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1 Faculty of Physics, Babeş-Bolyai University, 400084 Cluj-Napoca, Romania
2 Department of Physics and Astronomy, York University, 4700 Keele Street, Toronto, M3J 1P3, Canada

Received 29 August 2014 / Received in final form 23 September 2014
Published online 11 December 2014 – c© EDP Sciences, Società Italiana di Fisica, Springer-Verlag 2014

Abstract. Calculated triple differential cross sections are presented for the ionization of the 3a1 orbital
of water by electron impact. The cross sections are determined for symmetric coplanar and non-coplanar
geometrical arrangements. The obtained results show reasonable agreement with experimental data for
both geometries.

1 Introduction

The interaction of charged particles with matter is of in-
terest for several research fields, like astrophysics, radio-
biology, atmospheric sciences and even medical sciences.
Water is one of the most abundant molecules on earth. It is
largely present in biological tissues, therefore it is regarded
as a test case for the interaction of charged particles with
living tissues.

The ionization of water by electron impact has at-
tracted much interest lately [1–6]. In fact, a growing in-
terest concerning the ionization of molecular targets in
(e, 2e) processes has been observed. Such processes are
described in terms of the TDCS (triple or fully differen-
tial cross section), which provides the angular distribution
of the ejected electron of a given energy and for fixed mo-
menta of the incident and scattered particles. Studies con-
cerning the ionization of molecules are less abundant than
for atomic targets due to the increased difficulties which
arise when treating such complex structures. Experimen-
tally is very difficult for example to separate the contribu-
tions of the electronic states with close energies, while for
the theoretical treatment is challenging to take into ac-
count the multi-center nature of the targets. The investi-
gated targets range from simpler molecules like H2 [7–11],
O2 [12], N2 [13–16] to more complex targets as CO2 [17],
CH4 [18–23], NH3 [24] or C4H8O [25].

In the present study we investigate the ionization
of water by electron impact in coplanar, perpendicular
and other non-coplanar geometrical arrangements. The
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TDCSs are determined for the 3a1 orbital of the H2O
molecule and for equal and non-equal energy sharing of
the outgoing electrons. We consider a low-energy regime,
the highest energy employed being equal to 20 eV. For
all studied cases the electrons are emitted symmetric rel-
ative to the incident direction. Previously, we have per-
formed TDCS calculations for the ionization of water, but
for intermediate energies [3]. Similarly, we performed low-
energy calculations for H2 [11], but only in the perpendicu-
lar plane. Now, we intend to test the validity of our models
for low energies also in case of the water molecule, both
for coplanar and non-coplanar geometries. For such low
energies of the outgoing particles, the PCI (post-collision
interaction) effects may play a significant role. We incor-
porate these effects in our approach through the Coulomb
distortion factor or the so-called Gamow factor of [26].

The TDCSs are calculated within the DWBA
(distorted-wave Born approximation) formalism. In our
approach, the continuum states of the free electrons are
approximated by distorted waves, while the initial state of
the molecular target is described by Gaussian type multi-
center wavefunctions. The Gaussian molecular orbitals
are constructed as linear combination of atomic-like or-
bitals. The atomic orbitals are given in terms of contracted
Gaussian primitives. The molecular orbital coefficients
were determined employing the Gaussian package [27].

The obtained results are compared with the experi-
mental data and MDW (molecular distorted wave) the-
oretical results presented in reference [4]. Although, the
MDW model contains PCI only to the first order of per-
turbation theory, in most cases provided better agree-
ment with the experimental data in reference [4] compared
to the M3DW (molecular three-body distorted wave)
model [4].
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2 Theory

The theoretical background employed here was described
elsewhere [21], therefore we present only an outline of the
theory.

The TDCS for the ionization of a molecular target in
the framework of the DWBA method, in atomic units is
given by:

d3σ

dk̂fdk̂edEe

= 2(2π)4
kfke

ki
|t|2 , (1)

where kf , ke and ki are the wave-vectors of the scattered,
ejected and incident electrons, respectively. The energy of
the ejected electron is denoted by Ee, while t stands for
the transition matrix element of the system. The factor 2
in the expression above reflects the fact that an orbital is
occupied by two electrons, and each of them can be active.
For the direct ionization process, the transition matrix
element of the system is td, which may be written as

td =
〈

φf (r1)φe(r2)
∣∣∣∣− Z

r12

∣∣∣∣φb(r2, α, β, γ)φi(r1)
〉

. (2)

In the above expression Z = −1 is the charge of the pro-
jectile, r12 stands for the distance between the projectile
and the active target electron. The φ symbols with differ-
ent subscripts denote the wavefunctions for the incident
(i), bound (b), scattered (f) and ejected (e) particles, re-
spectively. The bound electron wavefunction depends on
the molecular orientation expressed by the Euler angles
(α, β, γ). In order to separate the dependencies of these
wavefunctions on the radial and angular coordinates, sev-
eral expansions are performed. The wavefunctions of the
scattered, ejected and incident electrons are expanded into
partial wave series. The interaction between the projectile
and the active electron is expanded into the multipole se-
ries as shown below:

1
r12

=
∑

λ

4π

2λ + 1
rλ
<

rλ+1
>

∑
μ

Yλμ (r̂1)Y ∗
λμ (r̂2) . (3)

The bound molecular wavefunction φb(r2, α, β, γ) is ex-
panded in terms of the spherical harmonics in the molecu-
lar frame as in [28], then the spherical harmonics are trans-
formed into the laboratory frame by using the Wigner
D(α, β, γ) functions, leading to the expression

φb(r2, α, β, γ) =
∑
lbmb

Ylbmb
(r̂2)

∑
ν

clbν(r2)Dlb
mbν(α, β, γ).

(4)
Here clbν(r2) are the expansion coefficients.

The direct matrix element is calculated similarly as in
reference [21]. Since the above expression of the transi-
tion matrix element is given for a fixed orientation of the
molecule, we average the cross section (1) over the Euler
angles, using the expression
∫ 2π

0

∫ π

0

∫ 2π

0

D
∗l′b
m′

bν′(α, β, γ)Dlb
mbν(α, β, γ)dα sin βdβdγ

=
8π2

2lb + 1
δlbl′

b
δmbm′

b
δνν′ . (5)

The exchange effects between the ejected and scattered
electrons are taken into account by introducing an ex-
change term into the total transition matrix element

|t|2 = |td|2 + |tex|2 − |td| |tex| . (6)

Here the maximum interference is assumed. The exchange
term is given by:

tex =
〈

φe(r1)φf (r2)
∣∣∣∣− Z

r12

∣∣∣∣φb(r2, α, β, γ)φi(r1)
〉

, (7)

where the coordinates of the ejected and scattered
particles were exchanged relative to the direct matrix
element (2).

We have calculated the TDCS with two methods, TS
(total screening) and TS∗, respectively. Both models use
distorted waves in order to describe the continuum states.

In the TS model the ejected electron moves in the
spherically averaged potential field of the nuclei screened
by the spherically averaged field of the residual electrons
(Ve), while the scattered electron experiences the effect
of the spherically averaged nuclear potential and the field
created by the electrons of the target (Vf ):

⎧⎨
⎩

Ve = Vnuclei + V −
electrons

Vf = Vnuclei + Velectrons.
(8)

The TS∗ model is a modified version of the TS. It assumes
that both outgoing electrons move in the same potential
field, i.e. in the spherically averaged potential of the resid-
ual ion:

Ve = Vf = Vnuclei + V −
electrons. (9)

Vnuclei, V −
electrons and Velectrons stand for the spherically

averaged potential of the nuclei, residual electrons and
target electrons, respectively. The averaging method em-
ployed here was described elsewhere [29]. We mention that
the spherical averaging of the nuclear potential results in
the distribution of the nuclear charge on a sphere with
the radius equal to the distance between the center of the
molecule and the particular nucleus.

In both models the incident projectile moves in the
spherically averaged potential of the nuclei and all elec-
trons of the target (Vi):

Vi = Vnuclei + Velectrons. (10)

The PCI effects are taken into account in our calculations
through the so-called CDF (Coulomb distortion factor):

CDF = G
∣∣
1F1

(
iγ, 1 ,−2ikfe rave

fe

)∣∣2 (11)

where

G =
π exp(−π/kfe)

kfe[1 − exp(−π/kfe)]
(12)

is called the Gamow factor. In the above equations 1F1

is a confluent hypergeometric function, kfe = μvfe and
γ = 1/vfe is the Sommerfeld parameter. Here, vfe stands
for the relative velocity between the two electrons, while
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Fig. 1. The scattering geometry is defined by the Ψ angle. The
outgoing electrons are detected at angles ξf = ξe = ξ.

μ = 1/2 is the reduced mass of the electrons. In (11) rave
fe

is taken to be parallel to kfe and is an averaged version of
the actual electron-electron separation in the final state,
rfe. The average separation is given by:

rave
fe =

π2

16εt

(
1 +

0.627
π

√
εt ln εt

)2

, (13)

where εt is the total energy of the scattered and ejected
electrons. Using the averaged separation in (11) the
TDCS (1) may be multiplied by the CDF factor. For fur-
ther details see [26,30].

3 Results

Theoretical TDCSs for the ionization of water by elec-
tron impact are presented. The calculations have been
performed for coplanar, perpendicular and other non-
coplanar geometries. The geometrical arrangements are
shown in Figure 1. The figure shows that a particular ge-
ometry is defined by the Ψ angle. If Ψ = 0◦, a coplanar
geometry is defined in a plane called the scattering plane.
A perpendicular geometry is considered when Ψ = 90◦.
Between these two extremes other non-coplanar geome-
tries may be obtained for various values of the Ψ angle.
Figure 1 also shows that the outgoing electrons are emit-
ted symmetrically relative to the incident beam direction.
The ejection angles are denoted as ξf and ξe, for the scat-
tered and ejected electron, respectively. These angles are
taken to be equal (ξf = ξe = ξ) for all geometrical ar-
rangements presented below.

We have investigated the ionization from the 3a1 or-
bital of water. The ionization energy of this orbital is
14.7 eV. Our results were obtained using two methods,
TS and TS∗. Cross sections have been determined also
for a modified nuclei-ejected electron interaction. By av-
eraging the nuclear potential, the charge of the different
nuclei of the molecule will be distributed on a sphere, with
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Fig. 2. TDCSs for the ionization of the 3a1 orbital of water
by electron impact in the scattering plane. The TDCSs are
plotted as a function of the ejection angle ξ. The energies of
the outgoing electrons are Ef = Ee = 20 eV. The experimental
points and the MDW results are from [4].

a radius (R0) which equals the distance from the molec-
ular center to the particular nucleus. By reducing the ra-
dius with a given fraction n, the nuclei-electron interaction
may be changed and the new radius becomes R = n×R0.
The numbers in the figure legends represent the values of
the fraction n. The spherically averaged nuclear potential
may lead to a weak nuclei-electron interaction and conse-
quently to a smaller intensity of the angular distribution
at higher ejection angles in the scattering plane. In or-
der to enhance this interaction, we reduce the radius of
the sphere on which the nuclear charge is located. The
enhancement of the nuclear potential led previously to
a better description of the TDCS at high ejection angles,
see [21] for example. However, the TDCSs in reference [21]
were determined for higher energies and different kinemat-
ical parameters compared to the present calculations.

The calculations are performed for a low-energy
regime. The energies of the scattered and ejected elec-
trons are equal or lower than 20 eV, respectively. In such
circumstances, it is expected that PCI effects to have an
important impact on the calculated data. Our models take
into account these effects through the Coulomb distortion
factor (11) or simply the Gamow factor (12). The TDCSs
calculated using these factors are denoted in the figure
legends by CDF or G, respectively.

The results are compared with the experimental data
and the MDW results from [4]. The experimental data are
given on a relative scale, therefore we have normalized all
TDCSs to unity at the highest peak location.

3.1 Scattering plane

Figures 2–7 show the results obtained for a coplanar ge-
ometry. Here, the cross sections are presented for equal
(Figs. 2–5) and non-equal (Figs. 6 and 7) energy shar-
ing of the scattered and ejected electrons. The TDCSs are
shown as a function of the ejection angle ξ. The values
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Fig. 3. Same as Figure 2, but for Ef = Ee = 10 eV.
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Fig. 4. Same as Figure 2, but for Ef = Ee = 5 eV.
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Fig. 5. Same as Figure 2, but for Ef = Ee = 2 eV.

of Ee and Ef range from 20 eV to 2 eV, as shown in the
figures.

The experimental data show a typical behavior for a
TDCS. A forward and a backward peak are observed at
angles lower and higher than ξ = 90◦, respectively. In all
cases the intensity at smaller angles appears to be higher
than for the large-angle region, although at high scattering
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Fig. 6. Same as Figure 2, but for Ef = 15 eV and Ee = 5 eV.
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Fig. 7. Same as Figure 2, but for Ef = 18 eV and Ee = 2 eV.

angles there are no experimental data, therefore it is dif-
ficult to make assessments for the behavior of the TDCS.

For equal energy sharing of the outgoing electrons, in
Figures 2–5, our models show good agreement with the ex-
perimental data, especially in the small-angle region and
for high energies. At high energies, all models give the
same position for the forward peak. As the energy is de-
creasing, the maxima of the different TS and TS∗ models
appear slightly shifted relative to each other. The mod-
els reproduce the shift of the experimental forward peak
towards higher ξ angles as the energy becomes smaller.
This effect is more likely due to the PCI, which at low
and equal energies becomes more important. The exper-
imental backward peak shows increasing tendency with
decreasing ejection energies except for Ef = Ee = 2 eV.
As the energy of the outgoing electrons becomes smaller,
they interact longer with each other, but they also have
more time to interact with the nuclear core, therefore an
enhanced nuclei-electron interaction is expected to lead
to a larger backward intensity. This behavior is nicely re-
produced for example by the (TS∗1-CDF) model for the
whole energy range. This model also predicts a shift of
the backward peak towards ξ = 90◦ as the energy takes
smaller values, which again, may be the consequence of
PCI effects.
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At the lowest energy (Ef = Ee = 2 eV), the best
agreement with the experiment seems to be provided by
the (TS∗0.5-G) model. At higher energies the MDW model
shows a forward peak at higher angles than our models
and the experimental data, however, at low energies agrees
well with the experiment. The position of the backward
peak is predicted both by the MDW and our models to
be around the same angle.

We observe in Figures 2–5 that only at the high-
est energy the enhancement of the nuclear potential (see
the (TS∗1-CDF) and (TS∗0.5-CDF) models) leads to a
slightly higher intensity for large ejection angles. At low
energies the PCI effect becomes stronger, which may mod-
ify the behaviour of the TDCS at high ejection angles.

In Figures 6 and 7, we present cross sections for un-
equal energy sharing of the electrons. In this case the
scattered and ejected electrons have a total excess energy
above the ionization energy of 20 eV. Figure 6 shows the
case when Ee = 5 eV and Ef = 15 eV. In Figure 7 the
Ee = 2 eV and Ef = 18 eV case is depicted. While in
Figure 6 our models show some agreement with the ex-
periment, in Figure 7 our models severely underestimate
the position of the forward peak and show no intensity at
all for high angles. Nevertheless, some similarity may be
observed concerning the shape of the forward peak. Both
the experimental and the calculated peaks are very nar-
row. The precise cause of the discrepancy is not known.

Starting from a symmetric energy sharing case in Fig-
ure 3 and gradually increasing the asymmetry of the
shared energy in Figures 6 and 7, we observe that the po-
sition of the experimental forward peak gradually moves
toward smaller angles. This behavior may be observed also
in case of our calculated data (see for example the (TS∗1-
CDF) model. For non-equal energy sharing the MDW
model provides a very good agreement at the large-angle
region with the experimental data, but gives higher angles
for the position of the forward peak.

3.2 Perpendicular plane

The results obtained for a perpendicular geometry are
plotted in Figures 8–10. We start from a symmetric energy
sharing of the outgoing electrons and gradually increase
the asymmetry of the shared energy.

The experimental TDCS shows almost no change in its
structure as the energy sharing is changing from a sym-
metric case to an asymmetric one. It shows an almost
constant angular distribution, except for low and high an-
gles. However, in Figure 8, where Ef = Ee = 10 eV,
some small structures may be observed. Our models pro-
vide similar cross sections, except for the (TS 0.5-CDF)
model, which shows a triple peak structure, with a dom-
inant central peak, which overestimates the experimental
data. The agreement appears to be the best in case of the
other two (TS∗ 0.5) models.

For Ee = 5 eV and Ef = 15 eV, in Figure 9, a simi-
lar situation is observed. Our models seem to be in good
agreement with the experimental data and show similar
cross sections, except for the (TS 0.5-CDF) model. Now,
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Fig. 8. TDCSs for the ionization of the 3a1 orbital of water
by electron impact in the perpendicular plane. The TDCSs
are plotted as a function of the angle ξ. The energies of the
outgoing electrons are Ef = Ee = 10 eV. The experimental
points and the MDW results are from [4].
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Fig. 9. Same as Figure 8, but for Ef = 15 eV and Ee = 5 eV.

the central peak of this model is smaller than the flanking
peaks, but still large compared to the experimental data.

At the highest asymmetry, when Ee = 2 eV and
Ef = 18 eV, the (TS 0.5-CDF) model shows again signif-
icant disagreement with the experiment. The best agree-
ment appears to be in case of the (TS∗ 1-CDF) model.
Despite this agreement, our models show some important
differences compared to the above cases. At low and high
angles, the TDCSs calculated in our models show signifi-
cant intensities. This can be explained by a smaller repul-
sion of the electrons moving in the same direction, having
different energies.

We note that the MDW model shows a triple-peak
structure and almost identical cross sections in all cases.

3.3 Other non-coplanar geometries

We have calculated TDCSs also for a symmetric energy
sharing case (Ef = Ee = 10 eV), but for different
non-coplanar geometrical arrangements. These results are
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Fig. 10. Same as Figure 8, but for Ef = 18 eV and Ee = 2 eV.
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Fig. 11. TDCSs for the ionization of the 3a1 orbital of water by
electron impact and for Ψ = 22.5◦. The TDCSs are plotted as
a function of the angle ξ. The energies of the outgoing electrons
are Ef = Ee = 10 eV. The experimental points and the MDW
results are from [4].

presented in Figures 11–13, for Ψ = 22.5◦, 45◦, and 67.5◦,
respectively.

The experimental data show an increasing intensity
at large angles compared to the low-angle region as the
electron-gun angle Ψ is increasing. The difference between
our models and the experiment is increasing for larger Ψ
angles. However, the best agreement is provided by the
(TS∗1-CDF) model.

4 Conclusions

We have determined TDCSs for the ionization of water
by electron impact. The calculations were performed for
a coplanar and several non-coplanar geometries, including
the perpendicular geometry. In the scattering and perpen-
dicular planes, the ionization have been studied for equal
and non equal energy sharing of the outgoing electrons.

In a coplanar geometry and for equal energy sharing
of the electrons, our models show better agreement with
the experiment at higher energies and especially at the
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Fig. 12. Same as Figure 11, but for Ψ = 45◦.
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Fig. 13. Same as Figure 11, but for Ψ = 67.5◦.

forward peak position. The models are able to reproduce
some qualitative features of the experimental cross sec-
tion. One of these features is the migration of the forward
peak towards larger ejection angles as the energy is de-
creasing. This behavior is the consequence of the PCI ef-
fects between the emitted electrons. Some of the employed
models show an increasing intensity at the backward peak
location with decreasing electron energy, which may be the
effect of an enhanced nuclei-electron interaction at lower
energies. The TDCSs calculated with the Coulomb dis-
tortion factor and the Gamow factor proved to be very
similar, especially at higher energies. At lower energies
the Gamow data seemed to be more accurate.

As the energy is flipped from a symmetric energy shar-
ing to an increasing asymmetry in the energy share be-
tween the outgoing particles, the forward peak was ob-
served to move toward lower ejection angles. Nevertheless,
the agreement with the experimental data becomes less
satisfactory with increasing asymmetry in energy sharing.

In the perpendicular plane our calculated cross sec-
tions show a very good agreement with the experimental
data. For an increasing asymmetry in the energy sharing
of the outgoing electrons, the experimental TDCS shows
an almost constant angular distribution. Nevertheless, at
the highest asymmetry, our models provided significant
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intensity in the calculated data for low and high angles,
which was not observed for lower asymmetry or in the
symmetric case.

The calculated cross sections for other non-coplanar
geometrical arrangements show better agreement with the
experimental data at lower gun-angles.
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