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Abstract Impedance matching is an essential concept in the design of absorbing materials. Its basic form
Zin–Z0 = 0 derived from the expression of reflectivity transmission line is often used to explain the reason
for the reflectivity peak. Still, the relationship between impedance matching and material parameters has
not been accurately described so far. In this paper, for nonmagnetic homogeneous materials, a solution
of impedance matching equation is proposed to illustrate the relationship between impedance matching
and the complex permittivity of absorbing materials. The thickness required for impedance matching is
also obtained in the proposed solution. An eigenvalue P containing the relationship between the real and
imaginary parts of the permittivity is presented. When P is equal to a positive odd number squared, with
a corresponding definite thickness, the material can achieve impedance matching. With the parameters
data in the available references, the solution is verified to be effective.

1 Introduction

According to the equivalent transmission line theory,
the reflectivity of absorbing materials can be expressed
as [1–5]:

RL = 20 log
∣
∣
∣
∣

Zin − Z0

Zin + Z0

∣
∣
∣
∣
, (1)

where Zin and Z0 are the input impedance of absorbing
material and free space respectively(All the parameters
in this paper are normalized values [6], herein, Z0 = 1).
In order for RL = −∞, the following conditions should
be met:

Zin − Z0 = 0, (2)

which is well-known as impedance matching.
Early researches tried to extract the relationship

that material electromagnetic parameters should sat-
isfy from Eq. (2). Musal et al. [7] proposed a graphical
method to analyze the impedance matching conditions
corresponding to different loss angle ranges. Further-
more, a universal design drawing was presented [8,9],
giving an overall view of the interrelated numerical val-
ues of material properties required to implement an
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optimum electromagnetic absorber design using a single
homogeneous uniform layer of material.

A derivative conclusion is proposed and appears as
an inference in lots of researches, which is [10–14]:

|Zin| = |Z0| . (3)

Equation (3) is frequently used to explain the princi-
ple of microwave absorption. For example, Wang et al.
[15] took Z = Zin/Z0 as the characteristic parameter
of impedance matching and made a Z curve to explain
the reason for reflectivity peak. Chen et al. [16] calcu-
lated the Z values of the three absorbing materials, and
believed that the reflectivity of the corresponding mate-
rials could achieve the best effect when Z was closest
to 1.

In this paper, an approximate solution of impedance
matching for nonmagnetic homogeneous absorbing mate-
rials is presented. The expression of the impedance
matching condition was simplified by equivalent infinites-
imal substitution, and then solved, and the relationship
between material parameter and impedance matching
was obtained. An eigenvalue P is proposed, to repre-
sent the condition that the real and imaginary parts of
permittivity ε′ and ε′′ should satisfy when impedance
is matching, and the corresponding thickness is deter-
mined. The proposed method was verified with the
parameters data in the available references, and proved
to be practical.
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2 Theory and method

The general expression for the input impedance is given
by:

Zin = j

√
μr

εr
tan

(
2πfd

√
εrμr

c

)

(4)

For non-magnetic homogeneous isotropic dielectric mate-
rials, the real part of the relative permeability is 1 and
the imaginary part is 0, so the normalized transmis-
sion impedance expression can be simplified as follows
[17–21]:

Zin = j

√

1
εr

tan
(

2πfd
√

εr

c

)

= j

√

1
εr

tan (g
√

εrf)

(5)

where

g =
2πd

c
(6)

In which d is the thickness of the dielectric material
testing sample, c is the speed of light in the vacuum, εr

is the relative permittivity of the dielectric material.
To simplify Eq. (5), write it as normalized admittance

Yin:

Yin =
1

Zin
= Y ′

in − jY ′′
in = −j

√
εr cot(g

√
εrf) (7)

Using the first important limit:

lim
x→0

sin x

x
= 1 (8)

the trigonometric part of Eq. (7) can be simplified, as
follows:

lim
g
√

εrf→ (2n+1)π
2

cot (g
√

εrf) =
(2n + 1)π

2
− g

√
εrf (9)

According to quarter-wavelength theory [22–26], when
d meets the following condition:

d =
(2n + 1)c
4f

√
εr

, n = 0, 1, 2, . . . (10)

the reflectivity curve has an absorption peak. Since
when the impedance matching condition is satisfied, Eq.
(10) must be true, which means g

√
εrf → (2n + 1)π/2

exists. Then, the equivalent infinitesimal substitution
of Eq. (7) can then be made using Eq. (9):

Yin
′ − jYin

′′ = j

(

gεrf − (2n + 1)π
2

√
εr

)

(11)

Write εr in complex numbers:

εr = ε′ − jε′′ (12)

√
εr is equal to normalized wave impedance Yo, expressed

in the plural form:

√
εr =

√
εr

μr
= Yo = Y

′
o − jY

′′
o (13)

Obviously, there is:

Y
′2
o − Y

′′2
o = ε′ (14)

2Y
′
o Y

′′
o = ε′′ (15)

Plug Eq. (12) and Eq. (13) into Eq. (11):

Yin = gε′′f − (2n + 1)π
2

Y ′′
o + j

(

gε′f − (2n + 1)π
2

Y ′
o

)

(16)

If Zin satisfies the impedance matching condition Zin =
1, there should be Yin = 1, then the real and imaginary
parts of Yin are:

{

Y ′
in = gε′′f − (2n+1)π

2 Y ′′
o = 1

Y ′′
in = gε′f − (2n+1)π

2 Y ′
o = 0

(17)

Solve Y ′
o and Y ′′

o , substitute into Eq. (14) and Eq. (15),
there are:

(gε′f)2 − (gε′′f − 1)2 =
(2n + 1)2π2ε′

4
(18)

gε′f (gε′′f − 1) =
(2n + 1)2π2ε′′

8
(19)

Considering establishment condition of Eq. (9) g
√

εrf →
(2n + 1)π/2, when ε′′ is sufficiently small, there could
be εr ≈ ε′, according to Eq. (10), ε′ can be expressed
as:

ε′ ≈ (2n + 1)2π2

4g2f2
=

(2n + 1)2c2

16f2d2
(20)

Substitute Eq. (20) into Eq. (18) and Eq.(19), two solu-
tions can be obtained:

gε′′f = 1 (21)

gε′′f = 2 (22)
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When Eq. (21) is true, according to Eq. (17), there is
Y ′′

o = 0, and therefore ε′′ = 0, which is the property of
lossless dielectric and can be skipped. Then, when Eq.
(22) is true, ε′′ can be solved as:

ε′′ =
2
gf

=
c

πdf
(23)

Combine Eqs. (20) and (23), there are:

ε′

ε′′2 =
(2n + 1)2π2

16
(24)

which is the condition that ε′ and ε′′ should satisfy in
impedance matching. Meanwhile, two thicknesses are
obtained by ε′ and ε′′ respectively:

d1 =
(2n + 1)c

4f
√

ε′ (25)

d2 =
c

πfε′′ (26)

When Eq. (24) is satisfied, there should be d1 = d2.
Define a parameter P as the eigenvalue of impedance

matching, when:

P =
16ε′

π2ε′′2 = (2n + 1)2 (27)

impedance matching exists at the frequency where ε′
and ε′′are located, and the thickness of impedance
matching can be calculated by Eq. (25) or Eq. (26).

To be specific, for a nonmagnetic homogeneous mate-
rial, if there is a frequency fx, at which point P =
(2n+1)2 can be obtained from ε′ and ε′′, then there is
a thickness d = d1 = d2 that make impedance matching
achieved at fx.

In addition, for the low-loss magnetic materials [27,
28] of which the real part of the permeability μ′ is
greater than 1 and the imaginary part μ′′ is almost 0,
Eq. (15) should be amended as:

2Y
′
o Y

′′
o =

ε′′

μ′ (28)

And Eq. (20) should be amended as follows:

ε′ ≈ (2n + 1)2π2

4μ′g2f2
=

(2n + 1)2c2

16μ′f2d2
(29)

Then, an eigenvalue of impedance matching for the low-
loss magnetic materials material can be defined:

Pm =
16ε′μ′

π2ε′′2 = (2n + 1)2 (30)

Fig. 1 Normal incidence reflectivity at 10 GHz with dif-
ferent permittivities

Meanwhile, d1 should contain μ′, and d2 should remain
the same:

d1m =
(2n + 1)c
4f

√
ε′μ′ (31)

Figure 1 shows the relationship between permittivity
and reflectivity, the frequency is set at 10 GHz, which
is the midpoint of the 2–18 GHz frequency band, and
the material thickness is calculated by Eq. (25) with
n = 0. The value range of ε′ is from 1 to 50, ε′′/ε′
is set as 0.1–2, thus setting a representative range of
discussion. The curve of P = 1 is plotted, and it can be
seen that the region closest to impedance matching is
almost coincident with P = 1.

Imagine an ideal material whose ε′ and ε′′ satisfy
Eq. (20) and (23) in a continuous frequency band
when the thickness is given, then the ideal material
has impedance matching everywhere in that frequency
band. As shown in Fig. 2, when the thickness of the
material is 2, 3, 4 mm, the ideal permittivity in the
range of 2–18 GHz is calculated by Eq. (20) and (23),
where n of Eq. (20) is 0. The corresponding reflectivity
curves are shown in Fig. 3, which are very low in the
entire frequency band 2–18 GHz. When the frequency
is low, the value of ε′ and ε′′ differ significantly, the
substitution condition of Eq. (9) is met, so it is closest
to impedance matching, and the impedance matching
performance is approaching the expectation. When the
frequency becomes higher, the value of ε′ and ε′′ are
close to each other, and the error caused by the approx-
imation of Eq. (9) and Eq. (20) is gradually obvious.

3 Method proving

Consider a non-magnetic microwave absorbing material
2.5 vol% GNSs/MgO(Graphene nanosheets/magnesia
composites) investigated in Ref. [29], its reflectivity
curves, P value and matching thicknesses are shown
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Fig. 2 Real part (a) and imaginary part (b) of ideal complex permittivity spectra for given thicknesses

Fig. 3 Normal incidence
reflectivity curves of ideal
materials

in Fig. 4. Two thicknesses were calculated, respectively
d = 1.53 mm and d = 1.48 mm, and a better match-
ing thickness was found near d = 1.53 mm, which is
d = 1.54 mm, the difference may be caused by approx-
imations of Eqs. (9) and (20). The reflectivity curves
obtained from impedance matching thicknesses d =
1.48 mm and d = 1.54 mm are superior to the 1.5 mm
curve in Ref. [29], yet neither of them was mentioned.

A low-loss magnetic material microwave absorbing
material PB@MoS2 (Prussian blue and MoS2) is pro-
posed in Ref. [30], samples with 40 wt% filler loading
performed excellent absorption properties. Its reflectiv-
ity curves, P value and matching thicknesses are plot-
ted in Fig. 5. Two points of P = 1 are found and the
calculated values of matching thickness are 2.06 mm
and 2.41 mm, respectively. The 2.06 mm curve is closer

to impedance matching than the 2.1 mm curve in the
original text, while the 2.41 mm curve is worse than the
2.5 mm curve in the original text, respectively reflecting
the reliability and error of the approximate solution.

It is noticed that a non-magnetic material is men-
tioned in Ref [31] marked as GO (Graphene oxide), its
reflectivity curves, P value and matching thicknesses
are presented in Fig. 6. The curve of P intersects at
one point with P = 9, three points with P = 25,
and one point with P = 49, corresponding matching
thicknesses were calculated. Thicknesses that closest to
impedance matching were selected around the calcu-
lated thicknesses d1 and d2, with varying degrees of
deviation. Accordingly, the frequencies where reflectiv-
ity peaks appears with the chosen thicknesses deviate
from that determined by the P curve. Both the calcu-
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Fig. 4 Normal incidence
reflectivity curves, P value
and matching thicknesses
of 2.5 vol% GNSs/MgO in
Ref. [29]

lated and chosen thicknesses are far more than the value
range discussed in Ref. [31]. Significant strong absorp-
tion peaks are obtained with the chosen thicknesses,
while GO was believed to have negligible absorption
performance in Ref. [31].

4 Conclusion

In this paper, for nonmagnetic homogeneous absorb-
ing materials, a method to determine the frequency

and thickness of impedance matching of materials by
the mathematical relationship between ε′ and ε′′ is
proposed. When the effect of permeability is negligi-
ble, the basic formalization of impedance matching can
be simplified by equivalent infinitesimal substitution.
Thus, an approximate solution of impedance match-
ing is obtained, including only the simple mathemati-
cal relation of ε′ and ε′′, which is given by Eq. (24). An
impedance matching eigenvalue P is defined to find the
complex permittivity conforming to Eq. (24), shown in
Eq. (27). Then, impedance matching would achieve at
the frequency point where ε′ and ε′′ make P = (2n+1)2
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Fig. 5 Normal incidence
reflectivity curves, P value
and matching thicknesses
of PB@MoS2 in Ref. [30]

exists, and the required thicknesses is determined by
Eq. (25) or (26). The impedance matching eigenvalue
Pm and corresponding thickness d1m of low-loss mag-
netic materials are obtained by the same way, as in Eqs.
(30) and (31). The above methods are verified by data
from available references and proved to be effective. It

can be observed that there is some error between the
calculated value and the actual value of the matching
thickness, which may be caused by approximations in
Eqs. (9) and (20). The closer ε′ and ε′′ are, the greater
the error of the calculated thickness is.
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Fig. 6 Normal incidence
reflectivity curves, P values
and matching thicknesses
of GO in Ref. [31]
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