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Abstract. Theoretical analysis is presented of the natural lifetimes and blackbody-radiation (BBR)-induced
shifts and widths of Rydberg states with small and large angular momenta [. Asymptotic presentations in
elementary functions are derived for matrix elements of bound-bound, bound-free and threshold radiative
transitions from hydrogenic-type states with large angular momenta, applicable to both hydrogen-like and
many-electron atoms and ions. For states with small angular momenta two numerical methods based on
the quantum defects were used and corresponding data are compared with one another and with the most
reliable data of the literature. Asymptotic approximations are derived for natural lifetimes, thermal shifts
and broadening of Rydberg states of small and high [ and principal quantum numbers n > 1.

1 Introduction

Intensive studies on the possibilities of the use of Rydberg
states in practical applications have stimulated arising in-
terest to detailed investigations into different optical prop-
erties of highly excited atoms and ions. The latest activ-
ities in a number of international research groups were
concentrated on the alkaline-earth elements currently used
as the most promising objects for designing new time-
frequency standards based on high-precision measure-
ments of optical and ultraviolet frequencies of transitions
in atoms and ions [1-3]. Rydberg states of atoms/ions, as
the most sensitive to external fields, may become useful
tools for instant control of environmental characteristics,
in order to reduce uncertainties of measurements to the
lowest accessible level [4].

The most important quantities determining optical
properties of Rydberg atoms and ions are natural life-
times 7, and electromagnetic susceptibilities, first of
all, the static a,;(0) and dynamic (frequency-dependent)
ani(w) dipole polarizabilities, which represent the prin-
cipal quantitative characteristics of interaction between
atom in its bound state |nl) and external field. Numer-
ical values of static and dynamic polarizabilities deter-
mine the blackbody-radiation (BBR)-induced shifts of en-
ergy levels in the low-temperature (kT < |En; — Epnryl)
and high-temperature (kT > |E,; — E,/r|) environment,
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correspondingly (here k is the Boltzmann constant, which
in atomic units is k = 1/7, = 3.1668 x 10~¢ au./K,
where T, = 315776 K is the atomic unit of temperature;
T is the absolute temperature in Kelvin, E,; — FEp/p is
the energy of transition between nearest energy levels). It
is important to note that a,,;(0) and a,;(w) exhibit quite
different behaviour as functions of the Rydberg-state prin-
cipal quantum number n. The static polarizabilities are
rapidly growing functions of n, a,;(0) < n” (see e.g. [5,6]),
whereas the dynamic polarizability in the optical range of
frequencies is approximately one and the same value for
all Rydberg states, excluding only very narrow regions of
resonances with lower-energy states.

In this article, we present detailed studies of the BBR-
induced shifts and splitting of Rydberg levels in magne-
sium ions. The atomic system of units is used throughout
the paper, e = m = h = 1, unless otherwise specified ex-
plicitly. The unit atomic speed is v, = ¢/137.036, where ¢
is the speed of light. For convenience, the temperature is
described only in Kelvin.

2 High-frequency polarizabilities
of Rydberg states

The Rydberg-state dynamic polarizabilities determine en-
ergy shifts in a monochromatic electromagnetic wave.
With the growth of principal quantum numbers these
shifts gradually approach to their asymptotic values, cor-
responding to the energy of free-electron oscillations. At
the frequencies, well exceeding the ionization potential of
a Rydberg state w/|E,;| = 2> 1 and essentially smaller
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than the energy of two-electron excitations, the real part of
scalar dynamic polarizability scales according to the law of
inverse frequency squared, one and the same for all states,
independently of quantum numbers [7-9]

1

Re{a},(w)} =~ L

(1)
The imaginary part is determined by the photoionization
cross section:

c

Im{ay, (w)} (2)

- 47Twanl (),
which is a rapidly vanishing function of the frequency w
and the principal quantum number n. For Rydberg states
with I < 5 (nS, nP, nD, nF, nG-states) the quasi-
classical estimates [10] give o, (w) = ot /Q7/3 where
ol = g, (w = |Eul) is the threshold cross section, for
which also the WKB-approximation may be used [10,11].
The indicated dependencies demonstrate a rapid decrease
of the imaginary part (2) with the increase of both the
frequency and the principal quantum number,

Im{a®,(w)} oc Z14/3p=3,=10/3, (3)
where Z is the charge of residual ion. Therefore, in the
region of frequencies w > |E,;|, the imaginary part of the
Rydberg-state dynamic polarizability may be neglected in
comparison with the real part (1). With the use of (1) and
taking into account the rate of all BBR-stimulated transi-
tions, an asymptotic expression for the shift eBPR(T) and
broadening I'SBR(T') of Rydberg energy levels by the BBR
of the temperature kT > |E,,;| may be derived [12,13]

FBBR T
ABRpR(r) = hpr ) — T )
o 5 . 2ET
TR . (4)

Rigorously speaking, the free-electron approximation (1)
is applicable to states with sufficiently high angular mo-
menta (I > 5) and does not describe precisely polariz-
abilities of atomic states with low momenta, since it does
not account for possible resonances with lower states of
angular momenta !’ = [ + 1, the energy of transitions to
which may be close to w. Moreover, equation (1) holds
if the interaction with core electrons of the residual ion
does not influence significantly on the Rydberg-electron
wave function. This interaction may be neglected for states
with high angular momentum, repelled from the core by
sufficiently strong centrifugal potential

10+1)

Uelr) = 272

: (5)
The wave functions of low-angular-momentum states pen-
etrate deeply inside the core and may be modified signif-
icantly, unlike the hydrogenic functions of high-l-states.
That is why the asymptotic values of the frequency-
dependent polarizability of states with [ < 5 may differ
from those of equation (1).
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The asymptotic equations for the Rydberg-state dy-
namic polarizability and higher-order in 1/w? corrections
to the principal term (1) may be determined by reduc-
ing the infinite summations to the sum rules of oscillator
strengths and their moments (see for example [8,9]), rep-
resented in terms of simple closed expressions [14,15]. In
these sums the contribution of continuum is strongly de-
pendent on the orbital momentum of the Rydberg state.
This contribution may be significant for states with small
momentum, whereas for large [ (usually, for | > 5) it
vanishes exponentially with the increase of the principal
quantum number n.

3 Asymptotic features of natural widths,
photoionization cross sections

and BBR-induced shifts and broadening
of states with high angular momenta

Detailed calculations of the shift and broadening of
Rydberg-state energy levels in hydrogen, helium and
alkali-metal atoms revealed noticeable departures from
the asymptotic data, specifically for low-angular-momenta
states, which in many-electron atoms have the largest
quantum defects and therefore exhibit most clearly evi-
dent departures of optical properties from those of the
hydrogenic states [16]. These departures were explained
by contributions from the lower-energy states |n’l’) for
which a relation holds E,; — E,,v > kT, in contrast to
the high-temperature asymptotic requirement for equa-
tion (4), |Eni — Enr| < kT. The separation of contribu-
tions from the lower- and upper-energy states (decays and
excitations) into broadening of a low-momentum Rydberg
state |nl) in hydrogen, helium and alkali atoms has demon-
strated significant dependencies of these contributions on
individual structures of the energy spectra in S-;, P-, D-,
F-series of states [17,18]. In addition, considerable contri-
butions into shift and broadening come from continuum,
which account for the BBR-induced ionization and the up-
ward shifts of Rydberg levels. For the low-I states these
contributions are overestimated in the asymptotic equa-
tions since the threshold ionization cross section o" in-

nl
thr o 25/3  wwhile the

creases with n approximately as o, ,
above-threshold cross section rather smoothly decreases
as a function of the BBR-photon frequency, approximately

as [17,18]:

on(w) & ony’ /27, (6)
For the low-momentum series of states, the use of asymp-
totic approximation (1), assumed to spread over all fre-
quency range of the Planck’s distribution from zero up to
infinity, may either overestimate or underestimate the pos-
itive (upward) shift of the Rydberg-state energy by high-
frequency thermal photons and the negative (downward)
shift by low-frequency photons. In particular, the contri-
butions of continuum are overestimated both in the level
broadening [18], corresponding to the probability of BBR-
induced ionization, and in the upward shift of energy.
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The situation for high-/ hydrogenic-type orbits (10 <
[ < n—1) is quite different. Here only a small number
of states |n'l') with I’ =141 and n’ from n’ =1+ 1
to n’ = n — 1 remain below the state |nl). Evidently, the
asymptotic condition |E,; — E,;/| < kT may hold for
them automatically if the binding energy is significantly
smaller than the thermal, |E,;| < kT. In addition, the
radial matrix elements of dipole transitions decrease with
the increase of difference between principal quantum num-
bers |n’ — n| as n~I""=nl, Therefore the principal contri-
bution to the spontaneous-decay rate P} of high-l states
comes from two closest states with n’ = n41. The general
behaviour of the natural lifetime 7,77 of a state with high
quantum numbers [ and n may be presented as:

sp o, L0

o n31%u(n, ) (7)

Tl

where u(n,l) ——— 1 is a dimensionless function, which
n>l—oo

adjusts the right-hand-side expression with exact values
of 7} for arbitrary [ and n, ty ~ 0.0934 nanoseconds is
a constant value, independent of the Rydberg-state quan-
tum numbers. Evidently, if the orbital quantum number is
proportional to n, the rate of spontaneous decay vanishes
following the law P77 o 1/n5, which is reduced by the fac-
tor n~? in comparison with the rate P3} oc 1/n? for fixed-I
states, for which the principal contribution to P} comes
from the rates of decay into the lowest dipole-connected
states.

The ionization cross section for high-/ states falls down
exponentially with n > 1. For example, the cross section
of the threshold ionization of a circular state, ] = n — 1,
may be presented as:

othr 1673/2p5/2 2\ *" ety b (!
mi=n=17" 372, e 2n  2n? nd /)’
8

The plot of the mn-dependence of this function is
given in Figure 1, where the logarithmic scale for
the cross section is used in the vertical axis. Above
the threshold, the frequency-dependent cross section
On=n—1(w) = o;})‘{:nil n(w) is also a decreasing function
of frequency, as is seen from the rapidly vanishing factor,
1 |exp (1—arctan(2—1)/v/02-1) o
In (W): (5/2 \/Q

Corresponding functions of the fractional frequency
2 =w/|E,| are presented in Figure 2 for the circular
states of n = 10, 30, 50.

So, the principal contribution to the BBR~induced de-
population rate for high-I Rydberg states comes from
transitions to the closest upper and lower states with
n’ = n =+ 1. Besides that, the high-/ states in all atoms are
hydrogen-like, without any quantum defects. Therefore,
the single-electron sum rules for them hold with high pre-
cision, together with asymptotic equations (1) and (2) for
the frequency-dependent polarizability (there are no reso-
nant states in the lower region of energy) and equation (4)

(9)
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Fig. 1. The threshold ionization cross section (8) of circular
states with [ = n — 1 as a function of the principal quantum
number n. The logarithmic scale log(agj{:n,l) is presented in
the vertical axis.
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Fig. 2. Dependence on the normalized frequency 2 = w/|Ey|
of the fractional photoionization cross sections (9) for circular
Rydberg states. The logarithmic scale, log(fn(w)), is given in
the vertical axis.

for the BBR-induced shift and broadening. It should also
be noted that the contribution of continuum for high-/
states is negligibly small.

4 Asymptotic features of natural widths,
photoionization cross-sections

and BBR-induced shifts and broadening
of states with low angular momenta

The basic optical characteristics for the low-I states in
many-electron atoms may differ significantly from those
described above. In particular, due to a more rapid spon-
taneous decay, the natural lifetimes and corresponding
line widths exceed those of the high-l states. In addi-
tion, the cross sections of photoionization from the low-[
states do not vanish exponentially. Moreover, the thresh-
old ionization cross section grows up together with the

principal quantum number as otf" o n°/3 [10] and in
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Table 1. Numerical values of parameters B; of the potential (10) and corresponding effective orbital momenta A; for S-, P-, D-

and F-series of Rydberg states in Mg" ions.

Series S1/2 Py Py
B —0.0319 0.4969 0.4992
i —0.0686 1.3011 1.3024

the above-threshold region it does not decrease exponen-
tially with frequency, but follows the power law (6). The
dynamic polarizabilities of the low-l states for the bulk
of the BBR frequencies experience significant departures
from the asymptotic law (1). In addition, the Rydberg
states with [ < 5 in many-electron atoms have significant
quantum defects which can modify the oscillator-strength
sum rules. Therefore, the results of calculations based on
different approximations to the radial wave functions of
the low-angular-momentum states may differ significantly.
We consider two methods which use quantum defects for
modifications of the Coulomb (hydrogenic) radial wave
functions for describing the single-electron wave function
in a many-electron atom: (i) the quantum defect method
(QDM) [19] and (ii) the fues’ model potential (FMP) ap-
proximation [20-22]. The both approaches deal with one
and the same object and modify the Coulomb wave func-
tion so as to take into account the exact single-electron
spectrum of energies. To this end, the non-integer effec-
tive principal quantum number (PQN) v, = Z/v/—2E,
is introduced instead of the integer PQN n at the cost of
singularity of the wave function in the origin in the QDM
approach and at the cost of introduction of the non-integer
angular momentum

I A=/(+1/2)2+2B,-1/2#1

in the FMP approximation. The parameters B;, determin-
ing the non-Coulomb part of the FMP

7 B o -
Ve(r)==""+>0 5 > Pm(0.0),

=0

(10)

m=—1

may impart significant deviations to the centrifugal po-
tential (5) and to the corresponding radial wave functions
of the external-electron states. Evidently, the largest abso-
lute values of B; correspond to states with low [, whereas
they vanish for [ > 1, so that in most cases B; = 0 already
for I > 5 (see, for example, Table 1 for S-, P-, D-, F-states
in Mg™* ions).

In the use of the QDM also some difficulties and re-
strictions appear in the case of low-[ states. In particular,
the QDM becomes inapplicable to describing wave func-
tions of low-energy states with angular momentum [ > v,
(np® ground states of inert atoms, the lowest nd-states
in alkaline-earth atoms and ions, etc.). Similar difficul-
ties, caused by significant departures of the model poten-
tial (10) from the really existing centrifugal potential (5)
inside the atomic core, may appear in the FMP approach
for states with [A—1I| > 1 [23]. The most spectacular mani-
festation of these difficulties is the departure of the dipole-
transition oscillator strengths 2w,y |(n’l’|z|nl)|?, deter-
mined by the FMP wave functions of such states, from the

D3/ D5/ F5/27/2
—-0.1113 —-0.1113 —-0.01163
1.955 1.995 2.997

most reliable data of the literature (z is the component
of the valence-electron position vector). These departures
cause corresponding deviations from the Thomas-Reiche-
Kuhn sum rules. This effect is due to the second term
of the potential (10) with the sum of projection operators
P (0, 0) = [Yim (8, 9)) (V)% (8, )|, where the integration is
implied over the angular variables 6, ¢ of the position vec-
tor r. This non-local operator does not commute with the
operator of dipole moment and introduces corresponding
corrections to the sum rules:

Sni(g) = Y 2wl | (0|2l .

n'l’

(11)

So, for the basic sum rule, ¢ = 0, which in the single-
electron approximation should equal unity, the wave-
functions of the FMP approach give:

2

S0 =14 50/ 4 1)

[lBl_l + (l + 1)Bl+1 — (2l + 1)Bl] .

(12)
This sum appears in the asymptotic value of the BBR-
induced shift (the real part of Eq. (4)). The asymptotic
value of BBR-induced broadening (the imaginary part of
Eq. (4)) involves the sum ¢ = 1, which also includes

the corrections appearing from the non-local part of the
FMP (10):

2 2 2
(1) = Z2 - (Bl — Bi—1)?* + (1 +1)(B; — Bi31)
3v QUL4+1) (N +1/2)vpy

(13)
However, the correction, determined in equation (13) by
the fraction in the brackets, gradually decreases with the
increase of the effective quantum number of the Rydberg
state v,,; and becomes negligibly small for sufficiently high
energy levels.

5 Natural widths and BBR-induced shifts
and broadening of Rydberg states
in Mg™ ions

In calculating BBR-induced shifts of Rydberg levels of
small angular momenta with the use of the FMP approach,
the results may differ considerably from the asymptotic
values of equation (4). Nevertheless, for imaginary parts
of the shift (4), determining the broadening of high-energy
Rydberg states (v, > 1), the corrections disappear as is
seen from the data for the coefficients B; of the FMP (10)
presented in Table 1 and used in equation (13). There-
fore the data for the natural widths and BBR-induced
broadening may be rather reliably determined in the FMP
approximation.


http://www.epj.org

Eur. Phys. J. D (2015) 69: 1

Table 2. Numerical values of constants bdec(exc)
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of the temperature-dependent polynomials determining the coefficients (19) of

the asymptotic presentations (17) for the fractlonal rates of the BBR-induced radiation decays and excitations from Rydberg

nP-states of Mg™ ions.
i bdcc bdcc bdcc
0 129.96 —20.83 21.32
1 —46.62 125.27 —133.8
2 —150.5 263.5 —28.36

From the FMP-data for spontaneous radiation-decay
rates of the nS Rydberg states I, in Mgt ions, the
asymptotic equation was derived for the natural life-
times which is well consistent with the data of the lit-
erature and reproduces with a good precision the results
of calculations in the QDM:

3.22
+

n n

0.367
3 ),ns. (14)

the lifetime of

342.5)
+ , ns.

n3
(15)
Evidently, the nP-states live about 20—30 times longer
than the states of nS-series.

The BBR-induced broadening of the nl-states includes
three separate kinds of transitions. One of them corre-
sponds to the rate of BBR-stimulated downward transi-
tions (decays) I'9°¢(T), which is temperature-dependent
and conveniently described by the fractional rate of de-
cays RI%¢ = [dec/I™P. The two remaining are the up-
ward BBR~supported transitions: excitations of the upper
bound levels determined by the fractional rate of excita-
tions R = ['5%¢/I77, and BBR-induced transitions into
contlnuum Wthh is also determined by the fractional rate
of ionization RI9* = Ii9"/I"°P. Thus, the total nS-level
broadening may be determined as:

FEPNT) = L} (R + R+ Riy) . (16)

The separate terms in parenthesis are temperature depen-
dent and in the asymptotic region |E,;| < kT are directly
proportional to T'. However, the dependence on the prin-
cipal quantum number of RI%(T) differs from those of

Ri?c(cxc)(T), at least for the low-/ states [18]. This effect
comes from different energy separations between states
providing principal contributions to the three processes.
Therefore, the rates of decays and excitations may be
described by one and the same asymptotic interpolation
equation:

Rdec(exc) (T) _

nl

6.46

7% = 0.063914n’ (1 - )

The asymptotic approximation for
nP-states may be written as:
2.394  56.42

P, =1.59894n° (1 . 2

acoicc(cxc)(T)+aclicc(cxc)<T)w+ dcc(cxc)(T)xz
7T,
n? [exp < 3T > - 1}
100

T = nT1/3

(17)

exc exc exc

i0 il i2
391.24  —56.77  63.42
—645.2 1108.8  —T744.8
307.0 —873.5 682.9

whereas the fractional rate of ionization is approximated
by the equation

1on + alony + alon 2
Z°T, ’
D -1

100
y= nT1/2

ion (T) _

nl

(18)

where the exponent p = 4/3 for states | # 0. For
nS-states the fitting procedures fix different values of p
starting from 1/4 to 3/4 in different regions of n. The

smooth dependence on the temperature of the coefficients
dec(exc, ion)
i

follows:

(T') may also be polynomial-approximated, as

a(iiec(exc Z bdec(exc _

Zblon k 100 1z
T = .
’ T

The coeflicients b;;, are constant values, independent of n
and T, determined by fitting the calculated data for the
fractional rates of BBR-induced decays, excitations and
ionization of sufficiently high Rydberg states of the se-
ries nl. Numerical values of the coefficient for nP-states
in Mg™ ions are presented in Tables 2 and 3. These values
may be used in equations (16)—(20) to reproduce calcu-
lated data for the BBR-induced broadening with an error
below 3% for n P-states with their principal quantum num-
bers in the region of n > 10 and temperatures 7" > 100 K.

Figures 3 and 4 present the numerical data for the
fractional rates ROS(T') of BBR-induced excitations from
nP-states into higher-energy n’S- and n’ D-states, as func-
tions of the temperature and principal quantum numbers.
Figures 5 and 6 give corresponding dependencies of the
fractional rates of BBR-induced decays RISS(T'). The data
of straightforward calculations (presented in symbols) ac-
cording to general equations for the BBR-induced effects
on Rydberg-state energy levels [12,13,16,18] is compared
with the data of approximation equations (17) and (19)
(presented in lines). The departure between exact and ap-
proximate results does not exceed 1% in T- and n-regions
presented in the plots. A remarkable correlation of the
data for response to the BBR of the Rydberg-state mag-
nesium ions with highly excited neutral sodium atoms [18]
should be mentioned. Firstly, both in Na atoms and

1on
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n=30 (approximation (17))
ODoDDoOoOaoao n=50
n=50 (approximation (17))

Fig. 3. Dependence on the temperature 7" of the fractional
BBR-induced excitation rates R;,5 of equation (17) (lines) for
Rydberg nP-states of the principal quantum numbers n = 10,
30, 50 in comparison with exactly calculated data (symbols).

257

20

157

0720 40 60 80 100 120 140

(approximation (17))

QOO0 OO

(approximation (17))

=
TTASTNTAIND
SHoHbbm L
[=3=3=IsI=T=]
388888
AXRXXXXRX

(approximation (17))

Fig. 4. Dependence on the principal quantum number n of the
fractional BBR~induced excitation rates Ry, of equation (17)
(lines) for Rydberg nP-states of magnesium ions at the BBR
temperatures 7' = 100, 300 and 600 K, in comparison with
exactly calculated data (symbols).

Mg ions, the rates of Rydberg nS-state spontaneous de-
cays exceed more than one order those of nP-states. Sec-
ondly, the fractional rates of BBR~induced excitations of
nP-states more than twice exceeds the fractional rates of
BBR-induced decays (as is seen from numerical values of
coefficients bggc(cxc) of Table 2. So, in Mg™: RZS(T) ~
BRIS(T)).

The real part of the shift (4) may also be approximated
asymptotically as (in Hertz)

2
BP(r) = 20166 (g ) (G6(T) + a5(T): + (D))

E,; 1/2

BT (21)
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Fig. 5. Dependence on the temperature T of the fractional
BBR-induced decay rates RIS of equation (17) (lines) in com-
parison with exactly calculated data (symbols) for Rydberg
nP-states of the principal quantum numbers n = 20, 40, 60 in
magnesium ions.

120 140

(=]
]
(=]
I
(=]
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(=}
©
(=]
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(approximation(17))

(approximation(17))
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approximation(17))

Fig. 6. Dependence on the principal quantum number n
of the fractional BBR-induced decay rates RIS of equa-
tion (17) (lines) in comparison with exactly calculated data
(symbols) for Rydberg nP-states of magnesium ions at the
BBR temperatures 7' = 100, 300 and 600 K.

with coefficients smoothly dependent on the temperature,
similar to (19) and (20):

2 1/2
100
a‘f:g b, r, T:<T) .
k=0

The coefficients b5, are constant values for each nl-series
of states. The most important of them bf, =1 is one and
the same for all series of Rydberg states and determines
the asymptotic for n — oo value eBPR(T = 300 K) =
2416.6 Hz of the BBR-induced shift of highly excited
states [16]. However, this value assumes the oscillator-
strengths sum rule be equal to the unity. However, the
FMP wavefunctions do not hold this condition, as fol-
lows from equation (12). Therefore we used the wavefunc-
tions of the quantum defect method (QDM) to calculating
dipole matrix elements for radiation transitions. Numeri-
cal data of these calculations of constants b3, are presented
in Table 3.

(22)
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Table 3. Numerical values of constants bii‘;c"(s> of the temperature-dependent polynomials determining the coefficients (20) of

the asymptotic presentations (18) and (21), (22) for the rates of the BBR-induced ionization and shifts of Rydberg nP-states
of Mg™ ions.

i 0" A By 0 i P2

0 1576 —66.62 5372  0.95356  0.03068  —0.08752
1 —2529 3450  —1532 —0.05568  0.19402  0.08467

2 12612 —25180 13580  0.01254  —0.33272  0.08404
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