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Abstract. In this new investigation of higher-order nonlinear dust ion acoustic (DIA) waves with negative
dust charges and weakly relativistic ions and electrons in the plasma, only compressive DIA solitons of
interesting characters are established through the modified Korteweg–de Vries equation which is derived
through standard perturbation technique. Important characteristics of amplitudes and width of relativistic
DIA solitary waves are investigated in this new investigation for different plasma parameters. It is found
that the amplitude of the solitons increases for smaller streaming speed to ions and electrons with the incre-
ment of dust-to-ion density ratio, whereas it is opposite for higher streaming speed of ions and electrons.
It is also found that the amplitude of the compressive solitons remains unaffected and linearly increases
with the enhancement of dust charges in the plasma. Finally, application of this study to astrophysical and
space plasma is discussed briefly.

1 Introduction

A macroscopically neutral gas called plasma contains
interacting charged particles (ions and electrons) and
neutrals occupied 99% of the matter in our universe
in which the dust is one of the omnipresent ingredients.
These dust particles of different sizes are charged either
negatively or positively depending on their surround-
ing plasma environments [1]. Thus, dusts in the space
plasma [2], inter-planetary space, interstellar or molec-
ular clouds, comet tails [1], interstellar medium [3],
circumstellar clouds, solar system, planetary rings [4],
become one of the major plasma particles along with
ions, electrons and neutral particles in determining
plasma characteristics. Reception of dust charges by
plasma particles affects the growth of amplitudes of
compressive solitons [5]. The dust particles in the sta-
tionary background [6] also affect the propagation of
plasma waves by obstructing the initial streaming speed
of ions and electrons, and it sustains [7] even in the case
of relativistic electrons. The presence of dust particles
in the space plasma as well as laboratory plasma plays
very important role in the study of significant charac-
teristics of plasmas, such as the low-frequency electro-
static noise [8] in the region of higher dust particles
of Halley’s comet, Saturn’s F-rings [9], contributions
to the mutual interactions [10] between other plasma
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particles, damping [11,12] in the wave propagation and
phase velocity [13], shock waves [14] due to the pres-
ence of non-adiabatic dust charges, chaotic behaviors of
dust ion acoustic waves in unmagnetized plasma [15]
which are few examples among many more. The amount
of dust charges in a dust grain is another factor of con-
sideration as it can drastically change the amplitudes
of the compressive and rarefactive Korteweg–de Vries
(KdV) solitons [16].

Investigation of plasma model with different compo-
sitions of plasma particles helps to understand vari-
ous characteristics and behavior of plasmas. In elec-
tronegative dusty plasma with negatively charged dust
particles [17,18], the external magnetic field [19,20]
and non-thermal negative ions significantly change the
speed, amplitude, width of dust ion acoustic solitary
waves (DIASWs). Also, positively charged [21] dust
species reduces the phase velocity of the ion acoustic
(IA) waves and supports IA subsonic compressive soli-
tary waves. In unmagnetized dusty plasma, the vortex-
like phase space distribution of ions [22] shows larger
amplitude, smaller width but high velocity than that of
adiabatic ions.

Plasma composition with relativistic effects on
plasma particles adds an advance stage of investigation
in the study of plasma behavior. The nature of solitary
waves in a fully relativistic plasma [23] from one type
to another depends on the density of charged dust par-
ticles (negatively charged or positively charged). Rela-
tivistic ion density and electron temperature play key
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role in the change of amplitudes [24] and propagation
of solitary waves. In a plasma consisting of weakly rela-
tivistic electrons and ions together with immobile nega-
tively charged dust particles [25], massive ions are pre-
dominant and there exists a definite interval for ion
streaming speed in which DIA compressive relativis-
tic solitons exist. The amplitude of dust ion acoustic
solitary waves decreases with the decrease (or increase)
in the streaming speed of relativistic ions [26] in the
absence of ion pressure (or presence of ion pressure),
respectively. The relativistic effects on trapped elec-
trons using vortex-like distribution restrict the region of
existence of solitary waves [27]. Solitary waves are also
confirmed by sufficiently available non-thermal ions [28]
and negatively charged dust grains. The increment in
ion-to-electron ratio [29] and dust charges with both
relativistic or non-relativistic ions and electrons reduces
the amplitudes of solitary waves.

Two important waves, namely solitary waves [30]
and dust acoustic waves [31], in the investigation of
dusty plasma can be analyzed through Korteweg–de
Vries (KdV) equation and modified Korteweg–de Vries
(mKdV) equation, and these equations can be derived
by reductive perturbation technique (RPT) [32], in
which size of perturbation plays significant role in the
connection of initial ion streaming, dust charge number
and non-thermal parameter with mKdV solitons [33]. In
this paper, we investigated higher-order nonlinear dust-
ion acoustic (DIA) waves with negative dust charges
and weakly relativistic ions and electrons in the plasma
through modified Korteweg–de Vries (mKdV) equa-
tion derived by using reductive perturbation technique
(RPT). The paper is arranged in sequence: introduc-
tion in Sect. 1, governing equations in Sect. 2, deriva-
tion of modified Korteweg–de Vries (mKdV) equation
in Sect. 3, solution of modified Korteweg–de Vries
(mKdV) equation in Sect. 4, results and discussion in
Sect. 5 followed by references in the last section.

2 Governing equations

The present plasma model consists of mobile dust parti-
cles, weakly relativistic electrons and ions with variable
pressure. The nonlinear propagation of dust ion acous-
tic solitary waves (DIASWs) is governed by equation of
continuity and conservation of momentum for dusts and
ions supplemented with Poisson’s equation as follows:

∂nd

∂t
+

∂(ndud)
∂x

= 0 (1)

∂ud

∂t
+ ud

∂ud

∂x
=

∂φ

∂x
(2)

∂ni

∂t
+

∂(niui)
∂x

= 0 (3)

∂

∂t
(γiui) + ui

∂

∂x
(γiui) +

α

ni

∂pi

∂x
= −∂φ

∂x
(4)

∂pi

∂t
+ ui

∂pi

∂x
+ 3pi

∂

∂x
(γiui) = 0 (5)

∂ne

∂t
+

∂(neue)
∂x

= 0 (6)

∂

∂t
(γeue) + ue

∂

∂x
(γeue) =

1
Q

(
∂φ

∂x
− 1

ne

∂ne

∂x

)
(7)

∂2φ

∂x2
= ne + Zdnd − ni (8)

where ud, ui, ue are velocities and nd, ni, ne are densities
of the movable dust particles, ions and electrons, respec-
tively, Zd is the number of charges contained in a dust
grain, φ is the velocity potential of the wave, pi is the
pressure of positive ions, αi = Ti

Te
is the ion-to-electron

temperature ratio, Q = me

mi
is the electron-to-ion mass

ratio, and γi =

(
1 − u2

i

c2

)− 1
2

, γe =

(
1 − u2

e

c2

)− 1
2

.

The flow variables are normalized by following the
usual procedure of normalization [28] as: The densi-
ties are normalized by the respective equilibrium ion
density ni0, space by the electron Debye length λDe,
time by the inverse of the ion plasma frequency ω−1

pi =(
4πn0e2

mi

)−1/2

, velocities by cs =

(
KTe

mi

)1/2

, pressure

by equilibrium plasma pressure pi0 = ni0KTi, pe0 =
ne0KTe and potential φ by KTe

e .

3 Derivation of modified Korteweg–de
Vries (mKdV) equation

Using the stretched variables

ξ = ε1/2(x − V t), τ = ε3/2V t (9)

(where V is the phase velocity of waves), the Korteweg–
de Vries (KdV) equation was derived [5] from the set of
equations (1 - 8) as

∂φ1

∂τ
+ p′φ1

∂φ1

∂ξ
+ q′ ∂

3φ1

∂ξ3
= 0 (10)

where p′ = AB, q′ = −A with
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A =
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1+
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2c2

)
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(
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(
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(
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(
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3u2
e0
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+ 3σZd

(ud0−V )4 − 3

{(ui0−V )2−3α}2

(
1+

3u2
i0

2c2

)2 − 3α

{(ui0−V )2−3α}3

(
1+

3u2
i0

2c2
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i0
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(
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3u2
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For a multi-species plasma, there is a density regime
(called critical density) where B vanishes. As the
nonlinear term in (10) disappears, the stretching (9)
invalids and a different stretching to enter into higher-
order nonlinearity is needed.

Hence, for higher-order nonlinearity and to derive the
mKdV equation, we use the following (11) stretched
variables [34–37], determined from corresponding dis-
persion relation of the set of equations (1 - 8)

ξ = ε(x − V t), τ = ε3V t (11)

with the phase velocity V of the waves. The expressions
of the flow variables in terms of the small parameter ε
are taken as:

nd = nd0 + εnd1 + ε2nd2 + . . .
ud = ud0 + εud1 + ε2ud2 + . . .
ni = ni0 + εni1 + ε2ni2 + . . .
ui = ui0 + εui1 + ε2ui2 + . . .
ne = ne0 + εne1 + ε2ne2 + . . .
ue = ue0 + εue1 + ε2ue2 + . . .
pi = pi0 + εpi1 + ε2pi2 + . . .
φ = εφ1 + ε2φ2 + . . .

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(12)

Following the standard perturbation technique, with
the use of transformations (11) and expansions (12) in
the normalized set of equations (1 - 8), using the bound-
ary conditions,nd1 = 0, ud1 = 0, ni1 = 0, ui1 = 0, ne1 =
0, ue1 = 0, pi1 = 0, φ1 = 0, as |ξ| → ∞, in the first-
order equations in ε after integration, we get first-order
quantities as

ud1 =
φ1

Bd
, nd1 =

−nd0φ1

B2
d

, ui1 =
−Biφ1

Ei (B2
i − 3α)

,

ni1 =
ni0φ1

Ei (B2
i − 3α)

, ue1 =
Beφ1

−1 + QEeB2
e

,

ne1 =
−ne0φ1

−1 + QEeB2
e

, pi1 =
3pi0φ1

B2
i − 3α

(13)

where, Ei = 1+ 3u2
i0

2c2 + 15u4
i0

8c4 , Ee = 1+ 3u2
e0

2c2 + 15u4
e0

8c4 , Bi =
ui0 − V,Be = ue0 − V and pi0

ni0
= 1.

The zero-order equation from the Poisson’s equation
(8) gives

ne0 + Zdnd0 − ni0 = 0 =⇒ ne0

ni0
= 1 − σZd, where

σ =
nd0

ni0
,dust-to-ion density ratio (14)

and by putting the values of first-order perturbed quan-
tities from (13) into the Poisson’s first-order equation
ne1 − ni1 + Zdnd1 = 0 and using (14), we obtain the
phase velocity equation as

1 − σZd

−1 + QEeB2
e

+
1

Ei (B2
i − 3α)

+
σZd

B2
d

= 0 (15)

Again, by using the boundary conditions,
nd2 = 0, ud2 = 0, ni2 = 0, ui2 = 0, ne2 = 0, ue2 =

0, pi2 = 0, φ2 = 0, as |ξ| → ∞, in the second-order
equations in ε after integration, we get second-order
perturbed quantities as
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nd2= 3nd0
2B4

d
φ2
1 − nd0

B2
d
φ2, ud2= −1

2B3
d
φ2
1 + 1

Bd
φ2,

ni2=ni0Rφ2
1+ni0

1
EiL

φ2, ui2=−Sφ2
1− Bi

EiL
φ2,

pi2=pi0R1φ
2
1+pi0

3
Lφ2, ne2=ne0S1φ

2
1 − ne0

1
M φ2,

ue2= − M1φ
2
1+

Be

M φ2

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭
(16)

where

L = B2
i − 3α, M = −1 + QEeB

2
e ,

Fi =
12c2ui0 + 30u3

i0

8c4
,

Fe =
12c2ue0 + 30u3

e0

8c4

R=
Ei (2L−3α+9Eiα) −6FiαBi+3EiB

2
i +2FiB

3
i

2E3
i L3

,

S=
Bi

(
Ei (2L+3α+9Eiα) −6FiBiα+EiB

2
i +2FiB

3
i

)
2E3

i L3

R1 =
3
(
2L + (2 + 3Ei)B2

i

)
2EiL3

,

S1 =
2M + (3Ee + 2BeFe)QB2

e

2M3
,

M1 =
Be

(
2(1 + M) + (Ee + 2BeFe)QB2

e

)
2M3

Further (14) and (16) together with Poisson’s second-
order equation ne2 − ni2 + Zdnd2 = 0 give

2B4
d

(
R + (1 − σZd)S1

)
− 3σZd = 0 (17)

From Poisson’s third-order equation ∂2φ1
∂ξ2 = ne3 −ni3 +

Zdnd3, we get

∂3φ1

∂ξ3
=

∂ne3

∂ξ
− ∂ni3

∂ξ
+ Zd

∂nd3

∂ξ
(18)

From third-order equations in ε, we get

Bd
∂nd3
∂ξ + ∂

∂ξ

(
nd2ud1+nd1ud2

)
+nd0

∂ud3
∂ξ +V ∂nd1

∂τ =0

Bd
∂ud3
∂ξ + ∂

∂ξ

(
ud1ud2

)
+ V ∂ud1

∂τ − ∂φ3
∂ξ = 0

Bi
∂ni3
∂ξ + ∂

∂ξ

(
ni2ui1+ni1ui2

)
+ni0

∂ui3
∂ξ +V ∂ni1

∂τ =0

Bini0Ei
∂ui3
∂ξ + α∂pi3

∂ξ +

(
FiBi + Ei

)
ni1

∂(u2
i1)

∂ξ

+2

(
FiBi + Ei

)
ni0

∂(ui1ui2)
∂ξ + BiEi

∂
∂ξ

×
(

ni1ui2+ni2ui1

)
+2ni0Gi

∂(u3
i1)

∂ξ +V ni0Ei
∂ui1
∂τ

+ni2
∂φ1
∂ξ + ni1

∂φ2
∂ξ + ni0

∂φ3
∂ξ = 0

Bi
∂pi3
∂ξ + 3pi0Ei

∂ui3
∂ξ + 3Fipi1

∂(u2
i1)

∂ξ

+(1 + 3Ei) ∂
∂xi

(
pi2ui1 + ui2pi1

)
+ pi0Hi

∂(u3
i1)

∂ξ

+36pi0ui0(2c2 + 5u2
i0)

∂
∂ξ (ui1ui2) + V ∂pi1

∂τ = 0

Be
∂ne3
∂ξ + ∂

∂ξ

(
ne2ue1 + ne1ue2

)
+ ne0

∂ue3
∂ξ

+V ∂ne1
∂τ = 0QBene0Ee

∂ue3
∂ξ

+∂ne3
∂ξ +

(
FeBe + Ee

)
ne1

∂(u2
e1)

∂ξ

+2Qne0

(
FeBe + Ee

)
∂(ue1ue2)

∂ξ

+BeEe
∂
∂ξ

(
ne1ue2 + ne2ue1

)

+2Qne0Ge
∂(u3

e1)
∂ξ + QV ne0Ee

∂ue1
∂τ − ne2

∂φ1
∂ξ

−ne1
∂φ2
∂ξ − ne0

∂φ3
∂ξ = 0

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(19)

Solving for ∂nd3
∂ξ , ∂ni3

∂ξ , ∂ne3
∂ξ from equation (19) and by

substituting in (18), with results from (13 - 17), we
found the modified Korteweg–de Vries (mKdV) equa-
tion as

∂φ1

∂τ
+ pφ2

1

∂φ1

∂ξ
+ q

∂3φ1

∂ξ3
= 0 (20)

where, p = X
Y , q = −1

Y and

X =

(
− R

EiL
− 6SBi

EiL2
− 2B2

i

E3
i L4

− 6FiSB2
i

E2
i L2

− 2FiB
3
i

E4
i L4

+
6GiB

3
i

E4
i L4

)

+ (1 − σZd)

(
− 2EeB

2
e

M4
− 2FeB

3
e

M4
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+
6GeQB3

e

M4
+

3EeBeM1

M2
−9EeQBeM1

M2
−6FeQB2

eM1

M2

+
S1

M
−3EeB

2
eS1

M2
+

3EeQB2
eS1

M2

)

+

(
9Rα

EiL2
−27Sα

L2Bi
+

18FiαBi

E3
i L4

−3HiαB2
i

E4
i L4

−3αR1

E2
i L2

−9αR1

EiL2
+

216c2Sαui0

E2
i L2

+
540Sαu3

i0

E2
i L2

)
− 15σZd

2B6
d

,

Y = ni0

(
(1 − σZd)

(
2EeQV Be

M2
− αV

EiLMBi

)

+
2BiV

EiL2
− 3αV

EiL2Bi
+

2σZdV

B3
d

)
,

Gi = −2c2V + 8c2ui0 − 15V u2
i0 + 30u3

i0,

Ge = −2c2V + 8c2ue0 − 15V u2
e0 + 30u3

e0,

Hi = 12c2 + 90u2
i0.

4 Solution of modified Korteweg–de Vries
(mKdV) equation

The solution of mKdV equation (20) is obtained by
substituting η = ξ−C1τ , (C1 is speed of the soliton) and
imposing boundary conditions φ1 = d2φ1

dη2 = dφ1
dη = 0 as

|η| → ∞ as

φ1 = φ0 sech
( η

Δ

)

The amplitude of the soliton is φ0 =
√

6C1
p , and Δ =√

q
C1

is the width of the wave.

5 Results and discussion

For the complex plasma model with relativistic elec-
trons and ions, only compressive dust ion acoustic mod-
ified Korteweg–de Vries (DIA-mKdV) solitons of inter-
esting characters are found to exist.

The amplitudes of compressive modified KdV
(Korteweg–de Vries) relativistic solitons for very small
ud0 = 1 starting with reasonable amplitude sharply
increase convexly and then increase linearly (remain-
ing constant) to a certain range (ue0 ≈ 12 − 36) and
thereafter decrease concavely to vanish at very high ini-
tial streaming of electrons (ue0 > 60), for other values
of parameters, dust-to-ion density ratio (σ = 0.0001),
ion-to-electron temperature ratio (α = 0.1), ui0 =
30, and dust charges (Zd = 200(i), 600(ii), 1000(iii))
(Fig. 1a). The growth of amplitudes of the relativis-
tic mKdV solitons becomes more sharp as the num-

ber of charges contained in a dust particle increases
(Zd = 200 − 1000), remaining other parameters same
in all the three cases Zd = 200(i), 600(ii), 1000(iii).
Also, the region of flatness (14 < ui0 < 37) increases
with the increase in dust charges. The growth pattern
of relativistic mKdV solitons is reflected in Fig. 1a,
clearly showing the variations of amplitudes of soli-
tons on ue0. Figure 1b shows amplitudes (φ0) of com-
pressive relativistic mKdV solitary waves versus ini-
tial ion streaming ui0. Amplitudes of relativistic dust-
ion acoustic (DIA) mKdV solitons remain constant for
ui0 < 14 and for σ = 0.0001, α = 0.1, ud0 = 1, ue0 =
20, Zd = 200(i), 600(ii) and 1000(iii). The amplitudes
of compressive DIA-mKdV solitons increase convexly
very sharply in a very short range of ui0 for all the val-
ues of Zd = 200(i), 600(ii) and 1000(iii). As number of
dust charges increase, amplitudes of compressive DIA-
mKdV solitons decrease (Fig. 1a), showing the same
characteristic growth for all the values of Zd with other
parametric values same as above. Figure 1d, e depicts
the clear view of amplitudes in three dimensions for
the same values of parameters as in Fig. 1a, b, respec-
tively. It is noteworthy to mention that for smaller and
equal initial streamings of relativistic ions and elec-
trons, viz. ui0 = ue0 = 10, amplitudes of the compres-
sive DIA-mKdV solitons remain constant for ud0 ≤ 12,
thereafter increases sharply in a very smaller range of
ud0 and then again decreases with the increase of ud0

for σ = 0.0001, α = 0.1, Zd = 200(i), 600(ii), 1000(iii)
(Fig. 1c). It is interesting to observe that for this case
(lower and equal values of relativistic ions and elec-
trons), the compressive DIA-mKdV solitons exist for
ud0 < 40 (Fig. 1c, f). Hence, existence range of com-
pressive DIA-mKdV solitons increases with the increase
in initial streamings of relativistic ions and electrons
(Fig. 1a–c) keeping the smaller values of initial stream-
ing of heavier dust particles which is a salient feature
of this investigation.

The compressive DIA-mKdV solitons are found to
exist for equal and large values of initial streaming
speeds of ions and electrons, viz. ui0 = 50 = ue0, and
for very small initial streaming speed of dust ud0 =
5 with other parametric values as σ = 0.0001, α =
0.1(i), 0.3(ii) and 0.5(iii). The amplitudes of compres-
sive DIA-mKdV solitons increase linearly (almost con-
stant) with the increase of Zd (Fig. 2a) with other para-
metric values as same as above without altering the
shape of amplitudes. Higher values of the temperature
ratio (α = 0.1(i), 0.3(ii), 0.5(iii)) produce compressive
DIA-mKdV solitons of higher amplitudes (Fig. 2a, b)
maintaining the same shape. Interestingly, for smaller
values of the initial streamings of ions and electrons,
i.e., ui0 = 10, ue0 = 20 keeping ud0 same as Fig. 2a,
compressive DIA-mKdV solitons of same shape and
same characteristics are seen to be produced but much
smaller amplitudes than that of Fig. 2a (with other
parameters also same as for Fig. 2a). So, from Fig. 2a,
b, it is clear that higher initial streaming speeds of rel-
ativistic electrons and ions produce compressive DIA-
mKdV solitons of higher amplitudes. Figure 2c, d shows
the pictorial 3D view of Fig. 2a, b, respectively.
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Fig. 1 Amplitudes of compressive mKdV solitons versus (a) electrons’ streaming speed ue0 for fixed Q = 0.00054, c =
300, σ = 0.0001, α = 0.1, ui0 = 30, ud0 = 1, Zd = 200(i), 600(ii), 1000(iii), (b) ions’ streaming speed ui0 for fixed ud0 =
1, ue0 = 20, Q = 0.00054, c = 300, σ = 0.0001, α = 0.1, Zd = 200(i), 600(ii), 1000(iii), (c) dusts’ streaming speed ud0 for
fixed ui0 = 10, ue0 = 10, Q = 0.00054, c = 300, σ = 0.0001, α = 0.1, Zd = 200(i), 600(ii), 1000(iii), (d) electrons’ and ions’
streaming speed for fixed Q = 0.00054, c = 300, σ = 0.0001, α = 0.1, ud0 = 1, Zd = 200, (e) ions’ streaming speed for fixed
Q = 0.00054, c = 300, ue0 = 20, α = 0.1, ud0 = 1, Zd = 200, (f) dusts’ streaming speed for fixed Q = 0.00054, c = 300, ue0 =
10, α = 0.1, ui0 = 10, Zd = 200
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Fig. 2 Amplitudes of compressive mKdV solitons versus dust charges Zd for fixed (a) Q = 0.00054, c = 300, σ =
0.0001, ud0 = 5, ui0 = 50, ue0 = 50, α = 0.1(i), 0.3(ii), 0.5(iii), (b) Q = 0.00054, c = 300, σ = 0.0001, ud0 = 5, ui0 =
10, ue0 = 20, α = 0.1(i), 0.3(ii), 0.5(iii), (c)Q = 0.00054, c = 300, σ = 0.0001, ui0 = 50, ue0 = 50, ud0 = 5, (d)
Q = 0.00054, c = 300, σ = 0.0001, ui0 = 10, ue0 = 20, ud0 = 5

For smaller values of number of dust charges (Zd =
200), very small-amplitude mKdV compressive soli-
tons are found to remain almost constant (negligible
decrease) throughout the range of dust-to-ion density
ratio (σ = 0.0001 to 0.0003) and for higher initial
streaming speed of ions (ui0 = 30), electrons (ue0 = 50)
and lower initial streaming speed of dusts (ud0 = 5)
with α = 0.1. It is interesting to observe that as
Zd increases (Zd = 600(ii)), the amplitudes of com-
pressive DIA-mKdV solitons (starting with a reason-
able amplitude) start decreasing as σ increases and for
very high dust charge (Zd = 1000(iii)) the amplitude
decreases suddenly as σ increases, keeping the other
parametric values same as above (Fig. 3a). On the other
hand, for small value of the initial streaming speed of
ions and electrons (ui0 = 10, ue0 = 15), the ampli-
tudes of compressive DIA-mKdV solitons show quite
opposite character. For smaller number of dust charges
(Zd = 200(i)), the amplitudes increase very slowly
(almost linearly) with the increase of σ(= 0.0001 to
0.0003) and for α = 0.1 (Fig. 3b). With the increase
in the number of charges contained in a dust parti-
cle (Zd = 600(ii), 1000(iii)), the amplitudes of DIA

solitons increase very fast with the increase of σ and
other values of parameters as ui0 = 10, ue0 = 15, α =
0.1, ud0 = 5. Hence due to relativistic effect in electrons
and ions, the higher values of initial streamings of ions
and electrons corresponding amplitudes show decreas-
ing character (Fig. 3a), while for the smaller values, the
amplitudes show the opposite character (Fig. 3b) for
the same (smaller) values of initial streaming of dust
(ud0 = 5) for both the cases (Fig. 3a, b). Figure 3c, d
gives clear picture of the characteristics of amplitudes
of DIA solitons.

Amplitude of compressive DIA-mKdV solitons
decreases sharply as α increases for σ = 0.0001, ud0 =
5, ui0 = 50, ue0 = 55, Zd = 200(i), 600(ii),
1000(iii). Characteristic change of amplitudes of DIA-
mKdV solitons for all the three values of Zd =
200(i), 600(ii), 1000(iii) remains same as shown in
Fig. 4a, b. Higher the initial streaming speeds of rel-
ativistic ions and electrons (ui0 = 50, ue0 = 55),
higher the amplitudes (Fig. 4a) and for the smaller ini-
tial streaming speeds of relativistic ions and electrons
(ui0 = 10, ue0 = 15), the smaller the amplitudes of the
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Fig. 3 Amplitudes of compressive mKdV solitons versus dust-to-ion density ratio σ for fixed (a) Q = 0.00054, c = 300, α =
0.1, ud0 = 5, ui0 = 30, ue0 = 50, Zd = 200(i), 600(ii), 1000(iii), (b) Q = 0.00054, c = 300, α = 0.1, ud0 = 5, ui0 = 10, ue0 =
15, Zd = 200(i), 600(ii), 1000(iii), (c) Q = 0.00054, c = 300, α = 0.1, ui0 = 30, ue0 = 50, ud0 = 5, (d) Q = 0.00054, c =
300, α = 0.1, ui0 = 10, ue0 = 15, ud0 = 5

Fig. 4 Amplitudes of compressive mKdV solitons versus ion-to-electron temperature ratio α for fixed a Q = 0.00054, c =
300, σ = 0.0001, ud0 = 5, ui0 = 50, ue0 = 55, Zd = 200(i), 600(ii), 1000(iii), b Q = 0.00054, c = 300, σ = 0.0001, ud0 =
5, ui0 = 10, ue0 = 15, Zd = 200(i), 600(ii), 1000(iii)
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Fig. 5 Width of compressive mKdV solitons versus ions’ streaming speed ui0 for fixed Q = 0.00054, c = 300, σ =
0.0001, ud0 = 0.1, ue0 = 0.1, Zd = 200(i), 600(ii), 1000(iii)

Fig. 6 Compressive mKdV soliton profiles with respect to space η for three values of dust charges Zd =
200(i), 600(ii), 1000(iii) and fixed Q = 0.00054, c = 300, σ = 0.0001, α = 0.1, ui0 = 30, ud0 = 1, ue0 = 30

compressive DIA-mKdV solitons (Fig. 4b) although the
difference of the corresponding amplitudes is negligible.

The width of the relativistic compressive DIA-mKdV
solitons (corresponding to the amplitudes of solitons in
Fig. 5a) becomes great, i.e., the solitary waves become
flat (Fig. 5b) for higher number of dust charges (Zd =
600(ii), 1000(iii)) with the increase in initial streaming
speed of ions and other parameters as σ = 0.0001, α =
0.1, ud0 = 0.1, ue0 = 0.1. The shape of the widths of
mKdV compressive solitons (i.e., flatness of the solitary
wave) is nicely depicted in Fig. 5b.

The soliton profiles of relativistic compressive mKdV
solitons are shown in Fig. 6a, b for Zd = 200(i), 600(ii),
1000(iii). High-amplitude compressive DIA-mKdV is
generated for the higher values of Zd.

Space probes investigate the properties of dusts
present in surroundings of space bodies like the Moon or
Mars. Due to the temperature variations to the plasma
species, the behavioral changes of the dusts in the DIA
waves occur. Our present investigation may be helpful
to know the character of the dusts in space probes. The
proposed results of our present study of the different

plasma parameters may be great help for experimen-
talists in using the Q-machine.
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