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Abstract. Positron scattering by Ar2 and Xe2 dimers are studied for low incident energies. The Zero Range
Potential approximation is used and the dimer is modeled as two independent atoms under an internuclear
distance constraint. The scattering calculations are performed within the fixed nuclei and the rigid rotor
formulations. For the fixed nuclei approximation, analytical expressions are obtained for the positron-dimer
scattering length and for the elastic cross section. In the rigid rotor treatment, an analytical expression is
obtained for the rotational excitation cross sections. The main results obtained in this investigation are
that the short-range interaction between the positron and the molecular dimer is the dominant mechanism
for rotational excitation in this energy range. Such effect is explained by the small values of the quadrupole
moments of the Ar2 and Xe2 dimers.

1 Introduction

The rare-gas dimers are systems formed by two rare-gas
atoms weakly bounded by means of the van der Waals
interactions [1]. For this reason, the rare-gas dimers have
been extensively studied in order to establish potentials
that properly describe their molecular properties [2,3],
and such task has shown to be a difficult one. For He2,
for instance, Cybulski and Toczylowski [4] reported an ab
initio potential that is not even deep enough to support a
vibrational bound state, while it does exist for the poten-
tial calculated by Jenzen and Aziz [5].

In the scattering field, there are few works that used the
rare-gas dimer as targets. Allan [6], for example, measured
the electron impact spectra of Xe2 and Xen (n = 3, 4),
sweeping the 8.0–8.9 energy-loss range, founding that
Feshbach resonances associated to the Xe3P2 and 3P1

atomic lines are practically absent for this dimer. Blanco
and Garcia [7] computed electron-Ar2 elastic and inelas-
tic scattering cross sections between 1 and 500 eV using
the screening corrected additivity rule combined with
the independent atom representation. Lately, Goswami
et. al. [8] calculated, employing a spherical complex optical
potential formalism, the total inelastic cross-sections for
electron-rare-gas dimers. Applying the Zero Range Poten-
tial (ZRP) approximation to study positron scattering by
Kr2, Gribakin [9] demonstrated that positron annihilation
with molecules can be strongly enhanced due to
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Feshbach vibrational resonances. Inspired by this article,
Seidel and Arretche [10] studied the rovibrational exci-
tation cross sections of electron scattering by rare-gas
dimers, also using the ZRP approximation.

The ZRP approximation is based in the fact that, for
small energies, the de Broglie wavelength of the incident
particle is much larger than the potential extension, in
such a way that the potential may be considered to have
a zero range [11,12]. Such successful methodology has been
applied several times to treat electron-molecule scattering
problems. Drukarev and Yurova used it combined with
the adiabatic approximation to calculate rotational and
vibrational cross sections for electron-H2, Li2, Na2, and
K2 impact [13]. In a similar way, Ostrovsky and Ustimov
obtained the exact solution of the particle-rigid-rotor scat-
tering problem [14]. Later, Gribakin and Lee used the ZRP
to explore positron binding to polyatomics and exam-
ined the dependence of the binding energy on the size of
the molecule for alkanes [15]. Finally, Leble and Yalunin
applied the ZRP to calculate the electronic and vibrational
excitation cross sections of H2 by electron impact [16,17].

In this article we study the positron scattering by Ar2 and
Xe2 dimers employing the ZRP approximation in the same
spirit of the investigation performed by Seidel and Arretche
for electrons [10]. The application of the ZRP method to
van der Waals homonuclear rare-gas dimers is very conve-
nient, once that each rare-gas atom in the dimer causes only
a small perturbation in the second one. Due to that, the
dimer is modeled as two individual atoms under an internu-
clear equilibrium distance R0 constraint. This way of mod-
eling the dimer also allows us to estimate the reach of the
short-range potential Ra. Assuming that, as suggested by
Franz et al. [18], the matching point between the short-
range potential with the long-range asymptotic potential is
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close to the Van der Waals radii Rw of the atom, we have
Ra = R0/2 + Rw. Considering the internuclear distance
of order R0 ≈ 8a0 (the largest value of R0, correspond-
ing to Xe2) and Rw ≈ 4a0 for the Xe atom [19], we obtain
Ra ≈ 8a0. As the ZRP approximation is reasonable for
very small incident momentum particles, where the condi-
tion kRa � 1 is respected, we apply such methodology to
incident positron energies up to ≈100 meV.

The main goal of this work is to compare the elastic and
rotational cross sections obtained in the ZRP approxima-
tion with similar models present in literature. In special,
the elastic cross section is compared to the theory devel-
oped by Fabrikant [20], where the Effective Range Theory
(ERT) was applied to study electron scattering by non-polar
molecules. The rotational cross sections are compared to
the Gerjuoy-Stein (GS) [21] and Dalgarno-Moffett (DM)
[22] theories. The GS model applies the Born approximation
assuming that the rotational excitation are induced by the
long-range interaction between the incident particles with
the quadrupole moment of the diatomic molecule. The DM
modeluses the sameapproach as theGSmodel, but also con-
sidering the long-range polarization potential.

This paper is organized as follows: Section 2 presents
the ZRP theory used in this work. Section 3 presents the
atomic and molecular parameters used in the calculation.
Section 4 shows the results and the discussion. Finally,
the conclusions are reported in Section 5. Atomic units
are used throughout the paper.

2 Theory

In the ZRP approximation, the boundary condition for a
homonuclear dimer is written as [10]

1
rψ(r)

d[rψ(r)]
dr

∣∣∣∣∣
r→Rj

= −κ(kν), (1)

where Rj locates the j th nucleus (j = 1, 2) and kν is the
final positron momentum. The κ(kν) for the ZRP with
Polarization (ZRPP) model is given by:

κ(kν) =
1
A
− πα0

3A2
kν −

4α0

3A
k2
ν ln(kν), (2)

where A is the positron-atom scattering length and α0

is the dipolar polarizability of the atom. Such expression
must depend on the final positron momentum in order
to numerically respect the principle of detailed balance
(see Sect. IIB4 of Seidel and Arretche [10]). For the ZRP
model, i.e., without polarization effects, the κ(kν) becomes
a simple parameter obtained setting α0 = 0 in (2).

Once that in the ZRP method the asymptotic behavior
of the wavefunction becomes the wavefunction itself, we
have that:

ψ(r) = eikνi .rΨνi(R)

+
∑
ν′

Aν′
eikν′ |r−R1|

|r −R1|
Ψν′(R)

+
∑
ν′

Bν′
eikν′ |r−R2|

|r −R2|
Ψν′(R), (3)

where Ψν′(R) is the molecular wavefunction. The label
ν′ denotes the quantum state configuration of the
dimer, while R is the relative internuclear distance
(R = R2 −R1). The first term on the right hand side
(RHS) of (3) represents an electron with incident momen-
tum kνi , which is fixed in the ẑ direction, plus a molecule
in the initial state Ψνi(R). The sums in the RHS are scat-
tering events which leave the molecule in the ν′-th final
state. The energy conservation implies:

Eνi +
k2
νi

2
= Eν +

k2
ν

2
, (4)

where Eνi,ν are the eigenenergies of the initial and final
state of the dimer respectively.

Using the wavefunction (3) and the boundary condition
(1) we find a system of linear equations for the coefficients
Aνiν and Bνiν :

Aνiν (κ(kν) + ikν) +
∑
ν′

Bνiν′

〈
ν

∣∣∣∣ eikν′RR

∣∣∣∣ ν′〉
= −〈ν|eikνi .R/2|νi〉 , (5)

Bνiν (κ(kν) + ikν) +
∑
ν′

Aνiν′

〈
ν

∣∣∣∣ eikν′RR

∣∣∣∣ ν′〉
= −〈ν|e−ikνi .R/2|νi〉 , (6)

where the matrix elements are:〈
ν

∣∣∣∣ eikν′RR

∣∣∣∣ ν′〉 =
∫

Ψ∗ν(R)
eikνR

R
Ψν′(R)R2dRdR̂, (7)

〈ν|eikνi .R/2|νi〉 =
∫

Ψ∗ν(R)eikνi .R/2Ψνi(R)R2dRdR̂.

(8)

The solutions of the matrix elements above depend on
how the dimer is described by the molecular wavefunction
Ψν(R). In this work, we consider two levels of molecular
approximation: the fixed nuclei approximation (FNA) and
the rigid rotor approximation (RRA).

Taking the limit r → ∞ in the wavefunction (3), for
small energies, the scattering amplitude is obtained

f ≈ Aνiν +Bνiν , (9)

and the νi → ν transition cross section is, therefore:

σνi→ν =
kν
kνi

∫
|f |2dk̂′ ≈ 4π

kν
kνi
|Aνiν +Bνiν |2. (10)

2.1 The fixed nuclei approximation

The FNA is the simpler way to describe the dimer. In this
approximation, the dimer keeps its original geometrical
configuration. This raw treatment greatly simplifies the
calculation and it allows us to find an analytical expression
for the elastic cross section.

The effective molecular wavefunction product that
implies the FNA in the matrix elements (7) and (8) is

Ψν′(R)Ψ∗νi(R) =
δ(R−R0)

R2
δ(R̂)δν′νi , (11)
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where δ(x) is the Dirac delta function and δαβ is the
Kronecker’s delta. The Dirac delta functions in (11)
accounts for the fact that in the fixed nuclei approxima-
tion, the target does not vibrate nor rotate. Therefore, the
molecule remains in its internuclear equilibrium geometry
R0 and in its original space orientation R̂. The Kronecker’s
delta translates the physical scenario where any excitation
associated to the nuclear degrees of freedom is fully disre-
garded. From energy conservation kν′ = kνi .

Solving the system of linear equations the cross section,
obtained making use of (10), is

σelas(kνi) ≈
16π

(3− κ(kνi)R0)k2
νi + (κ(kνi) + 1/R0)2

· (12)

The positron-dimer scattering length Am is obtained tak-
ing the negative value of the scattering amplitude (9) in
the limit of kνi → 0:

Am =
2R0

R0
A + 1

· (13)

Knowing that the isotropic polarizability of the dimer
α

(m)
0 is ≈2α0 [23], we expand the elastic cross section (12)

up to order ln(kνi)k
2
νi and write it in terms of the molec-

ular parameters:

σelas(kνi) ≈4πA2
m

(
1 +

2πα(m)
0

3Am

[
1 +

Am
R0

(
Am
4R0

− 1
)]

kνi

+
4α(m)

0 ln kνi
3

(
1− Am

2R0

)
k2
νi

)
. (14)

An interesting result is obtained considering |Am|/R0 � 1
in the expression above. In such case, from (13) we have
that Am ≈ 2A, what leads to σelas ≈ 4 σelas

atom, where σelas
atom

is the positron-atom cross section expansion up to order
ln(kνi)k

2
νi [24]:

σelas
atom(kνi) ≈ 4πA2

(
1 +

2πα0

3A
kνi +

8α0 ln kνi
3

k2
νi

)
. (15)

As the elastic cross section is proportional to the square
of the molecular scattering length, we find the counter-
intuitive result that σm ≈ 4σat and not σm ≈ 2σat as
could be thought by naive geometrical reasons.

2.1.1 Effective Range Theory for molecules

It is also interesting to compare the expression (14) to
the analytical results obtained within the Effective Range
Theory (ERT) for molecules, developed by Fabrikant [20].
The elastic cross section for a molecule calculated in this
approximation is:

σelas
ert ≈ 4πA2

m

(
1 +

2πα(m)
0

3Am
kνi +

8α(m)
0 ln kνi

3
k2
νi

)
.(16)

In the original work of Fabrikant [20], the expression above
depends on the quadrupole moment Q and on the prod-
uct of the quadrupole moment with the anisotropic polar-
izability α

(m)
2 of the molecule. However, as the rare-gas

dimers have small values of Q (see Sect. 3), these terms
do not significantly contribute to the elastic cross section
and have been neglected in (16). One may notice compar-
ing (14) with (16) that the linear term of (14) becomes
equal to the ERT results (16) if |Am|/R0 � 1. The term
proportional to ln(kνi)k

2
νi , nevertheless, differs by a factor

of 2 even in this situation. Therefore, the expressions (14)
and (16) shall provide different results once that |Am|/R0

is not a small number for the rare-gas dimers studied in
this work.

2.2 The rigid rotor approximation

In the RRA, the rotational degrees of freedom of the
dimer are accounted, and rotational transitions may hap-
pen induced by the collision process with the positron.
In general, the coupling of the rotational states with the
vibrational ones can affect the rotational cross section.
However, in reference [10] it is shown that, in the ZRP
model, the effects of the vibrational states is only appre-
ciable in the rotational cross section if the vibrational con-
stant is close to the rotational constant of the dimer, which
is not the case for Xe2 and Ar2. Therefore, the RRA pro-
vides results precise as a rovibrational approximation.

As the rare-gas dimers are linear molecules, the rota-
tional eigenfunctions are simple spherical harmonics
YJM (R̂), where J and M are the rotational quantum num-
bers [25]. Therefore, the effective molecular wavefunction
product that translates the RRA into the matrix elements
(7) and (8) is

ΨJM (R)Ψ∗J′M ′(R) =
δ(R−R0)

R2
YJM (R̂)Y ∗J′M ′(R̂). (17)

The rotational energy of the dimer is:

EJ = BJ(J + 1), (18)

where B is the rotational constant. Solving the system of
linear equations and using (10), the cross section, obtained
taking the average on the initial rotational projections Mi

and summing over the rotational projections M , is:

σJi→J(kJi) =σ0→J(kJi)
J+Ji∑

L=J−Ji

(
kJiR

2

)2(L−J)

×

[
(2J + 1)!! 〈J0Ji0|L0〉

(2L+ 1)!!

]2

(19)

where 〈J1M1J2M2|JM〉 are the Clebsh-Gordan coeffi-
cients and, for small momenta, the 0→ J transition cross
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section is:

σ0→J(k0) =
kJ
k0

[
(k0R0)J

2J(2J + 1)!!

]2

× 16π(2J + 1)
(3− κ(kJ)R0)k2

J + (κ(kJ) + 1/R0)2
·

(20)

The rotational cross section may also be obtained using
the adiabatic approximation (ADA) [13,14], where the
transition amplitude is calculated using the relation

f
(ADA)
JiMi→JM =

∫
Y ∗JM (R̂)f (FNA)YJiMi

(R̂)dR̂, (21)

where f (FNA) is the scattering amplitude calculated in the
fixed nuclei approximation. The 0 → J transition cross
section is, therefore:

σADA
0→J (k0) = 16π

kJ
k0

(2J + 1)
∞∑
l=0

l+J∑
l′=|l−J|

(2l′ + 1)

×
∣∣∣∣ jl(k0R0/2)jl′(kJR0/2)

κ(kJ) + ikJ + (−1)l e
ikJR0

R0
.

∣∣∣∣2 〈J0l′0|l0〉2 . (22)

Comparing (20) with (22) we find that the ADA result
presents larger magnitude than the one obtained by cal-
culating the coefficients AJiMi

JM and BJiMi

JM . This is due to
the fact that these coefficients are considered to be inde-
pendent of r in the wavefunction (3), what leads to an
isotropic scattering in the RRA. The 0 → J transition
cross section (20), therefore, needs a correction in order
to account for the missing anisotropic partial waves. In
the Appendix A, considering the low energy regime, we
show that:

σADA
0→J (k0) ≈ σ0→J(k0) g0J , (23)

where σ0→J(k0) is given by (20), and g0J is the correction
factor:

g0J =
J∑
l=0

[√
2(J − l) + 1(2J + 1)!!

(2l + 1)!!(2[J − l] + 1)!!

]2

×
[
〈J0(J − l)0|l0〉 (R0 +A)

(R0 + (−1)lA)

]2

. (24)

The correction factor g0J lead us to conclude that apply-
ing the ZRP as it was done in this section only accounts for
the l = 0 partial wave (note that the contribution of l = 0
to g0J is equal to one). However, due to the spherical
Bessel properties exploited in Appendix A, it is shown that
the contribution of the missing partial waves (l = 1, . . . , J)
to the rotational cross section has, basically, the same
energy dependence as the l = 0 one. Therefore, the cor-
rection factor acts to adjust the rotational cross section
magnitude in order to match it with the one that had all
partial waves considered.

2.2.1 Gerjuoy-Stein and Dalgarno-Moffett models

One of the most successful models for describing rota-
tional transitions of homonuclear diatomic molecules is the
one formulated by Gerjuoy and Stein (GS) [21]. It works
with the hypothesis that the long-range positron interac-
tion with the quadrupole moment Q of the homonuclear
molecules is the dominant mechanism for rotational exci-
tation. The GS rotational cross section for a transition
J → J + 2 is given by

σGS
J→J+2 =

kJ+2

kJ

8π
15
Q2 (J + 2)(J + 1)

(2J + 3)(2J + 1)
· (25)

For the Ar2 and Xe2 dimers studied in this work, due to
the small value of the rotational constant B see Section 3,
the GS rotational cross section becomes flat for ener-
gies above ≈1 meV, where kJ ≈ kJ+2. The magnitude
of the cross section is determined by the square of the
quadrupole moment of the dimer. As these values are
small, the GS rotational cross section presents a small
magnitude as well.

Later, a generalization of the GS model was proposed
by Dalgarno and Moffet (DM) [22], where the polariza-
tion effects of the homonuclear molecule was included in
the calculation. Due to symmetry arguments, only the
anisotropic polarization α(m)

2 contributes to the rotational
excitation in the collision process. The DM rotational
cross section for positron-homonuclear molecule is

σDM
J→J+2 = σGS

J→J+2

(
1− πα

(m)
2

4QkJ

[
k2
J − ∆k2

4

]
+ 9π2

512

(
α

(m)
2
Q

)2 [
k2
J − ∆k2

2

])
, (26)

where
∆k2 = k2

J − k2
J+2 = 4(2J + 3)B. (27)

Once Q is negative for the Ar2 and Xe2 dimers, the polar-
ization contribution of the DM model for the rotational
cross section (26) enhances the magnitude of the rota-
tional cross section in respect to the GS model.

3 Parameters of the model

There are two atomic parameters required in the ZRPP
model: the atomic dipolar polarizability α0 and the
positron-atom scattering length A. The values of these
parameters used in this work are α = 11.1 [26] and
A = −4.41 [27] for Ar, while, for Xe, α = 27.3 [26] and
A = −84.5 [27].

Regarding the dimer, the parameters needed for the
ZRP and ZRPP calculations are the reduced dimer mass
µ and the equilibrium internuclear distance R0. The rota-
tional constant B is also required in the RRA, but it
can be calculated using the reduced mass and equilib-
rium configuration through the relation B = 1/2µR2

0.
For the ERT model, the molecular isotropic polarizabil-
ity α

(m)
0 is required. This parameter, for Ar2 and Xe2, is
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Table 1. Molecular parameters of Ar2 and Xe2 in atomic units:
reduced mass µ, equilibrium position R0, rotational constant
B, quadrupole moment Q, molecular isotropic polarizability

α
(m)
0 and molecular anisotropic polarizability α

(m)
2 .

µ/103 R0 B/10−7 Q/10−2 α
(m)
0 α

(m)
2

Ar2 33.0 7.10a 3.00 −1.86c 22.2 2.05e

Xe2 99.1 8.24b 0.731 −3.92d 54.6 8.52f

aReference [28]; breference [29]; creference [30]; dreference [31];
ereference [32]; f reference [33].

obtained using the relation α
(m)
0 ≈ 2α0, where α0 is the

dipolar polarizability of the respective rare-gas atom. The
GS rotational cross section depends on the quadrupole
moment of the target Q, while the DM model depends
on Q and also on the molecular anisotropic polarizabil-
ity α

(m)
2 . All the required parameters are presented in

Table 1 for the Ar2 and Xe2 dimers.

4 Results and discussion

In this section, the ZRP and ZRPP elastic cross sec-
tions for Ar2 and Xe2 calculated in the FNA are com-
pared to the ERT results of Fabrikant [20], as discussed in
Section 2.1.1. On the other hand, the ZRP and ZRPP
rotational cross sections for both dimers, calculated in
the RRA, are compared with the Gerjuoy-Stein (GS)
and Dalgarno-Moffett (DM) theories, as described in
Section 2.2.1.

4.1 Positron-Ar2

For comparing the elastic cross section obtained with the
ZRP approximation with the ERT one, we make use of
the expressions (14) and (16). The ZRPP result for small
momentum is

σelas(k) ≈ 6810[1− 13.94k + 78.14 ln(k)k2], (28)

meanwhile, the ERT result reads

σelas
ERT(k) ≈ 6810[1− 2.00k + 59.30 ln(k)k2]. (29)

These expressions show that the linear and ln(k)k2 com-
ponents of the ZRPP elastic cross section are, respectively,
≈7.0 and ≈1.3 times higher than the ERT one. In prac-
tice, this indicates that the introduction of the polariza-
tion in the ZRP model leads to an elastic cross section that
varies with k much faster than the ERT result. In both
expressions the contribution from the terms that depend
on the dimer polarization are negative, once that ln(k) < 0
for k < 1. As consequence, the polarization effects make
the magnitude of the elastic cross section to decrease in
respect to the result where the target is static.

Figure 1 shows the results for the elastic cross section
for positron-Ar2. The ZRP and ZRPP results are obtained
with expression (12) rather than (28). The reason for

600 20 40 80 100

Energy (meV)

0

2000

4000

6000

8000

s
el

as
 (

a 0

2
)

ERT
ZRP
ZRPP

e
+ 

+ Ar
2

Fig. 1. Elastic cross section for positron-Ar2. Solid line with
circles: ZRP result obtained setting α0 = 0 in expression (12);
solid line with squares: ZRPP result, obtained using expression
(12); dashed line: ERT result, obtained using expression (16).
All the parameters used are present in Section 3.

this is simply because expression (12) is valid for ener-
gies higher than (28). The ZRPP line (solid line with
squares) has lower magnitude when compared to the ZRP
one (solid line with circles). This is expected, once that,
as discussed above, the terms that come from the inclu-
sion of polarization effects have negative contribution in
the elastic cross section.

The elastic cross section provided by the ERT (dashed
line) is also presented in Figure 1. The ZRPP elastic cross
section is, in fact, lower in magnitude than the ERT for
energies up to 50 meV. One may easily explain this result
by looking into expressions (28) and (29). It is interesting
to observe, nonetheless, that even the ZRP result has lower
magnitude than the ERT one. In order to understand this
result, we set α0 = 0 in (12) and expand it for small k:

σelas
ZRP(k) ≈ 4πA2

m

(
1 +

[
R0

2Am
− 1
]
A2
mk

2

)
, (30)

which, using the Ar2 parameters, results in:

σelas
ZRP(k) ≈ 6810

(
1− 624.07k2

)
. (31)

The expression above reveals that the quadratic contribu-
tion for the elastic cross section is significant even for very
low energies due to the value that multiply k2. It suggests
that the ERT result reaches its limitation for a very small
value of energy, once that terms of order k2 are not present
on the elastic cross section.

Figure 2 shows the rotational cross section for a transi-
tion 0→ 2 calculated in the RRA. The effects of the polar-
ization accounted in the ZRPP (solid line with square)
affect mainly the magnitude of the rotational cross section
when compared to the pure ZRP one (solid line with cir-
cles). In fact, the magnitude of the ZRP result is ≈1.9
times higher than the ZRPP, while the dependence on the
energy is very similar in both approaches. As discussed in
2.2, in order to account for the missing partial waves the
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Page 6 of 9 Eur. Phys. J. D (2020) 74: 34
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GS
DM
ZRP
ZRPP
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e
+
 + Ar

2

Fig. 2. 0 → 2 rotational cross section for positron-Ar2. Solid
line with circles: ZRP result obtained setting α0 = 0 in (20);
solid line with squares: ZRPP results obtained with expression
(20); dashed line with circles: ZRP rotational cross section
multiplied by the correction factor (24); dashed line with
squares: ZRPP rotational cross section multiplied by the cor-
rection factor (24); dash-dash-dotted line: GS rotational cross
section, obtained through (25); dash-dotted line: DM rota-
tional cross section, obtained through (26). All the molecular
parameters used in the calculation are presented in Section 3.

ZRP/ZRPP results must be multiplied by a factor g0J .
For J = 2, the correction factor takes a simple form:

g02 = 2 +
10
3

(
R0 +A

R0 −A

)2

, (32)

which results in ≈2.18 for positron-Ar2. In Figure 2, the
rotational cross section multiplied by the correction fac-
tor is denominated ZRPg (dashed line with circles) and
ZRPPg (dashed line with squares). The GS (dash-dash-
dotted line) and the DM (dash-dotted) rotational cross
sections are also shown. The GS rotational cross section
becomes a constant, with magnitude of ≈1.10 × Q2 =
3.8×10−4, very early in the energy, due to the small value
of the rotational constant B ≈ 8.0× 10−3 meV. The effect
of the asymptotic polarization potential in the DM model
makes the rotational cross section to increase with the
energy, becoming at least one order of magnitude higher
than the GS result. Even this way, for energies higher than
≈1 meV, all the results obtained using the ZRP approx-
imation are much higher in magnitude than the GS and
DM ones. The reason for that comes from the small value
of the quadrupole moment Q. This leads us to conclude
that the short-range interactions is the dominant mecha-
nism for rotational excitation positron-Ar2 collision.

4.2 Positron-Xe2

The study of positron-Xe2 is interesting due to the large
value of the positron-Xe scattering length: A = −84.5. In
this case, the positron-Xe2 scattering length, calculated
through (13), is Am ≈ 18.26. The first thing that deserves
attention is the fact that the composition of two atoms

with negative scattering length A forms a dimer with a
positive scattering length Am. Secondly, the elastic cross
section of positron-Xe is (A/Am)2 ≈ 21 times higher than
the respective cross section for positron-Xe2 in the low
energy limit.

For the positron-Xe2 ZRPP elastic cross section expan-
sion (14) is

σelas(k) ≈ 4190[1 + 0.076k − 8.00 ln(k)k2], (33)

and the ERT one (16) is

σelas
ert (k) ≈ 4190[1 + 6.26k + 145.60 ln(k)k2]. (34)

The linear term of the ERT result is ≈102 higher than the
ZRPP one. Regarding the ln(k)k2 term, the difference is
also present in the algebraic sign. In the ZRPP elastic cross
section, the polarization contribution is positive, while in
the ERT expression the ln(k)k2 contribution is negative.

Figure 3 brings the elastic cross section obtained within
the ZRP and ZRPP models calculated through (12) com-
pared with the ERT result. The difference between the
ZRP (solid line with circles) and the ZRPP (solid line with
squares) is minimum. This may be understood observing,
in expression (33), that the corrections due to the polar-
izability are small.

Once that the Xe2 isotropic polarizability value is larger
than the Ar2 one (see Tab. 1), its small contribution to
the elastic cross section is physically counter-intuitive.
The first step to understand this result is to note that
the polarization effect in the cross section for positron-
Xe is also small. This is a consequence of the very large
value of positron-Xe scattering length A, causing a small
ratio α0/A in the relation (15). In a given sense, one can
interpret this ratio as a “competition” between the short-
range potential, represented by the scattering length A,
and the long-range polarization potential, represented by
the isotropic polarizability α0. Therefore, the small ratio of
α0/A suggests that the short-range potential is the dom-
inant mechanism for positron-Xe scattering (this is not
the case for electron-Xe, for example, as it may be seen in
[10]). For the positron-Xe2, this competition between the
short-range and the long-range potentials effects is rep-
resented taking the coefficient that multiplies the linear
term of the expression (14), which may be written as:

α
(m)
0

Am

[
1 +

Am
R0

(
Am
4R0

− 1
)]
∝ α

(m)
0 Am
A2

· (35)

The right hand side of the relation above is still small due
to the large value of A. Thus, the polarization contribu-
tion to the elastic cross section for positron-Xe2 is small,
suggesting that the short-range potential is also the domi-
nant mechanism for this case, similarly to the positron-Xe
case. This is not a surprise since the dimer was modeled
as two independent Xe atoms.

For the ERT result in Figure 3, the term proportional
to ln(k)k2 dominates the linear one and the cross section
decreases with the energy (dashed line). Similarly to the
positron-Ar2 case, the quadratic order of the cross section
plays an important role, once that, from expression (30):

σelas
ZRP(k) ≈ 4190

(
1− 258.20k2

)
. (36)
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Fig. 3. Same as Figure 1, but for positron-Xe2.
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Fig. 4. Same as Figure 2, but for positron-Xe2.

Figure 4 presents the 0 → 2 rotational cross section
for positron-Xe2. As observed in the elastic cross section
(see Fig. 3), the ZRPP result (solid line with squares) is
very close to the ZRP one (solid line with circles). For this
case, from (32) g02 ≈ 4.25, and the ZRPPg (dashed line
with squares) rotational cross section is obtained multi-
plying the ZRPP result by this factor. Similarly to the
positron-Ar2, the ZRPPg model provides results that are
much higher in magnitude than the GS model (dash-dash-
dotted line) and the DM (dash-dotted line) for energies
above ≈2 meV. This strongly suggests that the long-range
quadrupole potential plays an important role for rota-
tional excitation only for energies close to the rotational
threshold, while the short-range interactions are dominant
for higher energies.

5 Conclusions

The ZRP approximation was used to investigate the elas-
tic and rotational cross section in scattering by Ar2 and
Xe2. The dimer is described as two rare-gas atoms under
an internuclear constraint characterized by its molecular
parameters. Going beyond the original ZRP approach, the

polarization effects have been included in the model [10].
This new prescription is called Zero Range Potential with
Polarization (ZRPP).

The fixed nuclei approximation is used in order to
obtain analytical expressions for the elastic cross section.
It is found that the introduction of the polarization in the
ZRP model impacted in the elastic cross section for the
positron-Ar2 when compared to the pure ZRP result. For
positron-Xe2, however, the ZRPP approximation provides
results similar to the pure ZRP ones.

The elastic cross sections are compared to the ERT
ones, developed by Fabrikant [20]. Once that the Ar2 and
Xe2 dimers have very small quadrupole moments, the ERT
elastic cross section is numerically independent of Q in the
energy range studied. It is found that, although the ZRPP
elastic cross section presents the same functional form
present in the ERT ones, the coefficients are very differ-
ent, leading to very distinct results. It is also observed that
the elastic cross section dependence on terms of quadratic
order of the positron momentum, not present in the ERT,
play an important role even for energies up to 100 meV
for positron-Ar2 and positron-Xe2.

Rotational cross sections are obtained in the Rigid
Rotor approximation within the ZRP and ZRPP
approaches. As discussed in Seidel and Arretche [10],
the wavefunction used is approximated in the rigid
rotor approximation. As consequence, the rotational cross
section presents the correct dependence on the positron
momentum, but with lower magnitude when compared
with the adiabatic approximation. This leads to the calcu-
lation of a correction factor g0J that adjust the rotational
cross section magnitude accounting for the missing partial
waves of the wavefunction.

The rotational cross sections obtained through the ZRP
methodology are, in general, higher in magnitude than the
ones obtained using the Gerjuoy-Stein [21] and Dalgarno-
Moffet [22] models for energies above ≈2 meV. The main
reason for it is the small value of the quadrupole moment
for both Ar2 and Xe2 dimers. This lead us to conclude
that, opposed to what is observed in molecules like H2 and
N2, the short-range interaction between the positron and
the molecular dimer is the dominant mechanism for rota-
tional excitation in this energies range. In spite of that, the
interaction of the positron with the quadrupole moment
dominates for energies below 2 meV.
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Appendix A: Rotational correction factor

In this Appendix we present the calculation of the cor-
rection factor g0J (24). To calculate such factor, we start
analyzing the rotational cross section obtained in the ADA
(22). The ADA is valid under the condition that E � B,
where E is the positron energy and B is the rotational
constant of the dimer. Due to that, and also noting that
the B values of the rare-gas dimers are small, k0 ≈ kJ
is a reasonable approximation that may be considered in
the ADA cross section. Another simplification that can
be made in expression (22) comes from the fact that for
x � 1, we have j2

a(x) � j2
b (x) for b > a. Thus, only the

lowest order of l′ (l′ = |l− J | in this case) of (24) plays a
considerable role in the total rotational cross section, and
the expression is, therefore, simplified to:

σADA
0→J (k0) ≈16π

kJ

k0
(2J + 1)

∞∑

l=0

(2|l − J |+ 1)

× 〈J0(|l − J |)0|l0〉2
∣∣∣∣
jl(k0R0/2)j|l−J|(k0R0/2)

ikJ + κ(kJ) + (−1)l eik0R0
R0

∣∣∣∣
2

.

(A.1)

As the ZRP method is only valid in the low energy regime,
we may write the spherical Bessel functions present in
(A.1) as its asymptotic behavior for small arguments:

j2
l (x)j2

|l−J|(x) ∝ x2(l+|l−J|) (A.2)

where x = k0R0/2. There are two situations that must be
analyzed from the relation above:
1. If l ≤ J , than l + |l − J | = J . This implies in the

product of the spherical Bessel functions in (A.2) being
proportional to x2J , and, therefore, independent of l.

2. If l > J , than l + |l − J | = 2l − J > J . This lead us
to conclude that that partial waves of l > J do not
contribute significantly to the rotational cross section
in the low energy regime, once that x2J � x2l−J for
x� 1.

Considering the argumentation above and using the
asymptotic form of the spherical Bessel function, the
expression (A.1) is simplified into:

σADA
0→J (k0) ≈16π

kJ

k0
(2J + 1)

(
k0R0

2

)2J

×
J∑

l=0

〈J0(J − l)0|l0〉2

[(2l + 1)!!(2(J − l) + 1)!!]2

×
(2(J − l) + 1)

[1 + (−1)l(2− κ(kJ )R0)]k2
J +

(
κ(kJ ) +

(−1)l

R0

)2
.

(A.3)

Comparing the expression above with (20), for k0R0 � 1,
we find:

σADA
0→J (k0) ≈σ0→J(k0)

J∑
l=0

[√
2(J − l) + 1(2J + 1)!!

(2l + 1)!!(2[J − l] + 1)!!

]2

×
[
〈J0(J − l)0|l0〉 (R0 +A)

(R0 + (−1)lA)

]2

, (A.4)

which is rewritten as

σADA
0→J (k0) ≈ σ0→J(k0)g0J , (A.5)

such that the correction factor is:

g0J =
J∑
l=0

[√
2(J − l) + 1(2J + 1)!!

(2l + 1)!!(2[J − l] + 1)!!

]2

×
[
〈J0(J − l)0|l0〉 (R0 +A)

(R0 + (−1)lA)

]2

. (A.6)

And finally, we find expression (24).
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