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Abstract. A detailed study on electron impact elastic scattering from CH+
4 , NH+

3 , H2O
+, NH+

4 and H3O
+

molecular ions is reported for the first time by using an optical model potential method. The static
potential of each ion is obtained analytically by representing the molecular ion with Gaussian orbital wave
functions. Exchange and polarization potentials are added with the static potential to form an optical
model potential. Utilizing this optical model potential, the Dirac equations are solved with the partial
wave phase shift analysis method to obtain the scattering amplitudes. The differential cross section results
are reported for 10–500 eV incident electron energy range. These results for the different molecular ions
are compared with their corresponding neutral molecules.

1 Introduction

In the present work, we address on the electron impact
scattering on the ionic atomic systems. Thus, it would
be interesting and worth knowing that how is the sit-
uation in general for the electron scattering from an
ion. There are many possible elastic and inelastic pro-
cesses when an electron interacts with an ion. There
are a large number of experimental studies on elec-
tron impact excitations of atomic ions which conse-
quently led to the development of many theoretical
studies and their numerous applications [1,2]. On the
other hand, there are only few experimental studies on
elastic scattering of electrons from atomic ions, which
gave rise to relatively less theoretical work [3–8]. If we
see the literature on the similar studies of the elec-
tron impact scattering from molecular ions, we find
the situation is very different and there are hardly few
experimental and theoretical studies. In such scatter-
ing, there may be elastic scattering; rotational, vibra-
tional and electronic excitations, ionization, dissocia-
tion, electron capture processes, etc. [9–17]. All these
are important to understand the role of molecular ions
in the study of plasma, astrophysical, atmospheric and
interstellar space environments. The related cross sec-
tion data of these processes are required as an input
parameter in the different modeling studies. In the
low-temperature plasma, at the divertor and near-wall
regions of a reactor, molecules and molecular ions are
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formed [18]. These plasma species react with the avail-
able electrons and different molecular ions. The plasma
modeling requires cross sections and rate coefficients
for all these processes and spectral signatures to sup-
port the interpretation of data from fusion experiments
[18]. Besides plasma applications, several atomic and
molecular ions are found in space and these ions are
mainly responsible for the formation of increasingly
complex interstellar molecules [19]. We are now liv-
ing in a molecular universe and the different species
formed are from hydrogen, carbon, nitrogen and oxy-
gen. The interstellar medium is going through several
interactions with the ultraviolet radiation, energetic
field and shock waves and these interactions lead to
newly formed stars and planetary systems. During this
evolution, simple molecules and atoms combine to form
complex molecules.

In the present work, we focus our attention on
the CH+

4 , NH+
3 , H2O+, NH+

4 and H3O+ molecular
ions which are mostly formed in different plasmas,
astrophysical, atmospheric and interstellar space envi-
ronments. For example, at the edge plasma regions
methane (CH4) is one of the major components of
chemical erosion fluxes. Methane may be deliberately
introduced in the divertor region for plasma diagnos-
tic and hydrocarbon transport studies [20]. The CH4

molecule is rapidly dissociated to a variety of neu-
tral fragments or ionized in collisions with plasma elec-
trons, leading to the generation of methane ions (CH+

4 ).
Besides the plasma applications, methane ion is noticed
as an important molecular ion in the astrochemical
environment of diffuse clouds, dense clouds, cometary
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comae and planetary ionosphere [21]. Most of the CH+
4

ions are produced by interacting with the energetic
particles or electromagnetic ultraviolet photons with
CH4. Also, in divertor-relevant environments, when
nitrogen is puffed, ammonia is formed through Eley–
Rideal and Langmuir–Hinshelwood processes, involving
both volume–surface and surface–surface interactions
on a (cold) metal wall. NH3 and its protonated deriva-
tive NH+

4 are efficient NH sources via ion conversion
and recombination [22]. On the other hand, nitrogen
is one of the most abundant element in the universe
and its nitrogen hydrides are present in the interstel-
lar medium and in the reaction of nitrogen ions with
the H2, it produces positive ammonium ions, i.e., NH+,
NH+

2 , NH+
3 ,NH+

4 [23]. It is noticed that in the coma
of 67P/C–G near perihelion [24], NH+

4 ion is detected
as one of the most abundant ions. Likewise, H2O is
important in the international thermonuclear experi-
mental reactor (ITER) as cooling water system to man-
age the heat generation during the operation of the
tokamak [25]. So, there might be a possibility of the
formation of some H2O+ and H3O+ molecular ions and
consequently, these will have a large impact on plasma
chemistry. Besides this, H2O and its ionized forms are
also very important molecules found in several areas
of astronomical and atmospheric environments, e.g.,
the presence of H2O+is identified in the tail of comet
Kohoutek [26] and H3O+ in Halley’s comet [27].

Electron interactions with the molecular ions are get-
ting attention due to their several applications in the
plasma and astronomical studies. In this respect, var-
ious groups have been studying the electron impact
inelastic processes viz. ionization, dissociation, recombi-
nation, rotational and vibrational excitation in the low
incident electron energies [10,17,28,29]. There is not
much attention paid on the elastic scattering of elec-
trons from molecular ions. However, the elastic electron
impact cross sections are equally important to under-
stand the molecular properties, specially, to get the
information about electron transport phenomenon in
various studies. Also the depth and positions of min-
ima in differential cross section (DCS) curves have sig-
nificant physical importance as these reflect the struc-
tural information about the molecular target ion. There
are only couple of theoretical studies reported on elas-
tic electron–molecular ion scattering. These include
the calculations of Lucchese and McKoy [30–32] who
applied the Schwinger variational principle method to
calculate the elastic electron scattering cross sections
from couple of molecular ions.

In the previous work, we have successfully applied our
analytically obtained static potential approach to study
electron elastic and inelastic scattering cross sections
from various neutral molecules [33–36]. In this method,
we obtain the spherically averaged static potential by
solving multicenter integrals using Gaussian orbitals
centered on various atomic nuclei of the molecule. Our
obtained static potential is mostly analytic except for
the inclusion of the well-known error functions. Such
an approach is advantageous due to available algo-

rithms for the numerical evaluation of the error func-
tions. Thus, the accuracy of our potentials is limited
only by the accuracy of the Gaussian orbitals that
are fitted to a Slater-type orbital (STO) wave func-
tion of the molecule. As the Gaussian wave functions
and the obtained static potential are in the analytical
form, the requirements of the memory storage are min-
imal. Our method produces potentials that are spher-
ically averaged over all molecular orientations before
the scattering process is carried out. In our earlier
work, where possible, we have used standard and widely
tested expressions of other potentials viz. exchange,
polarization and absorption as components of the com-
plex optical potential. Our optical model potential gives
very accurate results at intermediate and high energy
regions. In the present work, we have extended our
method to a more complex problem, i.e., to study for
the first time, the elastic electron scattering from the
molecular ions CH+

4 , NH+
3 , H2O+, NH+

4 and H3O+

whose importance has already been discussed above.
Here also, we obtain an analytical expression for the
spherically symmetric static potential of the molecular
ion (seen by the projectile electron) as linear combina-
tions of Gaussian-type molecular ionic wave functions.
In addition, only exchange and polarization potentials
are added to the static potential to construct the opti-
cal model potential. We have dropped the absorption
potential as no suitable expression was available for
the electron scattering from molecular ions. Further,
we have used this potential in the Dirac equations and
solved them to get the projectile electron wave function
using the partial wave analysis method. The scattering
phase shifts and amplitudes are calculated to find the
electron impact elastic differential cross section.

Since there are no previous results available to com-
pare with the present calculation for electron scattering
from our selected CH+

4 , NH+
3 , H2O+, NH+

4 and H3O+

molecular ions, we have also considered the electron
scattering from the H+

2 molecular ion for which the-
oretical results [32] are available for comparison. The
comparison of our results with this available calculation
will provide us the test and verification of our method.

2 Theory

2.1 Scattering amplitude and cross sections

The elastic interactions between the incident electron
and the target molecular ions can be described by the
spherically averaged optical model potential given by

Vopt (r) =
−ze2

r
+ Vsr (r) . (1)

Here, the first term in Eq. (1) is due to the Coulomb
interaction, where e is the electronic charge and z
refers to the ionic charge on the target ion. The second
term Vsr (r) represents the short-range potential which
includes static Vst (r), exchange Vex (r) and polarization
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Vpol (r) potentials, i.e.,

Vsr (r) = Vst (r) + Vex (r) + Vpol (r) . (2)

The choices of these potentials have been discussed
in detail in the following Sect. 2.2. Further, to obtain
the projectile electron wave function using this optical
potential, we have solved the Dirac equations following
the conventional procedure for relativistic elastic scat-
tering of electrons [37,38] and obtained the associated
scattering phase shifts and amplitudes.

The relativistic incident electron wave function can
be expressed as [8,38,39],

ψEκm (r) =
1
r

(
PEκ (r) Ωκ,m (r̂)

iQEκ (r) Ω−κ,m (r̂)

)
, (3)

where Ωκ,m (r̂) are the spherical spinors, κ is the rel-
ativistic quantum number, which is defined as κ =
(l − j) (2j + 1), where l and j are the orbital and
total angular momentum quantum numbers that are
both determined by the value of κ as j = |κ| − 1/2,
l = j + κ/ (2 |κ|) . PEκ and QEκ are, respectively, the
large and small component of the radial wavefunction of
the projectile electron and satisfy the following coupled
Dirac equations

dPEκ (r)
dr

= −κ

r
PEκ (r) +

E − Vopt − 2mec
2

c�
QEκ(r)

(4)
dQEκ

dr
= −E − Vopt

c�
PEκ (r) +

κ

r
QEκ (r) . (5)

Here, E represents the incident electron energy, me

is the rest mass of the electron, c is the velocity of
light in vacuum and � is the Planck’s constant. Now
if we expand the total wavefunction equation (3) into
its relativistic form of the partial wave expansion, we
obtain the solutions by using the following asymptotic
(r → ∞) boundary conditions

PEκ (r) ∼ sin
(
kr − l

π

2
− ηln2kr + δk

)
(6)

QEκ (r) ∼ cos
(
kr − l

π

2
− ηln2kr + δk

)
. (7)

Here, k is the relativistic momentum of the projectile
electron and η is the Sommerfeld parameter given by

η =
ze2me

�k
. (8)

In Eqs. (6) and (7), δk is the total phase shift which
is the sum of the phase shifts resulting from the short-
range potential (δ̂κ) and the Coulomb phase shift (Δκ)
due to the ionic charge z, i.e., δk = δ̂κ + Δκ.

Thus, in the presence of the Coulomb and short-range
potentials, the direct and spin–flip scattering ampli-

tudes can be expressed as,

f (θ) = fsr (θ) + f (C) (θ) and g (θ) = gsr (θ) + g(C) (θ) .

(9)

Here, fsr (θ) and gsr (θ) are the scattering amplitude
contributions due to the short-range part of the poten-
tial as given bellow

fsr (θ) =
1

2ik

∞∑
l=0

{(l + 1) exp (2iΔ−l−1)

×
[
exp

(
2iδ̂−l−1

)
− 1

]

+l exp (2iΔl)
[
exp

(
2iδ̂l

)
− 1

]}
Pl (cos θ) ,

(10)

and

gsr (θ) =
1

2ik

∞∑

l=0

{
exp (2iΔl)

[
exp

(
2iδ̂l

)
− 1

]

− exp (2iΔ−l−1)
[
exp

(
2iδ̂−l−1

)
− 1

]}
P 1

l (cos θ) .

(11)

Also, the scattering amplitude contribution for the
Coulomb interaction with z, f (C) (θ) and g(C) (θ) can
be expressed as

f (C) (θ) =
1

2ik

∞∑
l=0

{(l + 1) [exp (2iΔ−l−1) − 1]

+ l [exp (2iΔl) − 1]} Pl (cos θ) , (12)

and

g(C) (θ) =
1

2ik

∞∑

l=0

{exp (2iΔl) − exp (2iΔ−l−1)} P 1
l (cos θ).

(13)

Further using Eq. (9), we can calculate the required
DCS as

dσ

dΩ
= |f(θ)|2 + |g(θ)|2 . (14)

2.2 Optical model potential

The electronic static potential V (r) for the molecular
ions as seen by the projectile electron at a point r , can
be represented by

V (r) =
∫

ρ (r ′)
|r − r′|dr

′. (15)

Considering the molecular orbitals to be orthogonal,
the charge density at a point r ′ in the above expression
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can be represented by

ρ (r ′) =
N∑

i=1

|Xi (r ′)|2 , (16)

where Xi is the molecular wave function and the index
i goes up to the number of molecular orbitals, which are
5 alpha electrons and 4 beta electrons for CH+

4 , NH+
3 ,

H2O+ and 5 for NH+
4 , H3O+. The molecular orbitals

Xi (r ′) are further expressed as a linear combination of
atomic orbitals φk(r ′), i.e.,

Xi (r ′) =
∑

k

aikφk

(
r

′)
, (17)

where aik is the molecular orbital coefficient and k
extends on the total number of atomic orbitals which
are 9 for CH+

4 , 8 for NH+
3 , 7 for H2O+, 9 for NH+

4 and
8 for H3O+. Each atomic orbital is represented as

φk

(
r

′)
=

∑
j

Nkjckjχkj(r ′), (18)

where Nkj are normalization constants and ckj are
the coefficients of the Gaussian basis functions χkj(r ′).
The sum over j denotes the number of Gaussian basis
functions which is taken 6 in the present calculations.
The unnormalized form of the Gaussian basis functions
χkj(r ′) which are centered on the nucleus at A with
coordinates Ax, Ay and Az is represented as

χkj

(
r

′)
= e

−αkj

∣
∣
∣r

′ −A
∣
∣
∣

2

(x′ − Ax)mx

×(y′ − Ay)my (z′ − Az)
mz .

(19)

Here, mx, my and mz are nonnegative integers and αkj

is the exponents of the Gaussian basis function.
The molecular orbitals are further expressed in terms

of the linear combination of the Gaussian atomic
orbitals. Thus, the charge density can be expressed as,

ρ
(
r

′)
=

∑
i

∑
k,k′

aikaik′

×
∑
j,j′

NkjNk′ j′ ckjck′j′ χkj(r ′)χk′j′ (r ′).

(20)

The Gaussian orbitals have a very important property
that the product of the exponential parts of two orbitals
with different centers A and B can be written as an
exponential of the same form at a center P on the line
joining A and B. Thus, the product of two Gaussian

functions in Eq. (20) becomes

χkj

(
r

′)
χk′j′

(
r

′)
= e

−αkj

∣
∣
∣r

′ −A
∣
∣
∣

2

e
−α

k
′
j
′
∣
∣
∣r

′ −B
∣
∣
∣

2

× (x′ − Ax)mx(y′ − Ay)my (z′ − Az)mz

× (x′ − Bx)m
′
x(y′ − By)m

′
y (z

′ − Bz)m
′
z

= Ekj,k′j′ e
−α

∣
∣
∣r

′ −rP

∣
∣
∣

2

(x′ − Ax)mx

× (y′ − Ay)my (z′ − Az)mz

× (x′ − Bx)m
′
x(y′ − By)m

′
y (z

′ − Bz)m
′
z , (21)

where rP is the position vector of P with respect to the
molecular frame can be given by

rP =
αkjA + αk′j′B

αkj + αk′j′
,

α =
(
αkj + αk′j′

)
and

Ekj,k′j′ = e

(

−
αkjα

k
′
j
′

αkj+α
k

′
j
′ |A−B|2

)

.

Here, rP is the position vector at P and Ekj,k′j′ refers
to the coefficients when two Gaussian exponentials have
been multiplied with two different centers A and B.

Further, using Eq. (21) and substituting the charge
density in Eq. (15) and expanding the denominator
using the property of spherical harmonics, we get the
spherically averaged static electronic potential over all
the orientations of the molecule,

V (r) =
∑

i

∑

k,k
′
aikaik

′
∑

j,j
′
NkjNk

′
j

′ ckjck
′
j

′ Ekj,k
′
j

′

×
∫

e
−α

∣
∣
∣r

′ −rp

∣
∣
∣

2

(x′ − Ax)mx(y′ − Ay)my (z′ − Az)
mz

× (x′ − Bx)m
′
x(y′ − By)m

′
y (z

′ − Bz)
m

′
z

1

r>
dr

′
.

(22)

Here, r> is greater of r and r′. These integrals in the
above equation are further evaluated by considering the
multiplications of the two different atomic Gaussian
orbitals, i.e., two s-orbital of hydrogen atoms (1s) or
say atom X [i.e., C (1s22s22p2), N (1s22s22p3) or O
(1s22s22p4)], s-orbital of hydrogen (H) atom with the
p-orbital of atom X or two p-orbitals of atom X. A
detailed description of the occurring integrals for the
interactions of s–s, s–p and p–p orbitals and their eval-
uation in terms of known error functions are given in
our previous paper [40]. We have evaluated Eq. (22) in
a particular molecular frame of reference and this has
been further discussed fully in the forthcoming Sect. 3
on results and discussion.

Along with the electronic static potential V (r), we
also have to include the effective nuclear potential
Vnucl(r) seen by the projectile electron. It can be
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expressed as

Vnucl (r) = −
∑

n

ZHn

|r − rHn | − ZX

|r − rX | . (23)

Here, ZX (X represents either C or N or O atom of the
molecular ions CH+

4 , NH+
3 , H2O+, NH+

4 and H3O+)
and ZHn

(n refers to the different H atoms of the cor-
responding molecular ions) are the atomic numbers of X
and H atom, respectively. Also, rHn

and rX , respec-
tively, represent the position vectors of hydrogen and
X atoms from the center of their original axes, i.e., the
center of mass of the molecule. It is important to note
that the absolute value of the position vector rH for
all the three hydrogen atoms in the molecule are the
same because of the symmetry of the molecular struc-
ture. Taking the spherical average of the nuclear terms
[41,42] in Eq. (23) and including the spherically aver-
aged static potential V (r) for the electrons distribution
of the molecule, we can express the total spherically
averaged static potential for each molecule as

Vst (r) = V (r) − nZH

r
′′
>

− ZX

r
′′′
>

. (24)

Here, r
′′
> is maximum of (r, rH) and r

′′′
> is maximum of

(r, rX). Thus, the total static potential from Eq. (24)
can further be rewritten to describe the elastic elec-
tron scattering from H+

2 , CH+
4 , NH+

3 , H2O+, NH+
4 and

H3O+ as

Vst(r) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

V (r) − nZH

r − ZX

r for r ≥ rH

V (r) − nZH

rH
− ZX

r for rX < r < rH

V (r) − nZH

rH
− ZX

rX
for r ≤ rX .

(25)

The molecular ions for which the core atom is situated
at the center of mass, i.e., for NH+

3 and NH+
4 , the total

static potential can be expressed as,

Vst(r) =

{
V (r) − nZH

r − ZX

r for r ≥ rH

V (r) − nZH

rH
− ZX

r for r < rH

(26)

In our calculations, we have taken the values of rH =
1.1142 and rX = 0.1036 for CH+

4 , rH = 1.0247 for NH+
3 ,

rH = 1.0242 for NH+
4 , rH = 0.9440 and rX = 0.1158

for H2O+, rH = 0.9625 and rX = 0.0729 for H3O+ in
Å.

In the present calculation, we have used the exchange
potential as given by Furness–McCarthy [43]

Vex =
1
2

{E − Vst (r)} − 1
2

[
{E − Vst (r)}2 + 4πρ (r)

]2
.

(27)

Here, E is the incident electron energy and a0 is the
Bohr radius. We have also included Buckingham-type
polarization potential which can be expressed as,

Vpol (r) = − αd

2r4
, (28)

where αd is the dipole polarizability of the target
ion. We have taken only the asymptotic form of the
polarization potential as for the electron–ion scattering,
Coulomb potential is dominant and hence, short-range
correlation part of polarization is neglected.

As mentioned above, all the different parts of the
optical potential (1) are obtained in the analytical form
and then used in the Dirac equations which are solved
using the partial wave phase shift analysis [8,38,39]
method and the boundary conditions (Eqs. 6 and 7)
to obtain the phase shifts. The problem is solved sepa-
rately for the Coulomb and short-range potentials, with
which the scattering amplitudes f (θ) and g (θ) in Eq.
(9) are calculated and then the cross section results are
obtained using Eq. (14) for CH+

4 , NH+
3 , NH+

4 , H2O+

and H3O+ molecular ions. These results are presented
and discussed in the next section.

Since, we are considering the electron scattering from
an ionic system which involves the Coulomb potential,
the scattering amplitudes represented in Eqs. (10–13)
may give rise to convergence problems in the partial
wave expansion of the scattering amplitudes. Also, for
the ionic species, such as NH+

3 , H2O+ and H3O+ are
having permanent dipole moment may require higher
partial waves for the convergence of the scattering
amplitudes. It is worth mentioning here that in the
present work, the computer code we have used can take
as many as over 500–600 partial waves without any
problem and thus take care of any convergence problem
in the summation over the partial waves of the scatter-
ing amplitudes. In fact, we have achieved the sufficient
convergence (0.001%) for our results of these above ions
by including 350 partial waves at the maximum incident
electron energy.

3 Results and discussion

Through the GAUSSIAN-16 software, we have evalu-
ated the analytical form of the Gaussian wavefunction
of CH+

4 , NH+
3 , H2O+, NH+

4 and H3O+ with STO-6G
Gaussian basis set. We also obtained simultaneously the
coefficients aik and ckj and exponents αkj as in Eqs.
(17), (18) and (19) and their corresponding values are
given in Tables 1, 2, 3, 4, 5, 6, 7 and 8. Further, using
the B3LYP/CC-PVTZ basis set, we obtained the dipole
polarizability values for CH+

4 , NH+
3 , H2O+, NH+

4 and
H3O+ which are given in Table 9.

Further, we have solved the integral given in Eq. (22)
in a molecular frame of reference, e.g., CH+

4 is fixed
with the C atom at (0.0000, 0.0000, 0.1036) and the
four H atoms at the positions (0.0000, 0.9529, 0.6179),
(0.0000, − 0.9529, 0.6179), (0.5761, 0.0000, − 0.9286)
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Table 1 Energy eigenvalues of the molecular orbitals of CH+
4 with the coefficients aik as in Eq. (17)

Energy eigenvalues (eV) Alpha electrons Beta electrons

−11.64776 −1.35926 −0.98255 −0.93119 −0.84550 −11.63027 −1.24801 −0.94419 −0.91550

C 1s 0.99514 −0.20971 −0.07849 0.00000 0.00000 0.99574 −0.20433 −0.05945 0.00000
2s 0.02328 0.66091 0.30316 0.00000 0.00000 0.02053 0.62408 0.21385 0.00000
2px 0.00000 0.00000 0.00000 0.00000 0.74612 0.00000 0.00000 0.00000 0.00000
2py 0.00000 0.00000 0.00000 0.66185 0.00000 0.00000 0.00000 0.00000 0.62261
2pz −0.00183 −0.11725 0.51380 0.00000 0.00000 −0.00178 −0.11395 0.52353 0.00000

H1 1s −0.00429 0.10965 0.24782 0.33597 0.00000 −0.00368 0.15974 0.27058 0.36818
H2 1s −0.00429 0.10965 0.24782 −0.33597 0.00000 −0.00368 0.15974 0.27058 −0.36818
H3 1s −0.00364 0.20880 −0.30122 0.00000 0.40155 −0.00342 0.19714 −0.29239 0.00000
H4 1s −0.00364 0.20880 −0.30122 0.00000 −0.40155 −0.00342 0.19714 −0.29239 0.00000

Table 2 Energy eigenvalues of the molecular orbitals of NH+
3 with the coefficients aik as in Eq. (17)

Energy eigenvalues (eV) Alpha electrons Beta electrons

−16.12610 −1.60089 −1.06909 −1.06909 −0.94230 −16.09334 −1.44846 −1.03398 −1.03398

N 1s 0.99598 −0.23008 0.00000 0.00000 0.00000 0.99668 −0.21424 0.00000 0.00000
2s 0.02018 0.87334 0.00000 0.00000 0.00000 0.01676 0.77115 0.00000 0.00000
2px 0.00000 0.00000 0.00000 0.71790 0.00000 0.00000 0.00000 0.00000 0.66170
2py 0.00000 0.00000 0.71790 0.00000 0.00000 0.00000 0.00000 0.66170 0.00000
2pz 0.00000 0.00000 0.00000 0.00000 1.00000 0.00000 0.00000 0.00000 0.00000

H1 1s −0.00411 0.09650 0.35238 0.00000 0.00000 −0.00340 0.15503 0.40946 0.00000
H2 1s −0.00411 0.09650 −0.17619 −0.30517 0.00000 −0.00340 0.15503 −0.20473 −0.35461
H3 1s −0.00411 0.09650 −0.17619 0.30517 0.00000 −0.00340 0.15503 −0.20473 0.35461

Table 3 Energy eigenvalues of the molecular orbitals of H2O
+ with the coefficients aik as in Eq. (17)

Energy eigenvalues (eV) Alpha electrons Beta electrons

−21.27055 −1.89650 −1.17374 −1.09983 −1.04427 −21.23826 −1.72119 −1.13078 −0.98505

O 1s 0.99664 −0.23498 0.00000 0.00000 −0.07157 0.99719 −0.22351 0.00000 −0.08366
2s 0.01567 0.93137 0.00000 0.00000 0.38076 0.01316 0.86847 0.00000 0.43924
2px 0.00000 0.00000 0.00000 1.00000 0.00000 0.00000 0.00000 0.00000 0.00000
2py 0.00000 0.00000 0.74397 0.00000 0.00000 0.00000 0.00000 0.69459 0.00000
2pz −0.00272 −0.15036 0.00000 0.00000 0.87181 −0.00243 −0.15412 0.00000 0.85073

H1 1s −0.00345 0.08048 0.31583 0.00000 −0.18829 −0.00293 0.13363 0.36261 −0.20302
H2 1s −0.00345 0.08048 −0.31583 0.00000 −0.18829 −0.00293 0.13363 −0.36261 −0.20302

Table 4 Energy eigenvalues of the molecular orbitals of NH+
4 with the coefficients aik as in Eq. (17)

Energy eigenvalues (eV) −16.05751 −1.55539 −1.00842 −1.00842 −1.00842

N 1s 0.99602 −0.22095 0.00000 0.00000 0.00000
2s 0.02071 0.80675 0.00000 0.00000 0.00000
2px 0.00000 0.00000 0.00000 0.00000 0.69573
2py 0.00000 0.00000 0.00000 0.69573 0.00000
2pz 0.00000 0.00000 0.69573 0.00000 0.00000

H1 1s −0.00373 0.10304 0.23858 0.23858 0.23858
H2 1s −0.00373 0.10304 0.23858 −0.23858 −0.23858
H3 1s −0.00373 0.10304 −0.23858 0.23858 −0.23858
H4 1s −0.00373 0.10304 −0.23858 −0.23858 0.23858
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Table 5 Energy eigenvalues of the molecular orbitals of H3O
+ with the coefficients aik as in Eq. (17)

Energy eigenvalues (eV) −21.11860 −1.79183 −1.10556 −1.10556 −0.91836

O 1s 0.99659 −0.22791 0.00000 0.00000 −0.05120
2s 0.01651 0.87416 0.00000 0.00000 0.26991
2px 0.00000 0.00000 0.70884 0.00000 0.00000
2py 0.00000 0.00000 0.00000 0.70884 0.00000
2pz −0.00189 −0.10491 0.00000 0.00000 0.95600

H1 1s −0.00310 0.09400 0.00000 0.39625 −0.08002
H2 1s −0.00310 0.09400 −0.34316 −0.19812 −0.08002
H3 1s −0.00310 0.09400 0.34316 −0.19812 −0.08002

Table 6 Calculated values of exponents αkj and coefficients ckj of STO-6G orbitals of CH+
4

CH+
4

Atom Orbital Exponent Coefficient

C 1s 0.7427370491E+03 0.9163596281E–02
0.1361800249E+03 0.4936149294E–01
0.3809826352E+02 0.1685383049E+00
0.1308778177E+02 0.3705627997E+00
0.5082368648E+01 0.4164915298E+00
0.2093200076E+01 0.1303340841E+00

2s 0.3049723950E+02 − 0.1325278809E–01
0.6036199601E+01 − 0.4699171014E–01
0.1876046337E+01 − 0.3378537151E–01
0.7217826470E+00 0.2502417861E+00
0.3134706954E+00 0.5951172526E+00
0.1436865550E+00 0.2407061763E+00

2px, 0.3049723950E+02 0.3759696623E–02
2py, 0.6036199601E+01 0.3767936984E–01
2pz 0.1876046337E+01 0.1738967435E+00

0.7217826470E+00 0.4180364347E+00
0.3134706954E+00 0.4258595477E+00
0.1436865550E+00 0.1017082955E+00

H 1s 0.3552322122E+02 0.9163596281E–02
0.6513143725E+01 0.4936149294E–01
0.1822142904E+01 0.1685383049E+00
0.6259552659E+00 0.3705627997E+00
0.2430767471E+00 0.4164915298E+00
0.1001124280E+00 0.1303340841E+00

and (− 0.5761, 0.0000, − 0.9286); for NH+
3 , N is cen-

tered at (0.0000, 0.0000, 0.0000) and three H atoms are
at (0.0000, 1.0247, 0.0000), (− 0.8874, − 0.5123, 0.0000)
and (0.8874, − 0.5123, 00000) and for H2O+, O is cen-
tered at (0.0000, 0.0000, 0.11582) and two H atoms
at (0.0000, 0.82253, − 0.46329) and (0.0000, − 0.82253,
− 0.46329). Similarly for NH+

4 , the position of N is
situated at (0.0000, 0.0000, 0.0000) and the four H
atoms are at the positions (0.59126, 0.59126, 0.59126),
(− 0.59126, − 0.59126, 0.59126), (− 0.59126, 0.59126,
− 0.59126), (0.59126, − 0.59126, − 0.59126); for H3O+,
O is centered at (0.0000, 0.0000, 0.07299) with the three
H atoms at (0.0000, 0.94264, − 0.19463), (− 0.81635,
− 0.47132, − 0.19463) and (0.81635, − 0.47132, − 0.19463).
In Eq. (22), rP is the product vector of the wavefunc-
tions for H with X (where X = C, N, O) or two H
atoms. In order to coincide the rP vector with the
molecular frame as given in Fig. 1, one must rotate

rP frame through Euler angles (α, β, γ). Here, we take
rP vector to be along the zP axis in the rP frame. This
choice makes it possible to have the angle α = 0, which
leads to significant simplifications in our geometrical
considerations. Further, the direction of yp is decided
by the cross product rP × z and the remaining axis xp

is specified to complete the standard coordinate axes.
If we consider the angle between rP and the original
z-axis to be β, then, at first, yp axis is rotated by an
angle β [0 ≤ β ≤ π] to bring rP into the z-axis. Sub-
sequently, the z-axis is rotated through angle γ so that
yp coincides with the y-axis of the original molecular
frame. The obtained values of the Euler angles for CH+

4 ,
NH+

3 , H2O+, NH+
4 and H3O+ are given in Table 10.

After evaluating the static potential in Eq. (22), we
construct the optical potential in Eq. (1). Thereafter,
the Dirac equations are solved using partial wave anal-
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Table 7 Calculated values of exponents αkj and coefficients ckj of STO-6G orbitals of NH+
3 and NH+

4

NH+
3 and NH+

4

Atom Orbital Exponent Coefficient

N 1s 0.1027828458E+04 0.9163596281E–02
0.1884512226E+03 0.4936149294E–01
0.5272186097E+02 0.1685383049E+00
0.1811138217E+02 0.3705627997E+00
0.7033179691E+01 0.4164915298E+00
0.2896651794E+01 0.1303340841E+00

2s 0.3919880787E+02 − 0.1325278809E–01
0.7758467071E+01 − 0.4699171014E–01
0.2411325783E+01 − 0.3378537151E–01
0.9277239437E+00 0.2502417861E+00
0.4029111410E+00 0.5951172526E+00
0.1846836552E+00 0.2407061763E+00

2px, 0.3919880787E+02 0.3759696623E–02
2py, 0.7758467071E+01 0.3767936984E–01
2pz 0.2411325783E+01 0.1738967435E+00

0.9277239437E+00 0.4180364347E+00
0.4029111410E+00 0.4258595477E+00
0.1846836552E+00 0.1017082955E+00

H 1s 0.3552322122E+02 0.9163596281E–02
0.6513143725E+01 0.4936149294E–01
0.1822142904E+01 0.1685383049E+00
0.6259552659E+00 0.3705627997E+00
0.2430767471E+00 0.4164915298E+00
0.1001124280E+00 0.1303340841E+00

Table 8 Calculated values of exponents αkj and coefficients ckj of STO-6G orbitals of H2O
+ and H3O

+

H2O
+ and H3O

+

Atom Orbital Exponent Coefficient

O 1s 0.1355584234E+04 0.9163596281E–02
0.2485448855E+03 0.4936149294E–01
0.6953390229E+02 0.1685383049E+00
0.2388677211E+02 0.3705627997E+00
0.9275932609E+01 0.4164915298E+00
0.3820341298E+01 0.1303340841E+00

2s 0.5218776196E+02 − 0.1325278809E–01
0.1032932006E+02 − 0.4699171014E–01
0.3210344977E+01 − 0.3378537151E–01
0.1235135428E+01 0.2502417861E+00
0.5364201581E+00 0.5951172526E+00
0.2458806060E+00 0.2407061763E+00

2px, 0.5218776196E+02 0.3759696623E–02
2py, 0.1032932006E+02 0.3767936984E–01
2pz 0.3210344977E+01 0.1738967435E+00

0.1235135428E+01 0.4180364347E+00
0.5364201581E+00 0.4258595477E+00
0.2458806060E+00 0.1017082955E+00

H 1s 0.3552322122E+02 0.9163596281E–02
0.6513143725E+01 0.4936149294E–01
0.1822142904E+01 0.1685383049E+00
0.6259552659E+00 0.3705627997E+00
0.2430767471E+00 0.4164915298E+00
0.1001124280E+00 0.1303340841E+00
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Table 9 Calculated polarizability (Å3) of CH+
4 , NH+

3 ,
H2O

+, NH+
4 and H3O

+ molecular ions

Molecular ion Polarizability

CH+
4 1.6880

NH+
3 1.0341

H2O
+ 0.7266

NH+
4 1.2889

H3O
+ 0.8957

ysis and phase shifts are evaluated as explained earlier.
We compute the scattering amplitudes (Eqs. 9–11) and
calculate differential cross sections for elastic scattering
of electrons from CH+

4 , NH+
3 , H2O+, NH+

4 and H3O+

molecular ions.

3.1 DCS results for electron–CH+
4 scattering

We have calculated the DCS results for the electron
scattering from CH+

4 , NH+
3 , H2O+, NH+

4 and H3O+.
As already mentioned earlier that there are no ear-
lier reported results for CH+

4 , NH+
3 , H2O+, NH+

4 and
H3O+ with which we can compare our calculated cross
sections in the present work. Therefore, applying our
present theory, we have also performed the calculation
for a straightforward case of electron–H+

2 for which the-
oretical results reported by Lucchese and McKoy [32]
are available for comparison and we can test our method
and verify our results. In Fig. 2, we have shown our
DCS results for electron–H+

2 scattering as compared
with the calculation of Lucchese and McKoy [32] avail-
able at incident electron energy of 13.6 eV. We observe
from this figure that both, ours and their calculations
show reasonably good agreement. This little difference
in both the calculations may be due to the different
theoretical approaches used as we have used the model
potential method while Lucchese and McKoy [32] used

the Schwinger variational principle method. In Fig. 2,
we have also shown our Coulomb scattering results to
see the effect of Coulomb potential only. Comparing
our DCS with the Coulomb scattering results, we find
that the Coulomb potential dominates up to 120◦ of the
scattering angles and thereafter short-range part of the
potential contributes at this particular incident electron
energy of 13.6 eV.

We have presented all our electron impact elastic
DCS results for the different molecular ions viz. CH+

4 ,
NH+

3 , H2O+, NH+
4 and H3O+, respectively, in Figs. 3, 5,

7, 9 and 10 in the entire scattering angle range of 0–180◦
at different incident electron energies. We have also pre-
sented the comparison of DCS results for the molecular
ions CH+

4 , NH+
3 and H2O+ with their corresponding

neutral molecules, respectively, in Figs. 4, 6 and 8. The
DCS results for the neutral molecules are those which
we reported through our earlier publications [33,34,40].
Unfortunately, there are no DCS results available for
the NH4 and H3O with which we could compare our
presently calculated results for NH+

4 and H3O+ ions.
Further, we have also included in Figs. 4, 6 and 8,
for comparison purposes, the DCS contribution corre-
sponding to the part of the Coulomb scattering ampli-
tude alone. This will provide us a separate contribution
coming to the DCS from the scattering of the Coulomb
potential only.

The present DCS results for CH+
4 are shown in Fig. 3

for the incident electron energy range from 10 to 50 eV.
We can see from Fig. 3a that in the forward direction,
the DCS values are very high and as the scattering angle
increases, the cross sections fall off with and without
showing structures (minima and maxima). This is obvi-
ous as the contribution of long-range Coulomb potential
is dominant at the lower scattering angles. However, it
starts showing some structures in the DCS results at
the intermediate angles due to the effect of the field
of atomic electrons. These structures may be also due
to overlap (or interference) of incident electron partial

Fig. 1 a A diagram showing the rotation Euler angles (α, β, γ) and b (x, y, z) are the set of orthogonal vectors with respect
to which the Gaussian orbitals are calculated. rP is the product vector as defined in Eq. (21) while xp is an arbitrary vector
perpendicular to rP and yp is perpendicular to both rP and xp. (α, β, γ) are the standard Euler angles needed to rotate
(xp, yp, rP ) to (x, y, z)
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Table 10 Calculated Euler angles (α, β, γ) of CH+
4 , NH+

3 , H2O
+, NH+

4 and H3O
+ molecular ions

α β γ

CH+
4

C–H1 0.0000 cos−1 (0.4749) π/2
C–H2 0.0000 cos−1 (0.4749) 3π/2
C–H3 0.0000 π − cos−1 (0.8732) π
C–H4 0.0000 π − cos−1 (0.8732) 0.0000
H1–H2 0.0000 0.0000 0.0000
H1–H3 0.0000 π − cos−1 (0.4217) π − cos−1 (0.5174)
H1–H4 0.0000 π − cos−1 (0.4217) cos−1 (0.5174)
H2–H3 0.0000 π − cos−1 (0.4217) π + cos−1 (0.5174)
H2–H4 0.0000 π − cos−1 (0.4217) 2π − cos−1 (0.5174)
H3–H4 0.0000 π π/2
NH+

3

N–H1 0.0000 0.0000 0.0000
N–H2 0.0000 0.0000 π − cos−1 (0.8660)
N–H3 0.0000 0.0000 cos−1 (0.8660)
H1–H2 0.0000 0.0000 π + cos−1 (0.8660)
H1–H3 0.0000 0.0000 2π − cos−1 (0.8660)
H2–H3 0.0000 π/2 3π/2
H2O

+

O–H1 0.0000 π − cos−1 (0.5757) π/2
O–H2 0.0000 π − cos−1 (0.5757) 3π/2
H1–H2 0.0000 π π/2
NH+

4

N–H1 0.0000 cos−1 (1/
√

3) 3π/4

N–H2 0.0000 cos−1 (1/
√

3) 7π/4

N–H3 0.0000 π − cos−1 (1/
√

3) π/4

N–H4 0.0000 π − cos−1 (1/
√

3) 5π/4
H1–H2 0.0000 π/2 π
H1–H3 0.0000 π/2 π/2
H1–H4 0.0000 0.0000 0.0000
H2–H3 0.0000 π π/2
H2–H4 0.0000 π/2 3π/2
H3–H4 0.0000 π/2 0.0000
H3O

+

O–H1 0.0000 π − cos−1 (0.2731) π/2
O–H2 0.0000 π − cos−1 (0.2731) 2π − cos−1 (0.8660)
O–H3 0.0000 π − cos−1 (0.2731) π + cos−1 (0.8660)
H1–H2 0.0000 π − cos−1 (0.4938) cos−1 (0.8660)
H1–H3 0.0000 π − cos−1 (0.4938) 3π/2
H2–H3 0.0000 π − cos−1 (0.4938) π − cos−1 (0.8660)

waves. We observed a general feature that as the inci-
dent electron energy increases, the structure in the DCS
curves starts disappearing and the magnitude of the
cross section decreases. Also with the increasing energy,
the minima of the DCS curves get shifted toward the
lower scattering angles and the interference structures
also become flatter. In Fig. 3b, we have shown the DCS
results for 100–500 eV incident electron energies and we
see that the DCS curves fall off monotonically with the
increasing scattering angles. At such high incident elec-
tron energies, for the backscattering angles, the DCS
curves do not show any maxima or minima but the
magnitude of the DCS decreases slowly as the incident
electron energy increases. It is obvious as the incident
electron energy increases, the probability of interaction

between the electron and the target ion becomes less
and it just passes away.

We have shown in Fig. 4a–d, the comparison of the
DCS results for electron scattering from CH+

4 molecu-
lar ion with its neutral molecule CH4 at various inci-
dent electron energies viz. 20, 50, 100 and 500 eV. In
these figures, electron scattering from pure Coulomb
ionic charge of the CH+

4 molecular ion are also included
for comparison. From these figures, we observe that the
general behavior of cross sections of CH+

4 molecular ion
and neutral CH4 molecule is quite similar. We also see
in the near forward scattering angles, the DCS for CH+

4
is higher than CH4 and thereafter at backward angles
attain almost the same magnitude. This may be due
to the additional effect of the Coulomb potential in the
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Fig. 2 Differential cross section for electron–H+
2 scattering

at incident electron energy 13.6 eV

case of CH+
4 molecular ion. The behavior of the pure

Coulomb scattering is the same as we explained in Fig. 2
for H+

2 , i.e., the Coulomb potential dominates in the
forward scattering angles whose contribution slightly
differs at different incident electron energies and there-
after, short-range part of the potential contributes.

3.2 DCS results for electron–NH+
3 scattering

In Fig. 5, we have shown the DCS results for electron
scattering from NH+

3 molecular ion in the 10–500 eV
incident electron energy range. Our DCS results for
NH+

3 molecular ion in the 10–50 eV energy range is
shown in Fig. 5a. We can see a similar trend of DCS
behavior as for CH+

4 molecular ion, though with a dif-
ferent magnitude of the DCS values and the associated

interference structure. From Fig. 5a, we see a prominent
minimum occurring at incident electron energies of 10
and 20 eV and as the energy increases, the minimum
position is shifted toward the lower scattering angles
and disappears at higher energies. We have also shown
the DCS results at 100–500 eV incident electron ener-
gies in Fig. 5b. The cross sections fall off as the energy
increases and after a certain angle, especially toward
the backscattering angle, the cross section does not sig-
nificantly change with the scattering angles.

Comparison of the DCS curves for electron scattering
from NH+

3 molecular ion is made with its neutral NH3

molecule as shown in Fig. 6a–d. The electron scatter-
ing results from the pure Coulomb ionic charge of the
NH+

3 molecular ion are also included for comparison.
We observe that the main difference in the two sets of
DCS results can be noticed only in the near forward and
intermediate scattering angles and at relatively lower
incident energies. As energy increases, both the results
tend to merge. The behavior of the comparison with
respect to the Coulomb scattering is similar as seen in
Fig. 4.

3.3 DCS results for electron–H2O+ scattering

We have shown the DCS results for electron–H2O+

at 10–500 eV incident electron energies in Fig. 7. We
observe from this figure, at 10 eV, a prominent mini-
mum position at 118◦ scattering angle and as the energy
increased further, the DCS curves do not show such fea-
ture, although some slight structure can be seen. We
have shown the DCS results for 100–500 eV incident
electron energies in Fig. 7b and find the similar behav-
ior as for other molecules considered above.

Figure 8a–d displays the comparison of DCS results
for H2O+ molecular ion with its parent molecule H2O.
The pure Coulomb scattering results for the H2O+

molecular ion are also included for comparison. We can

Fig. 3 Differential cross sections for electron–CH+
4 scattering at incident electron energies a 10–50 eV and b 100–500 eV

123



289 Page 12 of 16 Eur. Phys. J. D (2021) 75 :289

Fig. 4 Comparison of differential cross sections for electron scattering from CH+
4 and CH4 at incident electron energies

(a) 20 eV, (b) 50 eV, (c) 100 eV and (d) 500 eV

Fig. 5 Differential cross sections for electron–NH+
3 scattering at incident electron energies a 10–50 eV and b 100–500 eV
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Fig. 6 Comparison of differential cross sections for electron scattering from NH+
3 and NH3 at incident electron energies a

20 eV, b 50 eV, c 100 eV and d 500 eV

Fig. 7 Differential cross sections for electron–H2O
+ scattering at incident electron energies a 10–50 eV and b 100–500 eV
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Fig. 8 Comparison of differential cross sections for electron scattering from H2O
+ and H2O at incident electron energies

a 20 eV, b 50 eV, c 100 eV and d 500 eV

see a similar trend as in Figs. 4 and 6. In all the com-
parisons at different energies, we notice that the DCS
structures are different from their parent molecules at
lower energies, especially with respect to the position of
minimum. This noticeable difference is primarily due to
the Coulomb potential and partially, it may be because
of their different structural compositions as well as the
polarization potential considered where they have dif-
ferent values of the dipole polarizability. As we increase
the energy, we find that the DCSs approach the values
for their parent molecule above 60◦ .

3.4 DCS results for electron scattering from NH+
4

and H3O+

Finally, in Figs. 9 and 10, respectively, we have reported
DCS results for NH+

4 and H3O+ molecular ions. From
these figures, we find that the behavior of cross section
curves are quite similar to the results presented for the
CH+

4 , NH+
3 , H2O+ molecular ions. At lower energies,

they show a prominent minimum and the position of
the minimum is shifted toward the forward angles as the
energy is increased. For higher energies above 100 eV,
the DCS curves show flat nature after a sharp fall in the

lower scattering angle due to the long-range Coulomb
potential.

4 Conclusions

In the present work, we have studied the elastic scat-
tering of electrons from the H+

2 , CH+
4 , NH+

3 , H2O+,
NH+

4 and H3O+ molecular ions using optical model
potential method. To construct the optical potential,
we have obtained an analytical static potential from
the molecular ionic charge density using the Gaussian
wavefunction with STO-6G basis set calculated through
the GAUSSIAN-16 software. Further, the exchange and
polarization potentials are also added to the static
potential to obtain the optical model potential. The
Dirac equations are solved using this optical potential
with the partial wave technique to get the phase shifts
and scattering amplitudes with which the DCS are cal-
culated. The calculation for electron scattering from H+

2
is presented for the comparison purpose with the previ-
ously available theoretical calculation, just to test our
theoretical approach. The DCS results are reported for
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Fig. 9 Differential cross sections for electron–NH+
4 scattering at incident electron energies a 10–50 eV and b 100–500 eV

Fig. 10 Differential cross sections for electron–H3O
+ scattering at incident electron energies a 10–50 eV and b 100–500

eV

the first time for the elastic electron scattering from
the five important CH+

4 , NH+
3 , H2O+, NH+

4 and H3O+

molecular ions for the incident electron energies from
10 to 500 eV. As no previous such study has been
done on these molecular ions, we have compared our
present DCS results with their corresponding neutral
molecules which we had previously reported in our ear-
lier work. This provides us an interesting comparison
of the electron collision cross sections with a neutral
molecule and its ion. We found at low incident electron
energies, the DCS–energy curves show noticeably differ-
ent behaviors for each ion in comparison to the neutral
molecules and they have a sharp peak in the forward
direction due to the dominant Coulomb potential of
the residual charge of the ion. Also as the incident elec-
tron energy increases, the behavior of the DCS curves
for the different ions tends to be similar to their corre-
sponding neutral molecules. To see the contribution of

the Coulomb and short-range potentials, the results for
the electron scattering from pure Coulomb ionic charge
of the molecular ions are also compared. We find that
the Coulomb potential dominates in the forward scat-
tering angles whose contribution slightly differs at dif-
ferent incident electron energies and thereafter short-
range part of the potential contributes. We believe our
present work will stimulate more research on the colli-
sions of electrons from the molecular ions on account of
their many important applications.
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