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Abstract. Using the approach of direct numerical simulations we investigate the gravity-capillary waves
induced on a horizontal interface between two slowly miscible liquids. It is assumed that the liquids are
just brought into contact, and thus the interface is slowly smeared by the action of interfacial diffusion.
It is also assumed that the initial shape of the interface is distorted by harmonic perturbations, which
results in the development of the gravity-capillary surface waves. The evolution of the binary mixture is
modelled on the basis of the phase-field method. Our results show that in the limiting case of negligible
diffusion the classical dispersion relations for immiscible interfaces can be reproduced. Although, for the
waves with shorter wavelengths such an agreement is more difficult to obtain. The interfacial diffusion
brings an additional dissipation to the fluid system, strongly damping the development of the shorter
waves. We also show that the mixing (or the transition of a binary system to the state of thermodynamic
equilibrium) is intensified by the presence of the surface waves, and this effect is more important when the
liquids are slowly miscible, i.e. when the interfacial diffusion is weak.

1 Introduction

The evolution of hydrodynamic perturbations on the sur-
face of a slowly smearing boundary is studied in order
to comprehend the mechanisms of the mixing dynamics
of liquid/liquid and gaseous/liquid substances, which is
a pre-requirement for numerous chemical reactions, and
thus needed for the majority of processes in chemical en-
gineering. Slow miscibility frequently limits the reaction
rates and the amounts of the reactants that partake in
the chemical process, normally forcing an extensive sup-
ply of reactants, and leading to the problems of separation
of the products from non-reacted substances. The mixing
rate strongly depends on the contact area of the phases,
and the surface waves may be expected to intensify the
mixing through enlargement of the contact area.

In the current work, the evolution of a disturbed
boundary between two miscible liquids is modelled on the
bases of the phase-field approach. We consider the ini-
tial moments after the contact of two liquids, thus when
a binary mixture is in a state different from the state of
thermodynamical equilibrium, and when the process of
interfacial diffusion occurs across the boundary. Through
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the direct numerical simulations we aim to understand
i) the effects of the interfacial diffusion on the dispersion
relations of the gravity-capillary waves, and ii) the effect
of the surface waves on the intensity of the mixing process
of two miscible liquids.

2 Governing equations: phase-field approach

The continuum approach for the description of a hetero-
geneous mixture of two miscible liquids was first proposed
by van der Waals [1] and Korteweg [2]. Within the phase-
field approach the interface separating two liquids is repre-
sented as a transitional boundary of finite thickness. The
concentration field C, that is defined as the mass frac-
tion of one component in the mixture, is used to trace the
evolution of the interfacial boundary.

The specific free energy function for the miscible mul-
tiphase system is defined by a function of concentration
and gradient of concentration [3,4],

f(C,∇C) = f0(C) +
ε

2
(∇C)2. (1)

In this expression, the second term takes into account the
dynamic surface tension effects at a miscible interface. The
capillary constant ε is assumed to be sufficiently small
so to be able to neglect this term everywhere except at
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the places of large concentration gradients, i.e. where the
interface is located.

The double-well potential is frequently used for the
classical part of the free energy function, f0, especially,
when the primary interest is tracing the evolution of the
immiscible interface [5]. We however want to consider the
interface between two miscible liquids. In [6], it was pro-
posed to determine f0 on the basis of the Landau formula,

f0(C) = a(C − Ccr)2 + b(C − Ccr)4. (2)

This expression was originally proposed for description of
the states of the binary mixtures near the thermodynamic
critical point. In particular, it should well represent the
equilibrium states of the binary mixture with the so-called
upper critical temperature (consolute point), when the
mixture is homogeneous in equilibrium above the critical
temperature and may be heterogeneous below the critical
temperature. For convenience, we will shift the reference
point for the concentration field as C → (C − Ccr).

The parameters a and b are treated as two phenomeno-
logical coefficients with the values taken so that to provide
better matching with the experimental data. We will how-
ever assume that b remains always positive, while a can
be either positive or negative defining whether the system
is single and two phase in equilibrium.

The free energy function (1) can be used to re-derive
the Navier-Stokes equations for the mixture, that was
done by Lowengrub and Truskinovsky [7]. The so-obtained
full Cahn-Hilliard-Navier-Stokes equations are however
very complex for the numerical treatment because of
quasi-compressibility (dependence of the mixture density
on concentration) that forces to use the full continuity
equation even for the description of two incompressible
liquids. The Boussinesq approximation of the full equa-
tions, derived in [6], is used in the current work to define
the evolution of the gravity-capillary waves on a surface
of two miscible liquids.

The governing equations reflect the conservation of
momentum, species, and mass

∂u

∂t
+(u · ∇)u=−∇Π+

1
Re

∇2u−Ca∇2μ+2GrC, (3)

∂C

∂t
+ (u · ∇)C =

1
Pe

∇2μ, (4)

∇ · u = 0, (5)
μ = Gr(r · γ) + 2AC + 4C3 − Ca∇2C. (6)

Here, the standard notations are used for the variables.
These equations are applied to the whole multiphase sys-
tem, including the interface. One sees that the Navier-
Stokes equation contains an additional force that defines
the morphology of the interface. The diffusion is defined
by the generalized Fick’s law, i.e. through the gradient of
the chemical potential μ. The diffusion term includes in
addition to the usual concentration diffusion, the barodif-
fusion terms. γ is the unit vector directed upward.

The equations are written in non-dimensional form and
include the following non-dimensional parameters. The

Grashof number,

Gr = φ
gL∗
μ∗

, (7)

the Reynolds number,

Re =
ρ∗μ

1/2
∗ L∗
η∗

, (8)

the Peclet number,

Pe =
ρ∗L∗

αμ
1/2
∗

, (9)

the capillary number,

Ca =
ε

μ∗L2
∗

. (10)

In these formulae L∗ is the typical size, ρ1 is used as the
density scale, μ∗ is the unit of the chemical potential, η1

is the viscosity scale, α is the mobility constant, and φ =
ρ2−ρ1

ρ1
is the density contrast, with ρ2 and ρ1 being the

densities of the pure components of the binary mixture.
The parameter A = a/b is used to define the thermo-

dynamic state of the mixture.
It is necessary to note that the non-dimensional pa-

rameters are different from the classical parameters, that
would be defined on the basis of the standard set of phe-
nomenological parameters such as the surface tension and
diffusion coefficients. We use the common names for these
parameters, as they appear in front of the correspond-
ing terms in the governing equations and generally have
the meanings similar to those associated with the classical
non-dimensional numbers. Ca is called here the capillary
number, however, in some other works (e.g., [7]), the same
parameter is called the Cahn number.

It is also necessary to note that the governing equa-
tions (3) were derived for two liquids with different viscosi-
ties. The difference in viscosities was, however, assumed
to be small, and only one single Reynolds number is used
to characterize the binary mixture. For the case when the
viscosity difference is large, the governing equations need
to be reconsidered, bringing several new terms to the equa-
tions. This has not been done in the present work.

The surface tension coefficient associated with the
phase boundary can be determined as

σ = Ca

∫ ∞

−∞

(
dC

dx

)2

dx, (11)

where x is the coordinate across the interface. For a het-
erogeneous binary mixture in the state of thermodynamic
equilibrium and with no gravity effect with a flat inter-
face, the thickness of the interface can be evaluated as
δ0 =

√
−Ca/A, and the surface tension coefficient as

σ0 = 1
3

√
−CaA.

On macroscopic scales, the interface between two liq-
uids is infinitely sharp, and the limit of δ → 0 is of the
primary interest for the phase-field approach. As shown
in [8], the limit of the sharp interface is not easy to obtain,
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Fig. 1. (a), (b) The fields of concentration and velocity at t = 20. Panel (a) shows the data obtained with the grids of
200 × 200 grid nodes and panel (b) shows the data obtained with 400 × 400 grid nodes. (c) The maximum value of the field of
streamfunction vs. time (solid line for the run with 400× 400 grid nodes and dashed line for the run with 200× 200 grid nodes).
The shown data are obtained at A = −0.5, Gr = −0.1, Pe = 105, Re = 2000, Ca = 4 · 10−4, δ = 0.0283.

as both the interface thickness and the surface tension co-
efficients depend on Ca, and both values would decrease
if Ca tends to zero. Hence, a single decrease in the values
of the capillary number would make the interface thin-
ner, but a thinner interface would be also endowed with
smaller surface tension.

3 Problem statement and numerical approach

It is assumed that two pure liquids of different densities are
brought into contact, so that the heavier liquid is placed
at the bottom (i.e., Gr < 0). The initial shape of the
interface is given by the following concentration profile:

C =
1
2

tanh

[
y −

(
1
2 + a cos(kx)

)
δ

]
. (12)

The pure liquids are defined by the concentration levels,
±1/2. The waves on the interface are defined by the am-
plitude a and the wave number k = 2π/λ (here λ is the
wavelength). The thickness of the interface δ is treated as
an additional independent parameter of the model. For the
computations reported below, the amplitude of perturba-
tions was fixed a = 0.1; the time evolution perturbations
of different wavelength and the interfacial boundaries of
different initial thicknesses (δ � λ) were examined.

The computational domain is represented by a rect-
angular region with periodic boundary conditions at the
left and right sides and with the rigid walls at the top
and bottom boundaries (the Cartesian coordinates x and
y are used for the horizontal and vertical dimensions).
Namely, the following boundary conditions are imposed
at the lower and upper boundaries of the domain:

y = 0, 1 : ux = uy = 0,
∂μ

∂x
=

∂C

∂x
= 0. (13)

Thus, the lower and upper boundaries are assumed to be
impermeable. The no-slip boundary conditions are used
for the velocity field. For the chemical potential, we impose
the absence of the diffusive flux through these boundaries.
The conditions for the concentration should reflect the
wetting conditions. We consider the simplest case when
the molecules of the mixture components interact with
the wall equally, so the contact angle is 90◦. In fact, the
contact line never reaches either the top or bottom bound-
aries, so the wetting properties are not important for the
current study.

The height of the domain is used as the length scale.
The horizontal size of the domain is equal to the wave-
length of the induced perturbation, and hence is different
for different runs.

For the numerical solution, the equations were re-
written into the streamfunction (ψ)-vorticity (Ω) formu-
lation, defined by the following relations:

Ω =
∂uy

∂x
− ∂ux

∂y
; ux =

∂ψ

∂y
, uy = −∂ψ

∂x
. (14)

The resultant equations are solved using the finite-
difference method on a uniform mesh. The explicit first
order in time and second order in space discretization
scheme was used.

4 Results

The typical snapshots of the fields of concentration and ve-
locity are depicted in figs. 1(a), (b). In these figures, one
sees the sharp interfaces that separate two phases and the
flow vortices that penetrate through the interfaces. Fig-
ure 1(c) shows the time evolution of the maximum value
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Fig. 2. The frequency (a) and the decay rate (b) of oscillations vs. wave number. The data are shown for A = −0.5, Gr = 0.1,
Ca = 4 × 10−4, Re = 10000, δ = 0.0283, and for Pe = 105 (triangles) and Pe = 106 (circles). The solid line depicts the
theoretical curves (15) for an immiscible infinitely thin interface.

of the streamfunction, that demonstrates a decaying os-
cillatory behavior. These time dependencies are further
used to obtain the frequency of oscillations, ω, and the
rate of decay, γ. The data in fig. 1 are shown for two
different grids, with 200 and 400 grid nodes in the ver-
tical direction (the size of the computational domain in
the horizontal direction is adjusted to the wavelength, but
the size of the grid cell remains the same). There are just
tiny differences in the data obtained with the use of these
two grids, which, first, illustrates the grid independence of
our results and, second, confirms that the data obtained
with the help of the rough grid (200 grid nodes) are suf-
ficiently reliable (the frequencies obtained with these two
grids are 0.861 and 0.859 and the decay rates are 0.0561
and 0.0440). However, all the results shown below (except
for fig. 2) are obtained using the grids with 400 points in
the vertical direction.

Next, we aim to investigate the dispersion relations for
the gravity-capillary waves at different values of the Peclet
number. At higher Peclet numbers the interface between
two fluids should behave similarly to the immiscible case,
so the dispersion relations should become sufficiently close
to the classical relations

ω2 =
1
2
Grk +

σ

2
k3, γ =

2
Re

k2. (15)

These formulas are valid for the weakly viscous case. Here,
σ = Ca/(3δ) is the surface tension coefficient (11) calcu-
lated for the initial state (12).

Figure 2 depicts the dispersion relations for a binary
mixture at higher Peclet numbers. In this case, the calcu-
lated curves for the frequency of the waves lie very close to
the curve calculated from the theoretical formula (15). Al-
though, the decay of the waves occurs faster compared to
the predictions (15), especially for the waves with shorter

wavelengths, which could be explained by the fact that in
our calculations the interface is of the finite thickness.

The finite thickness of the interface introduced within
the phase-field approach is an artificial parameter, as the
thickness of a real interface is just several molecular layers,
i.e. zero for the macroscopic theory. Figure 3 shows the
behavior of the binary mixture for different values of the
parameter δ. The results demonstrate that in the limit
of longer wavelengths, the dependence on the interface
thickness is rather weak, and the data obtained for three
different values of δ almost coincide. For the shorter waves
the difference in the data is getting more significant. It is
also interesting, that the gradual decrease of the interface
thickness makes the difference of the calculated frequency
and decay rate even more different from the theoretical
curve (15).

The classical dispersion relation (15) says that the cap-
illary effects are weaker for longer waves, and these effects
get much stronger for shorter waves. For longer waves, the
limiting behavior of a sharp interface can be obtained by
a gradually decrease of the interface thickness. This how-
ever is not working for shorter waves, when the capillarity
effects are essential.

The coefficient of surface tension is given as the ra-
tio of the capillary number over the interface thickness.
If the interface thickness is changed at the same capillary
number, then at least the initial value of the surface ten-
sion coefficient is different. For the runs with the fixed
value of the surface tension coefficient, we need to simul-
taneously change the capillary number and the interface
thickness, so keeping their ratio unmodified. The results
of these calculations are shown in fig. 4. These results
demonstrate much better convergence to the limiting be-
haviour of an infinitely thin interface boundary. Although,
again for shorter wavelengths the effects of diffusion and
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Fig. 3. The frequency (a) and the decay rate (b) of oscillations vs. wave number. The data are shown for A = −0.5, Gr = 0.1,
Pe = 105, Ca = 4× 10−4, Re = 2000, and δ = 0.0141 (squares), δ = 0.0283 (circles), and δ = 0.0566 (triangles). The solid lines
depict the theoretical data (15) for the cases of (1) δ = 0.0141, (2) δ = 0.0283, (3) δ = 0.0566 in (a) and the theoretical data
for γ for Re = 2000 in (b).
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Fig. 4. The frequency (a) and the decay rate (b) of oscillations vs. wave number. The data are shown for A = −0.5, Gr = 0.1,
Pe = 105, Re = 2000, and for different values of capillary number and interface thickness, Ca = 10−4, δ = 0.0141 (squares),
Ca = 2×10−4, δ = 0.0283 (circles), and Ca = 4×10−4, δ = 0.0566 (triangles). The solid line depicts the theoretical curve (15).

capillarity are stronger, and the difference between the
obtained results becomes also stronger in this limit.

It should be also noted that the curves in fig. 2 are plot-
ted for Re = 10000, and the curves in figs. 3 and 4 are plot-
ted for Re = 2000. All calculated data lie sufficiently close
to the theoretical data, although at Re = 10000 the decay
rate is always above the theoretical predictions, while at
Re = 2000 the decay rate is lower than the theoretical
predictions for longer wavelengths, and the data lie above
the theoretical curve for the shorter wavelengths.

Finally, we also consider how the waves induced at the
interface affect the rates of smearing of interfacial bound-

aries. For the current 2D study, the interface thickness
was calculated as an area, where |C| < 0.45, divided by
the interface length. Although, as we only focused on small
amplitude oscillations, the interface length was taken as
a constant equal to the length of an unperturbed (flat)
interface.

In fig. 5 the time changes of the interface thickness are
plotted for the different Peclet numbers that define the
intensity of the interfacial diffusion. At lower Peclet num-
bers the diffusion is stronger, and, obviously, the interface
thickness grows faster. One can also notice that the surface
waves intensify the smearing, as was expected. Although,
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Fig. 5. (a) The time evolution of the interface thickness for the cases without (bold lines) and with (thin oscillating lines)
the imposed surface waves. (b) The time evolutions of the streamfunction for the calculations with the imposed surface waves.
Here δ0 = 0.0071 is the interface thickness at the initial time moment. The calculations are performed for Re = 104, A = −0.5,
Gr = 0.1, k = 3.14: (1) Pe = 5 × 104; (2) Pe = 105; (3) Pe = 106.

for lower Peclet numbers (cases 1 and 2), the effect of the
waves is weak, so the time needed for the system to attain
the state of thermodynamic equilibrium remain virtually
unchanged. At higher Peclet numbers (case 3), the en-
hancement of the mixing process by the surface waves is
stronger, so the curves that depict the transition of the bi-
nary mixture to the state of thermodynamic equilibrium
become substantially different for the runs with initially
flat and disturbed boundaries.

5 Conclusions

In the current work we aimed to assess whether the phase-
field approach could accurately reproduce the dynamics of
an interface between two miscible liquids that are brought
into contact. We assume that at the time of the contact,
the binary mixture is thermodynamically non-equilibrium,
and equilibration is primarily driven by the interfacial dif-
fusion, a very slow process. Traditionally, it is assumed
that the surface waves increase the contact area of two
liquids, and hence should enhance the mixing, or the tran-
sition of the binary mixture to the state of thermodynamic
equilibrium. Thus, the second aim of the work was to as-
sess the capability of phase-field approach to capture the
dynamics of the waves propagating on a slowly miscible
interface, and, finally, to understand whether the mixing
dynamics can be controlled by the surface waves.

The results of our study show that the overall dynam-
ics of the miscible boundary could be correctly reproduced
with the help of phase-field boundary. The boundary re-
mains sharp, and by variation of the values of the Peclet
and Reynolds number, the typical time scales for the dif-
fusive and viscous processes can be separately set. At very
high Peclet numbers, the interfacial diffusion is negligible,

and at sufficiently high Reynolds numbers the gravity-
capillary waves could be induced at the boundary. For
the waves with longer wavelengths, we managed to ob-
tain a good agreement with the classical relationships.
The shorter waves on a miscible interface, are character-
ized by much stronger decay rates, due to additional dif-
fusive damping. We also showed that the surface waves do
also affect the diffusion process, especially at higher Peclet
numbers, when diffusion is weaker, clearly intensifying the
smearing of the interfacial boundary, and thus increasing
the rate of transition to the state of thermodynamic equi-
librium.
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