matrix gg}M can be block-diagonalized by
using the discrete Fourier transform corresponding to equation (26), a, =
Py, 0 Vagei@rtt@)m/M /\/Nf - Then, by introducing 2N x 2N  sub-matrix
ig et/ MAd = XA+ e“QWHQﬁ“‘X)/MY7 the action becomes,

M-—1
0§ — [ae i3 1 arsode + bligplbe —iJdr (a}Pbg + b}Pagﬂ . (B.12)
£=0
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This action corresponds to equation (16) for M = 1 and to equation (28) for x = 0.
Since the J acoblan of the discrete Fourier transform is 1, by exploiting the Gauss inte-

gral, lan (dajdaj/N)e —a'Ma — _i¢ | detM, where M is a 2N x 2N matrix,
the Rényi entropy is calculated as,

M—-1
S )
In SZ((;‘)) == > Indet 1oy — (Jd7)’85.6P8A xo1r/m+sP] - (B.13)
£=0

Here the Green function is,

—ienr(j—1)dT

e
nt e GN=i=j+hdr (1 < j < N N 41 <i < 2N)
= —ien(i—j)dT
_ et (N+1<j<i<2N)
&2l = = n, e teri=idr (1<i<j<N) (B.14)
nr—/\eik—isr(2N—i—j+1)dT (1 <i< N N+1 <] < 2N)
n, e teriz)dr (N+1<i<j<2N)
In the time-continuous limit dr — 0, we set ¢ = ¢; and t' = ¢;. It is

ti=(N—i)dre K_forl<i<Nandt;=(i—N-1)dr € K, for N+1<i<2N.
Then, in the 2 x 2 Keldysh Green function matrix form,

gr(t,t) = grat e Kyt e Ky) grn(t€ Kpyt' e K_) _ jemien(t—t)
T AN gAt€E K ' € Ky)gra(te K_,t' € K_)
o [reaf(t =) 40600 —1) ntem (B.15)
n;)\e”‘ n 0t —t) + nj’)ﬂ(t -t |’ ’

In the limit of 7 — oo, the logarithm in equation (B.13) is expanded as,

Indet[---] = —J2 / dtzdty Tr [1385.6(t1, 2)Ts8 A o/ a4t t1)] +
0

Q

-
—EJQ/dWTT [7388,6 (W) 384 xp4r/M46(W)] + -+

-
%/dwTrln [7’0 — JQngA7XZ+X/M+¢(w)73g37¢(w)] , (B.16)

where the Fourier transform of equation (B.15) is,

1

w— €

1/2+4n\(w) nly(w)e ™
nA @R 1/ ()

(B.17)

gra(w)=P 73— 2mi0(w — €) [

P stands for the Cauchy principal value. The above calculations can be readily
extended to many states €, — €4, and then equation (20) is g, x(w) = >, &ria (w)-
By combining equations (B.13) and (B.16), we obtain,

M-1
; T
~ —e'? E %/dw’ﬁln [To = J*T38 A yotx/M+6(W)T38B,6(w)] , (B.18)
=0

which corresponds to equation (19) for M = 1 and to equation (3) for x = 0.
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