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Abstract. Single-electron capture by fast protons from helium-like atomic targets is investigated at inter-
mediate and high impact energies. The main purpose of the present study is a comprehensive analysis of
the relative importance of the electron continuum intermediate state (ionization continua), with respect
to direct transfer. To achieve this goal, first- and second-order theories are employed, and their results
are thoroughly compared. The prior form of the boundary-corrected continuum intermediate state method
(BCIS) is utilized, in both its three-body and four-body formulation, in addition to the four-body boundary-
corrected first-Born approximation (CB1-4B), in both its prior and post form. BCIS methods belong to
the class of second-order theories, while CB1 methods belong to the class of first-order theories. Relative
importance of ionization continua is examined in the example of single-electron capture in collisions of
fast protons with ground-state atomic helium. Both differential and total cross sections are analyzed, for
single-electron capture into any final state of the projectile. The presented cross sections, aside from their
fundamental importance, are relevant in various interdisciplinary applications, such as in astrophysics,
thermonuclear fusion and plasma physics, and medical physics.

1 Introduction

The phenomenon of single-electron capture, as well as
charge exchange in general, has attracted significant
scientific interest almost since the dawn of quantum
mechanics. The first steps were undertaken in the pio-
neering work of Oppenheimer [1] and Brinkman and
Kramers [2]. Charge exchange has since been the sub-
ject of numerous investigations, both theoretical and
experimental [3–24]. Cross sections for various charge-
exchange processes cannot be calculated analytically,
so different approximation methods have been devel-
oped. These can be divided into perturbative [3–7,25–
39] and non-perturbative [40–48]. Generally speaking,
perturbative approaches are adequate for describing
high-energy collisions, while non-perturbative are more
appropriate at low impact energy values. The reference
value for defining “low” and “high” is the energy of
projectile moving with the speed of electron partici-
pating in the charge-exchange process. This energy of
course varies for different projectiles and targets, but,
in the described framework, the energy limit is usu-
ally taken to be around 20 keV. Energies below this
will be considered as low, while up to about an order of
magnitude larger (more precisely, up to 400 keV) will
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be considered as intermediate. Energies above 400 keV
will be considered as high. In this work, we are inter-
ested in high-energy collisions, so various perturbative
approaches will be utilized.

The main goal of the present study is a comprehen-
sive analysis of the relative importance of the elec-
tron continuum intermediate state (ionization con-
tinua) with respect to direct transfer. The study will
be performed in the example of single-electron cap-
ture in collisions of high-energy protons with ground-
state atomic helium. The results will include both
differential and total, as well as state-resolved and
state-summed cross sections. Wherever they are avail-
able, the obtained theoretical results will be compared
with the measurements, in order to truly assess the
importance of the influence of continuum intermedi-
ate states upon the values of cross sections. The the-
oretical results include different first- and second-order
theories. More precisely, the prior [29] and post [30,31]
forms of the four-body boundary-corrected first-Born
approximation (CB1-4B) method, as well as the prior
form of the boundary-corrected continuum intermedi-
ate state method (BCIS) in its three-body (BCIS-3B)
[32] and four-body (BCIS-4B) [33] formulation will be
utilized. CB1-4B, both prior and post, are first-order,
while BCIS-3B and BCIS-4B are second-order methods.
The BCIS-3B method is effectively employed to this
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fundamentally four-body problem. The reason for inclu-
sion of the BCIS-3B results is that no state-resolved
cross sections are available in the BCIS-4B method,
while they are in the BCIS-3B. The reason for inclusion
of the CB1-4B post form results is to determine whether
any possible discrepancy between the prior form BCIS
and CB1-4B methods could be ascribed to the use of
non-exact helium ground-state wave function. In addi-
tion, while BCIS-3B is used as an effective approach,
the hydrogenic wavefunction it employs is exact (in con-
trast with the helium ground-state wavefunction). All
of these methods should provide just about enough data
to properly determine the importance of ionization con-
tinua.

The present study is significant from a fundamen-
tal perspective, regarding the determination of impor-
tance of ionization continua in single-electron capture.
In addition to this, the obtained cross sections are rel-
evant in various interdisciplinary applications as well.
For instance, these cross sections are needed in vari-
ous astrophysical scenarios [49], thermonuclear fusion
and plasma physics [50–53], as well as medical physics
[8,54–61].

Atomic units will be used throughout unless other-
wise stated.

2 Theory

In this work, we are interested in the following collision:

p + He(1s2) −→ H(nlm) + He+(1s) , (1)

i.e., single-electron capture by fast protons from the
ground-state atomic helium into arbitrary final states
(nlm is the usual triplet of quantum numbers). No exci-
tation of the non-captured electron is considered, i.e.,
the target final state is a hydrogen-like ground state.

The application of CB1-4B and BCIS-4B methods to
the collision given by Eq. (1) is straightforward, in the
sense that we need to calculate the transition amplitude
for the following general collision type:

ZP + (ZT; e1, e2)1s2

−→ (ZP; e1)nlm + (ZT; e2)1s , (2)

where ZP and ZT are the projectile (P) and target (T)
nuclear charges, and e1 and e2 are the two electrons
(initially bound to the target nuclei). The application of
the BCIS-3B method, however, obviously requires some
additional assumptions, to enable us to apply a three-
body method to a fundamentally four-body problem.
To this end, we adopt the independent-particle model
and the frozen-core approximation [23], since no excita-
tion of the remaining non-captured electron is consid-
ered. In this framework, we can treat the original tar-
get (ZT; e1, e2)1s2 as a hydrogen-like one (Zeff

T ; e)1s. In
other words, we explicitly consider only the active elec-
tron (the one that will be captured), while the remain-

ing passive one influences the whole process of single-
electron capture only through a shielding of the original
target nuclei (hence the use of Zeff

T instead of ZT). In
light of these considerations, we can treat the original
four-body problem (2) as an effectively three-body one:

ZP + (Zeff
T ; e)1s −→ (ZP; e)nlm + Zeff

T , (3)

thereby enabling a straightforward application of the
three-body BCIS method.

The transition amplitude for the CB1-4B case, in its
prior and post form, respectively, can be written as:

TCB1−
if = 〈Φ−

f |V c
i |Φ+

i 〉 , (4)

TCB1+
if = 〈Φ−

f |V c
f |Φ+

i 〉 , (5)

while the prior BCIS-3B and BCIS-4B transition ampli-
tude takes the following form:

TBCIS−
if = 〈χ−

f |V c
i |Φ+

i 〉 . (6)

The wavefunctions in the entrance channel are denoted
by Φ+

i in both cases (CB1 and BCIS), while in the
exit channel they are denoted by Φ−

f and χ−
f in the

CB1 and BCIS cases, respectively. The correct pertur-
bation potential in the entrance channel is denoted by
V c

i , while in the exit channel it is denoted by V c
f . The

perturbation potentials V c
i and V c

f in the 3B and 4B
cases are given by the following equations:

(V c
i )3B =

ZPZT

R
− ZP(ZT − 1)

ri
− ZP

s
, (7)

(V c
i )4B =

ZPZT

R
− ZP(ZT − 2)

ri

−ZP

s1
− ZP

s2
, (8)

(V c
f )4B =

ZPZT

R
− (ZP − 1)(ZT − 1)

rf

−ZT

x1
− ZP

s2
+

1
r12

, (9)

where �R is the relative position vector between the pro-
jectile and target and �ri is the relative position vector
between the center of mass of the projectile and target
in the entrance channel, while �rf is the relative posi-
tion vector between the center of mass of the target
remainder and projectile in the exit channel. In the
3B case, �s is the relative position vector between the
electron e and the projectile nucleus, while in the 4B
case, �s1 and �s2 are the relative position vectors between
the electrons e1 and e2, respectively, and the projectile
nucleus. In Eq. (9), �x1 is the relative position vector
between electron e1 and the target nucleus. Finally, �r12

is the relative position vector of electron e1 with respect
to electron e2 (4B case). The reason for omission of
the equation for BCIS post form transition amplitude
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TBCIS+
if (and the corresponding (V c

f )3B in the BCIS-3B
case) is that it is not considered in the present work.

As we can see from Eqs. (4) and (5), the prior and
post forms of CB1-4B methods differ only in the pertur-
bation potentials, while the wavefunctions in entrance
and exit channels are the same, and, respectively, given
by:

(Φ+
i )4B = ϕi(�x1, �x2)

×ei�ki·�ri+iνi ln(kiri−�ki·�ri) , (10)

(Φ−
f )4B = ϕP(�s1)ϕT(�x2)

×e−i�kf ·�rf−iνf ln(kfrf−�kf ·�rf ) , (11)

with νi = ZP(ZT−2)
v and νf = (ZP−1)(ZT−1)

v . Wavefunc-
tion ϕi(�x1, �x2) is the initial helium-like ground-state
wavefunction. In the present work, we utilized both the
two-parameter wavefunction of Silverman et al. [62],
as well as the four-parameter wavefunction of Löwdin
[63]. The obtained results when using these two dif-
ferent wavefunctions are almost indistinguishable. In
addition, ϕP(�s1) ≡ ϕnlm(�s1) and ϕT(�x2) ≡ ϕ100(�x2)
are the final projectile (arbitrary) and target (ground-
state) hydrogen-like wavefunctions.

The prior forms of the BCIS methods share the wave-
function in the entrance channel and the perturbation
potential with the corresponding CB1 methods (Eqs.
(4) and (6)), while the only difference is in the exit
channel wavefunction. The entrance channel wavefunc-
tion of the BCIS-3B method is given by:

(Φ+
i )3B = ϕi(�x)ei�ki·�ri+iνi ln(kiri−�ki·�ri) , (12)

with νi = ZP(ZT−1)
v , while ϕi(�x) ≡ ϕ100(�x) is the initial

hydrogen-like ground-state wavefunction. In the exit
channel, the 3B and 4B wavefunctions are, respectively,
given by:

(χ−
f )3B = ϕP(�s )e−i�kf ·�rf−iν ln(kfrf−�kf ·�rf )

×N−(νT)
×1F1(−iνT, 1,−ivx − i�v · �x) , (13)

(χ−
f )4B = ϕP(�s1)ϕT(�x2)e−i�kf ·�rf−iν′ ln(kfrf−�kf ·�rf )

×N−(ν′
T)

×1F1(−iν′
T, 1,−ivx1 − i�v · �x1) , (14)

with ν = ZPZT
v , νT = ZT

v , ν′ = ZP(ZT−1)
v and

ν′
T = ZT−1

v . Wavefunction ϕP(�s ) ≡ ϕnlm(�s ) is the
final projectile hydrogen-like wavefunction in the 3B
case. The 4B case final projectile wavefunction is
exactly the same as in the CB1 method, except that
in the BCIS-4B case we only considered capture into
the final ground state ϕP(�s1) ≡ ϕ100(�s1). Functions
N−(νT)1F1(−iνT, 1,−ivx − i�v · �x) and N−(ν′

T)1F1

(−iν′
T, 1,−ivx1 − i�v · �x1) are electronic Coulomb waves

centered on the target nuclei (screened in the 4B case).

They are composed of a confluent hypergeometric func-
tion 1F1(a, b, z), and a normalization constant N−(ν′′).
Looking at Eqs. (13) and (14), and comparing Eq. (14)
with Eq. (11), we can now infer the essential differ-
ence between the CB1 and BCIS methods. Namely,
while CB1 methods consider single-electron capture as
a direct process, BCIS methods treat it as a two-step
mechanism: the electron is first ionized (occupying a
continuum intermediate state, given by the electronic
Coulomb wave), after which capture occurs from this
intermediate ionized state. In this sense, CB1 methods
belong to the class of first-order theories, while BCIS
methods belong to the class of second-order theories.
As previously stated, the main topic of this paper is
to study exactly the influence of inclusion of intermedi-
ate ionization states upon the values of calculated cross
sections.

The transition amplitudes for the prior and post ver-
sion of the CB1-4B method can now be written as:

T−
if (�η ) = ZP

∫ ∫ ∫
d�R d�x1 d�x2

×e−i�α·�R−i�v·�x1(vR + �v · �R )iξ

×ϕ∗
nlm(�s1)ϕ∗

100(�x2)ϕi(�x1, �x2)

×
(

2
R

− 1
s1

− 1
s2

)
, (15)

T+
if (�η ) =

∫ ∫ ∫
d�R d�x1 d�x2

×e−i�α·�R−i�v·�x1(vR + �v · �R )iξ

×ϕ∗
nlm(�s1)ϕ∗

100(�x2)ϕi(�x1, �x2)

×
[
ZP

(
1
R

− 1
s2

)
+ (ZT − 1)

(
1
R

− 1
x1

)

+
(

1
r12

− 1
x1

)]
, (16)

while the prior versions of the BCIS-3B and BCIS-4B
methods are given by the following equations:

T 3B
if (�η ) = ZP

∫ ∫
d�R d�s

×ei�β·�R−i�v·�s(vR + �v · �R )iξ

×ϕ∗
nlm(�s )ϕ100(�x)

×
(

1
R

− 1
s

)
N+(νT)

×1F1(iνT, 1, ivx + i�v · �x) , (17)

T 4B
if (�η ) = ZP

∫ ∫ ∫
d�R d�s1 d�s2

×ei�β·�R−i�v·�s1(vR + �v · �R )iξ

×ϕ∗
100(�s1)ϕ∗

100(�x2)ϕi(�x1, �x2)

×
(

2
R

− 1
s1

− 1
s2

)
N+(νT)

×1F1(iνT , 1, ivx1 + i�v · �x1) , (18)
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where N+(ν′′) = [N−(ν′′)]∗ holds.
Differential and total cross sections are, respectively,

given by:

dQ

dΩ

(
a2
0

sr

)
=

μ2

4π2
|Tif (�η )|2 , (19)

Q(πa2
0) =

1
2π2v2

∞∫

0

dηη|Tif (�η )|2 , (20)

where η ≈ 2μv sin θ
2 is the transversal momentum trans-

fer vector, while θ = arccos(�̂ki · �̂kf ) and μ = MPMT
MP+MT

.

3 Results and discussion

In this section, the results will be presented for both the
differential and total, state-resolved and state-summed
cross sections. Using the state-resolved cross sections
Q

tot/dif
nlm for capture into arbitrary nlm states, we can

calculate the state-resolved cross sections Q
tot/dif
nl and

Q
tot/dif
n for capture into resolved nl and n states, respec-

tively, using the following equations:

Q
tot/dif
nl =

l∑
m=−l

Q
tot/dif
nlm , (21)

Qtot/dif
n =

n−1∑
l=0

Q
tot/dif
nl . (22)

As indicated, these equations hold for both the differ-
ential and total cross sections. State-summed cross sec-
tions are obtained by explicitly including the contribu-
tions from all Q

tot/dif
n up to some nmax, and approx-

imating the contributions from higher excited states
with n > nmax via the Oppenheimer n−3 scaling law
[1]:

Q
tot/dif
Σ �

nmax−1∑
n=1

Qtot/dif
n

+γ(nmax)Qtot/dif
nmax

. (23)

The first four values of the γ(nmax) function from Eq.
(23) are γ(1) = 1.202, γ(2) = 1.616, γ(3) = 2.081 and
γ(4) = 2.561.

The results of prior form CB1-4B [29], post form
CB1-4B [30], as well as prior forms of BCIS-3B [32]
and BCIS-4B [33] will be presented. The results will
include both differential and total cross sections. For
the case of total cross sections, nl state-resolved results
with n ≤ 4 of the prior and post form CB1-4B, as well
as the prior form BCIS-3B method will be included.
Unfortunately, BCIS-4B results for capture into arbi-
trary final states are currently unavailable, so no state-
resolved BCIS-4B cross sections will be presented. The

Fig. 1 State-selective total cross sections Q2s and Q2p as a
function of impact energy for single-electron capture by pro-
tons from He(1s2). Theoretical results: dashed line—CB1-
4B prior [29], dash-dotted line—CB1-4B post [30], full line—
BCIS-3B [32]. Experimental data: � Hughes et al. [64], ◦
Cline et al. [65], � Hippler et al. [66], � Hippler et al. [67].
Both the theoretical and experimental results for Q2p are
divided by 10

BCIS-4B results for state-summed cross sections will
nevertheless be included, through the use of available
final ground-state results, as well as the Oppenheimer
scaling law (23) with nmax = 1. In the differential cross
sections case, since no state-resolved experimental data
are available, only state-summed cross sections will be
included, for prior and post form CB1-4B, as well as
prior form BCIS-4B method. The BCIS-3B differential
cross sections are unavailable in the literature.

We will first present the state-resolved total cross sec-
tion results for capture into the 2s, 2p, 3s, 3p, 3d, 4s
and 4p states, followed by the state-summed total cross
sections for capture into all final states. Finally, the
state-summed differential cross sections for an interme-
diate energy of 100 keV, as well as a high energy of
7.5MeV will be given. All the results are presented in
a graphical form, along with comparisons with experi-
mental data wherever they are available.

Regarding the state-resolved total cross sections, Fig.
1 provides Q2s and Q2p cross sections, while Fig. 2
depicts the Q3s, Q3p and Q3d cross sections. Finally,
the results for Q4s and Q4p are presented in Fig. 3. All
the mentioned state-resolved cross sections come with
available sets of measurements for comparison, except
the Q4p cross sections.

We will first analyze the situation with spherically-
symmetric (l = 0) state-resolved cross sections. Look-
ing at Figs. 1, 2, 3, we can immediately notice that
the prior and post form CB1-4B methods yield almost
indistinguishable results. Therefore, when comparing
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Fig. 2 The same as in Fig. 1, except for state-selective
total cross sections Q3s, Q3p and Q3d, and for different sets
of measurements. Experimental data: ◦ Ford et al. [68], �
Conrads et al. [69], � Brower and Pipkin [70], � Cline et al.
[65], • Cline et al. [71], � Edwards and Thomas [72]. Both
the theoretical and experimental results are divided by a
factor: Q3p by 10 and Q3d by 103

with BCIS-3B cross sections, we can conclude that all
the differences stem from the inclusion of intermediate
ionization continua, as well as, of course, the simpli-
fying assumptions underlying the BCIS-3B application
to p + He collisions. While all three methods provide
practically the same cross section values and in accor-
dance with the experiments above around 70 keV, below
this energy the CB1-4B and BCIS-3B methods diverge
from one another. This is actually in favor of the BCIS-
3B method, since it almost perfectly agrees with the
measurements down to the lowest displayed energy val-
ues. The CB1-4B methods, on the other hand, overes-
timate the measurements below 70 keV. We can there-
fore conclude that the inclusion of continuum interme-
diate states indeed yields crucial results, as it markedly
improves the agreement with measurements, even when
using an effective model.

Moving to the spherically-asymmetric states with
l = 1, Figs. 1 and 2 provide even more useful insights.
Namely, the prior and post CB1-4B curves almost com-
pletely overlap, and overestimate the Q2p and Q3p

measurements in the whole displayed energy interval.
The BCIS-3B method, however, almost perfectly agrees
with the experiments above around 60 keV. Therefore,
the importance of intermediate ionization continua is
again evident. Below 60 keV, the BCIS-3B method does
underestimate the measurements. This can probably
be attributed to the application of the effective three-
body method. The fully developed BCIS-4B is expected
to correct this discrepancy. Note that a difference was
indeed expected at lower energy values, since a slower
projectile has more time to interact with the target and

Fig. 3 The same as in Fig. 1, except for state-selective
total cross sections Q4s and Q4p, and for different sets of
measurements. Experimental data: � (Q4s) Hughes et al.
[73], ◦ Doughty et al. [74], � Brower and Pipkin [70]. The
theoretical results for Q4p are divided by 103

“see” its structure. At higher energies, small interac-
tion times essentially “blur” the structure of the tar-
get, providing ground for the application of effective
three-body methods to four-body problems. As previ-
ously seen, this problem was not encountered for l = 0
states, at least for E ≥ 20 keV. Figure 3 shows a com-
pletely analogous situation with respect to the different
theories, but with no available measurements to make
a comparison with.

Finally, Fig. 2 shows the results for Q3d. This is the
only example where the effective three-body method
fails, and CB1-4B approximations yield better results
(and again almost the same for prior and post versions).
The BCIS-3B method underestimates measurements in
the whole available energy interval, although the BCIS-
3B line does begin to approach the experiments around
about 80 keV. We have to note that while they do pro-
vide better results, CB1-4B methods still overestimate
the measurements a bit in the whole energy interval.
Again, judging from the previously analyzed situations,
the authors hypothesize that the best results would
again be provided by a full four-body BCIS theory.

Figure 4 depicts the results of all the four theories,
compared with measurements, for state-summed total
cross sections. As can be seen from the figure, all four
methods provide more-or-less the same cross sections
above around 60 keV. There are of course some dis-
crepancies, but not to a large extent. Prior and post
CB1-4B forms are almost indistinguishable in the whole
interval. The relation between the CB1-4B methods,
the BCIS-3B method and the measurements is simi-
lar to the one encountered in the case of state-resolved
cross sections in the previous figures. Namely, below
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Fig. 4 State-summed total cross sections QΣ as a func-
tion of impact energies for single-electron capture by pro-
tons from He(1s2) into all the final bound states H(Σ).
Theoretical results: dashed line—CB1-4B prior [29], dash-
dotted line—CB1-4B post [30], full line—BCIS-3B [32], dot-
ted line—BCIS-4B [33]. Experimental data: � Welsh et al.
[75], � Scryber [76], ◦ Williams [77], � Martin et al. [78],
� Horsdal-Pedersen et al. [79], • Shah and Gilbody [80], ♦
Shah et al. [81]

60 keV, CB1-4B methods begin to overestimate, while
BCIS-3B begins to underestimate the measurements.
The BCIS-4B method, although it also overestimates
the measurements below 60 keV a bit, provides cross
section values the closest to experimental ones. This
again demonstrates the critical importance of the ion-
ization continua, which naturally manifests in the state-
summed total cross sections as well. For lower ener-
gies, CB1-4B methods fail due to the lack of inclusion
of the continuum intermediate states. Since BCIS-3B
and BCIS-4B methods provide almost indistinguish-
able cross section values for sufficiently high energies
(above about 700 keV), and both belong to the same
class of second-order methods, almost all the differences
between them for lower energy values can be attributed
to the simplifying assumptions underlying the effective
three-body method, when applied to a fundamentally
four-body problem. As previously explained, at higher
energies, the projectile moves very fast, effectively mak-
ing the target’s structure “obscured.” Due to this, the
passive electron does not bear much influence on the
capture of the active electron, since the projectile does
not “see” it that well. At lower energies, the projectile
moves significantly slower, thereby unmasking the influ-
ence of the passive electron. The difference of almost
an order of magnitude in BCIS-3B and BCIS-4B cross
sections at 20 keV can be attributed to the unjustified
neglect of the passive electron’s influence in the three-
body formalism, for low energy values. Note that some

Fig. 5 State-summed differential cross sections (dQ/dΩ)Σ
as a function of scattering angle θ in the laboratory frame
of reference for single-electron capture by protons from
He(1s2) at the intermediate impact energy E = 100 keV.
Theoretical results: dashed line—CB1-4B prior [29], dash-
dotted line—CB1-4B post [30], full line—BCIS-4B [33].
Experimental data: � Schöffler et al. [82], ◦ Guo et al. [83]

of the discrepancy could also originate in the use of
the non-exact helium ground-state wavefunction in the
four-body case.

Now, for a more stringent test of the discussed the-
oretical approaches, differential cross sections will be
considered. An intermediate-energy value of 100 keV,
as well as a high-energy value of 7.5MeV was chosen
for comparisons. This enables us to have more inclusive
evaluation of the presented methods.

Figure 5 displays the CB1-4B prior and post, as
well as the BCIS-4B differential cross sections at E =
100 keV. The cross sections are state-summed, and mea-
surements are available for comparison. As can be seen
from the figure, prior and post CB1-4B forms cross
sections are almost indistinguishable above around
0.80mrad. The important thing to note is that for
angles smaller than this, there is a noticeable differ-
ence between the two forms (in contrast with the total
cross sections situation). Nevertheless, this difference
does not significantly impact the overall picture, at
least in terms of agreement with the measurements.
Figure 5 undoubtedly demonstrates the contribution of
continuum intermediate states with respect to differen-
tial cross sections at intermediate impact energy values.
While all methods exhibit unphysical minima at certain
angles, CB1-4B methods either under or overestimate
the measurements in almost the whole displayed energy
region. The agreement with experiments is satisfactory
only for a narrow forward-scattering region. The BCIS-
4B method, on the other hand, excellently reproduces
the measurements for almost all angles considered, with
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Fig. 6 The same as in Fig. 5, except for the high impact
energy E = 7.5 MeV, and for a different set of measure-
ments. Experimental data: � Fischer et al. [85]

the exception of a window around the unphysical mini-
mum, where there exists a significant underestimation.
This dip is expected to be at least partially filled with
the explicit inclusion of excited states (we remind that
they are here only approximately included for all n > 1,
via (23)).

Finally, Fig. 6 presents the CB1-4B prior and post,
and the BCIS-4B prior differential cross section results
at E = 7.5MeV. In this case, the prior and post CB1-
4B forms are almost indistinguishable in the whole
energy interval (in contrast with the intermediate-
energy case). A bit of a difference again occurs around
the dip, but is not as pronounced as in the E = 100 keV
case. In general, the BCIS-4B method again provides
a better agreement with the experiments than CB1-4B
ones. All methods work extremely well for forward scat-
tering. Both the CB1-4B and BCIS-4B methods exhibit
a dip at about the same angle of 0.28mrad, which is
more pronounced in the CB1-4B, than in the BCIS-4B
case. However, in contrast with the intermediate energy
case (Fig. 5), the dip here is indeed observed in the
measurements, as can be seen in Fig. 6. It can although
be noted that the dip’s position in the measurements
is slightly shifted toward larger scattering angles, and
the dip itself is not as pronounced as in the theoreti-
cal methods’ results. Perhaps the most important result
seen in Fig. 6 is that the BCIS-4B method perfectly pre-
dicts Thomas double-scattering, i.e., the second peak at
about θ = 47mrad. This is a quantum mechanical ana-
logue of the classical Thomas billiard-type double col-
lision, in which the electron is captured by first collid-
ing with the projectile, then the target, then proceed-
ing to move almost in parallel with the projectile. In
the classical picture, capture occurs due to this parallel
movement of the projectile and electron. All second-

order theories (which the BCIS-4B method belongs to)
predict this experimentally detected Thomas double-
scattering peak, and this is a clear advantage of second-
order methods. The CB1-4B, being first-order meth-
ods, are unable to predict this peak, as demonstrated
in Fig. 6. Further away from the Thomas peak (i.e.,
at larger angles), the CB1-4B and BCIS-4B methods
provide drastically different results (1 − 2 orders of
magnitude different values). Due to large experimen-
tal errors in this region, it is difficult to truly assess
which method is superior here, although the measure-
ments do seem to favor BCIS-4B. Moreover, the BCIS-
4B method predicts a second dip after the Thomas
peak, which also seems to be confirmed by the mea-
surements. While the dip is again not as pronounced in
the measurements, its position seems to coincide with
the theoretically predicted one. Note that, due to large
experimental errors for angles larger than the ones cor-
responding to the Thomas peak, it is difficult to draw
any conclusions with absolute certainty. Another note-
worthy observation is the second peak predicted by the
BCIS-4B method, which also seems to be corroborated
by the measurements. The origin of this peak is due
to Rutherford scattering, which becomes the dominant
scattering mechanism for larger angle values.

4 Conclusion

The main goal of this work was to investigate the
impact of continuum intermediate states upon the
cross section values for single-electron capture in col-
lisions of fast protons with ground-state helium atoms.
Through the inclusion of these intermediate states,
single-electron capture can be interpreted as a two-step
mechanism, where the electron first becomes ionized
(thus occupying the continuum intermediate state),
with capture taking place from this ionized intermedi-
ate state. The investigation of influence of these states
was conducted by comparing the results of two the-
ories which include them: the BCIS-3B and BCIS-4B
methods, with the results of two theories which do
not include continuum intermediate states: the CB1-4B
prior and post form methods. The comparisons were
performed for state-resolved and state-summed total
cross sections, as well as state-summed differential cross
sections, at both intermediate and high impact energies.
For all the considered scenarios, barring few exceptions,
the BCIS methods consistently performed better with
respect to measurements. This was particularly true at
lower energies for total cross sections, as well as the
whole angular interval for differential cross sections at
the intermediate impact energy E = 100 keV. Also,
regarding differential cross sections at a high impact
energy of E = 7.5MeV, we have seen that the Thomas
double-scattering peak can be successfully reproduced
only with a second-order theory (such as the BCIS-
4B), while first-order theories (such as CB1-4B) fail
in this regard. Taking all of the above into account,
we reach the conclusion that continuum intermediate
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states are indeed extremely important for the most
accurate reproduction of the experiments, for both total
and differential cross sections. Particular importance of
the continuum intermediate states is noted at lower and
intermediate energies, as well as for some high-energy
features (Thomas double scattering) in the differential
cross sections.

Regarding the possible future lanes of work, the most
straightforward and productive would obviously be the
extension of BCIS-4B method to explicitly consider
capture into arbitrary excited states. This could defi-
nitely clear up the situation with state-resolved cross
sections, as well as offer some further improvements
with the state-summed cross sections. As previously
discussed, full BCIS-4B results would be expected to
produce the best alignment with the measurements.

As previously stated in Introduction, aside from the
fundamental considerations, the present study regard-
ing single-electron capture is important due to various
interdisciplinary applications, such as astrophysics [49],
thermonuclear fusion and plasma physics [50–53], and
medical physics [8,54–61].
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8. Dž. Belkić (ed.), Theory of Heavy Ion Collisions in
Hadron Therapy, vol. 65 (Elsevier, Amsterdam, 2013)

9. E. Ghanbari-Adivi, A.N. Velayati, Cent. Eur. J. Phys.
11, 423 (2013)

10. S.K. Datta, D.S.F. Crothers, R. McCarroll, J. Phys. B
23, 479 (1990)

11. S.K. Datta, J. Phys. B 25, 1001 (1990)
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Scr. 95(6), 065403 (2020)
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39. D. Delibašić, Publ. Astron. Obs. Belgrade 102, 29

(2022)

123



Eur. Phys. J. D (2023) 77 :6 Page 9 of 9 6

40. R. Shakeshaft, Phys. Rev. A 18, 1930 (1978)
41. X.M. Tong, D. Kato, T. Watanabe, S. Ohtani, Phys.

Rev. 62, 052701 (2000)
42. S.K. Avazbaev, A.S. Kadyrov, I.B. Abdurakhmanov,

D.V. Fursa, I. Bray, Phys. Rev. A 93, 022710 (2016)
43. I.B. Abdurakhmanov, J.J. Bailey, A.S. Kadyrov, I. Bray,

Phys. Rev. A 97, 032707 (2018)
44. M. Zapukhlyak, T. Kirchner, Phys. Rev. A 80, 062705

(2009)
45. M. Baxter, T. Kirchner, Phys. Rev. A 93, 012502 (2016)
46. A. Igarashi, C.D. Lin, Phys. Rev. Lett. 83, 4041 (1999)
47. I.B. Abdurakhmanov, A.S. Kadyrov, S.K. Avazbaev, I.

Bray, J. Phys. B 49, 115203 (2016)
48. J. Faulkner, I.B. Abdurakhmanov, S.U. Alladustov, A.S.

Kadyrov, I. Bray, Plasma Phys. Control. Fusion 61,
095005 (2019)

49. T.E. Cravens, Science 296, 1042 (2002)
50. R.C. Isler, Plasma Phys. Control. Fusion 6, 171 (1994)
51. D.M. Thomas, Phys. Plasmas 19, 056118 (2012)
52. R. Hemsworth, H. Decamps, J. Graceffa, B. Schunke,

M. Tanaka, M. Dremel, A. Tanga, H.P.L. De Esch, F.
Geli, J. Milnes, T. Inoue, D. Marcuzzi, P. Sonato, P.
Zaccaria, Nucl. Fusion 49, 045006 (2009)

53. H. Anderson, M.G. von Hellermann, R. Hoekstra, L.D.
Horton, A.C. Howman, R.W.T. Konig, R. Martin, R.E.
Olson, H.P. Summers, Plasma Phys. Control. Fusion 42,
781 (2000)
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