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Abstract. Measurements of the low masses for the pulsar PSR J0737-3039B, for the companion of PSR
J1756-2251 and for the companion of PSR J0453+1559, on the one hand, and of the high masses for the
pulsars PSR J1614-2230 and PSR J0348-0432, on the other, demonstrate the existence of compact stars
with masses in a broad range from 1.2 to 2M�. The most massive ones of these objects might be hybrid
stars. To fulfill the constraint Mmax > 2M� with a reserve, we exploit the stiff DD2 hadronic equation
of state (EoS) without and with excluded volume (DD2vex) correction, which produce maximum neutron
star masses of Mmax = 2.43M� and 2.70M�, respectively. We show that the stiffness of the EoS does
not preclude an explanation of the whole set of cooling data within “nuclear medium cooling” scenario
for compact stars by a variation of the star masses. We select appropriate proton gap profiles from those
exploited in the literature and allow for a variation of the effective pion gap controlling the efficiency of
the medium modified Urca process. However, we suppress the possibility of pion condensation. In general,
the stiffer the EoS the steeper a decrease with density of the effective pion gap is required. Results are
compared with previously obtained ones for the HDD EoS for which Mmax = 2.06M�. The cooling of the
compact star in the supernova remnant Cassiopeia A (Cas A) is explained mainly by an efficient medium
modified Urca process. To explain a � 2.5% decline of the cooling curve for Cas A, as motivated by an
analysis of the ACIS-S instrument data, together with other cooling data exploiting the DD2 EoS a large
proton gap at densities n � 2n0 is required vanishing for n � 2.5 n0, where n0 is the saturation nuclear
density. A smaller decline, as it follows from an analysis of the HRC-S instrument data, is explained with
many choices of parameters. With the DD2vex EoS and using an effective pion gap steeper decreasing
with the density and/or a proton gap shifted to smaller densities we are also able to reproduce both a
strong decline compatible with ACIS-S data and HRC-S instrument data. The mass of Cas A is estimated
as 1.6–1.9M�, above the value 1.5M�, which we have evaluated with the softer HDD equation of state.
Different mass choices for the hottest object XMMU J173203.3-344518 are discussed. We make general
remarks also on hybrid star cooling and on its dependence on the stiffness of the hadronic EoS.

1 Introduction

Experimental data on surface temperatures of compact
stars (CS) provide us with information about the neu-
trino emissivities of various processes, depending on the
density behaviour of the nucleon-nucleon (NN) interac-
tion amplitude, values and density profiles of the proton
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and neutron paring gaps, the heat transport and the equa-
tion of state (EoS) of CS matter. Recently the situation
has been improved with the observation of a segment of
the cooling curve for the young CS in the remnant of the
historical supernova Cassiopeia A (Cas A) of the year
1680 [1–3], with known age (335 yr by the time of the
writing of this manuscript), for which the temperature
and the rate of cooling have been followed over the years
since its discovery by the Chandra observatory in the year
2000 [4–9]. The data from ACIS-S and HRC-S instruments
aboard this satellite require the existence of a fast cooling
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process in the interior of Cas A, with temperature de-
clines of � 2.5% and < 2% per 10 yr, respectively. On
the other hand, the CS cooling model must also explain
the central compact object (CCO) in the supernova rem-
nant XMMU J173203.3-344518 [10], for which the surface
temperature has recently been measured and the mass of
the object is estimated. This object is hotter and older
than Cas A, at an age between 10 and 40 ky. Moreover,
there exists information on surface temperatures of many
other CS. These data points can be separated in three
groups related to slow cooling (see objects 8; 5; 1; 2; 4;
A in fig. 4 below), intermediate cooling (3; 6; 7; Cas A;
B; E) and rapid cooling (C; D). In order to explain the
difference in the cooling of the slowly and rapidly cool-
ing objects a three order of magnitude difference in their
luminosities is required. Therefore, it is not easy to appro-
priately explain the essentially different surface tempera-
tures of various objects in the hadronic scenario within
the so-called “minimal cooling paradigm”, cf. [6,9,11,12],
where the only relevant rapid process is the so called pair-
breaking-formation (PBF) process on neutrons paired in
the 3P2 channel. The solution of the puzzle might be as-
sociated with a strong medium dependence of cooling in-
puts, as provided by the density-dependent (and thus neu-
tron star (NS) mass-dependent) medium modifications of
the NN interaction. They are caused by the softening
of the pion exchange contribution with increasing density
for n � n0, where n0 � 0.16 fm−3 is the nucleon satu-
ration density, and by the density-dependent superfluid
pairing gaps, see [13–15] for details. The key idea formu-
lated long ago [16,17] is that the cooling of various sources
should be essentially different due to the difference in their
masses. At that time there prevailed the opinion that all
CS masses should be close to the values for known bi-
nary radiopulsars, 1.35–1.4M�. The recent measurements
of the high masses of the pulsars PSR J1614-2230 [18]
and PSR J0348-0432 [19], on the one hand, and of the
low masses for PSR J0737-3039B [20] for the companion
of PSR J1756-2251 [21,22] and the companion of PSR
J0453+1559 [23] on the other have provided the proof for
the existence of CS masses varying in a broader range, at
least from 1.2 to 2M�.

The most efficient processes within the hadronic “nu-
clear medium cooling” scenario, cf. [14], are the medium
modified Urca (MMU) processes, like neutron branch,
nn → npeν̄, i.e. the modified Urca (MU) processes com-
puted by taking into account pion softening effects [17,24,
13], and the PBF processes N → Npairνν̄, N = n or p [25,
26]. While being enhanced owing to their one-nucleon na-
ture [26], the latter processes are allowed only in the pres-
ence of nucleon pairing and should be computed by taking
into account the in-medium effects in the weak interac-
tion vertices, cf. [27,28]. Due to the in-medium effects the
vector current contribution proves to be dramatically sup-
pressed in case of 1S0 pairing and can be ignored [29,27,
28], whereas the axial-vector term is less suppressed [27,
28] and should be included both for the PBF processes on
neutrons and protons. Note that in the minimal cooling
scenario one assumes that the emissivity of the PBF pro-
cess on protons is suppressed by two orders of magnitude

compared to that for the PBF process on neutrons since
the authors use the free p → pνν̄ vertices, whereas in mat-
ter the decay may occur through the neutron and neutron
hole and the electron and electron hole in the intermediate
states of the reaction, cf. [26,30,14,27,28]. The pion soft-
ening taken into account in MMU processes appears due
to the attractive contribution of the nucleon-nucleon hole
and delta-nucleon hole diagrams. So, particle-particle hole
medium polarization effects are incorporated in our nu-
clear medium cooling scenario in all processes in contrast
with the minimal cooling paradigm which is disregarding
these effects.

The proton branch of the MMU, np → ppeν̄, and
the medium nucleon bremsstrahlung (MNB) reactions,
NN → NNνν̄, are also enhanced in the nuclear medium
cooling scenario for n � n0 owing to the pion softening
effect which is increasing with the density. The MNB pro-
cesses contribute to the emissivity less than the MMU
processes, except for cases of very large gaps of one kind
(pp or nn).

Note [17,24,13] that the contribution of the interme-
diate reaction states is the largest in the emissivity of the
MMU processes for n � n0. This contribution is not incor-
porated at all in the MU emissivity used in the minimal
cooling scheme. On the contrary, the correlation effects
for n < n0 result in a suppression of the MMU and MNB
emissivities compared to MU and NB ones, cf. [31–33].

In refs. [34–37] the so-called direct Urca (DU) con-
straint has been introduced. The emissivity of this reac-
tion, n → peν̄, is ∼ 106 times higher than that of the MU
reactions computed following [38] via the free one-pion
exchange, i.e. without inclusion of the pion polarization
effects. The DU emissivity is also by 2–3 orders of magni-
tude higher than that of the MMU processes for massive
stars. So, when the DU reaction gets switched on as a
function of the CS mass the cooling curves drop down be-
low the data points. Based on the assumption that the
mass distribution of those objects for which surface tem-
peratures are measured is similar to the one extracted,
e.g., from a population synthesis analysis and from super-
nova simulations, the very efficient DU reaction should be
forbidden in the majority of the former CS, see [36,37].
So, as a “weak” DU constraint ref. [36] suggested to use
Mweak

DU = 1.35M�, the statistical average value for masses
of binary radio pulsars, since it is natural to assume that
the stars with such a mass should be presented in the
Ts-t plane in sufficient number. As a “strong” DU con-
straint ref. [36] suggested to use M strong

DU = 1.5M�, since
the relative number of objects with M > 1.5M� should
be rather small, as follows from the population synthesis
analysis. The “strong” constraint could be weakened, if
one exploited very large proton pairing gaps.

The influence of in-medium effects on the NS cooling
was first demonstrated in [39] with various EoS. The nu-
clear medium cooling scenario which was systematically
developed further in [34,40,41] exploiting both, the HHJ
EoS (a causality-preserving modification of the APR EoS)
and the for n > 4n0 stiffer HDD EoS [42]. It provides a
successful description of the whole set of known cooling
data for NS with low magnetic fields.
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The resulting cooling curves are rather insensitive to
the values of the 1S0 nn pairing gaps but sensitive to
the choice of the 1S0 pp gaps and 3P2 nn gaps, since
1S0 nn pairing gaps drop already for n � 0.6–0.8n0,
whereas 1S0 pp gaps are spreading to n ∼ 2.5–4n0, and
3P2 nn gaps may spread to a higher density. Indeed, the
dense interior rather than the crust determines the to-
tal luminosity within our scenario. The gaps are sensi-
tive to in-medium (nucleon-nucleon loop) effects, and are
not well known due to exponential dependence on the
NN interaction amplitude in the pairing channel. Es-
pecially the values of the 3P2 neutron pairing gaps are
poorly known. Estimates [43–45] produce typical values
of Δ(3P2) ∼ 0.1–1MeV. Accounting for medium-induced
spin-orbit interaction, ref. [46] computed a tiny value of
Δ(3P2) � 10 keV, whereas ref. [47] argued that Δ(3P2)
might be very large, �MeV, if a very strong enhancement
of the tensor NN interaction in the particle-particle chan-
nel occurs, owing to the softening of pion modes. In our
model an overall fit of the CS cooling data is obtained
for a strongly suppressed value of the 3P2 neutron pairing
gap, thus being in favour of results of ref. [46]. The depen-
dence of the cooling curves on the 3P2 neutron and 1S0

proton paring gaps was studied within our scenario in [40].
The successful description of all cooling data within our
scenario, where many in-medium effects are shown to be
important while they are being disregarded in the min-
imal cooling scenario, demonstrates that the statement
made within the latter scenario in some works, that an
appropriate fit of existing Cas A data allows to “mea-
sure” the critical temperature of the 3P2 nn pairing as
Tc ∼ (5–9) · 108 K, is not justified.

Reference [41] has demonstrated an appropriate fit of
the Cas A cooling curves with results from ACIS-S instru-
ment yielding a surface temperature decline of ∼ 3% over
10 yr. For that the lepton heat conductivity has been sup-
pressed artificially by a factor ∼ 0.3 in the most favourable
case compared to the result of ref. [48,49], which has been
exploited as optional value in our previous works. The nu-
cleon contribution to the heat conductivity is suppressed
in our case by medium effects compared to that used in
ref. [48,49]. In a more recent work [42] we have used the
result of ref. [50] for the lepton heat conductivity which
includes Landau damping (electron-electron hole polar-
ization) effects. An appropriate fit of ∼ 3% cooling curve
decline for the Cas A was then obtained without applying
any artificial suppression of the lepton heat conductivity
and the mass of the object was predicted as � 1.5M�.
The HHJ hadronic EoS [51], which has been exploited in
our previous works, was stiffened in [42] for n � 4n0 to
comply with the constraint that the EoS should allow for
a maximum NS mass above the value M = 2.01±0.04M�
measured for PSR J0348+0432 by [19], see also [18]. How-
ever, the resulting EoS (labeled as HDD), which produces
Mmax = 2.06M�, still might be not sufficiently stiff, since
the existence of even more massive objects than those
known up to now [18,19] is not excluded. Incorporating
systematic light-curve differences, the authors of [52] have
estimated that the mass of the black-widow pulsar PSR
J1311-3430 should at least be M > 2.1M�. Furthermore, a

deconfinement transition in the CS interior would contra-
dict these mass measurements, if one used a soft hadronic
EoS, cf. [53–55]. Therefore, the investigation of the possi-
bility of hybrid stars requires a stiff hadronic EoS. Also,
recent radius determinations from timing residuals suggest
large CS radii (albeit still with large uncertainties) and
thus motivate the usage of a stiffer hadronic EoS [56]. Note
that the authors of the recent paper [57] have explained
the Cas A ACIS-S data for the NS mass M = 1.44M�
within the minimal cooling scenario using the stiff BSk21
EoS, a large proton gap and a moderate 3P2 neutron gap.
Hottest and coldest objects, however, can hardly be ex-
plained appropriately within the same scenario.

Note also for completeness that the authors of ref. [58]
indicated deficiencies in analysis that have led to ACIS-
S data and they have argued that the decline extracted
from the ACIS-S graded mode data might be irrelevant
thereby. However, the authors who presented the ACIS-
S data, see [57], continue to use their own data analysis,
although mentioning results of other analyses. Due to the
presently existing uncertainty in the interpretation of the
Cas A data, when demonstrating our results we compare
them with both the ACIS-S graded mode data and the
HRC-S data, in order to guide the eye. The latter data are
compatible with cooling curves having a smaller decline.

In a previous contribution [59] we have shown pre-
liminary calculations of the CS cooling within our nu-
clear medium cooling scenario exploiting the stiff DD2
EoS [60]. However, in that work, being mostly interested in
demonstrating results of a hybrid star model, we have not
performed any tuning of the parameters of the hadronic
model that we exploited in [41].

In this paper, we will be exploiting the stiff DD2 and
the still stiffer excluded volume DD2vex EoS first within
the hadronic scenario. By tuning the proton pairing gaps
and the effective pion gap we will construct appropriate
fits of the cooling data, see [61]. Note that in the ab-
sence of the pion condensation a strong pion softening
for n > n0 does not contradict to the stiffening of the EoS
since the strength of the attraction in the pion self-energy
is controlled by the zero-harmonics of the spin Fermi liq-
uid Landau-Migdal parameters gnn

0 and gnp
0 , whereas the

stiffening of the EoS is determined by the scalar parame-
ters fnn

0 and fnp
0 .

The strong interaction in quark matter (αs �= 0) per-
mits the quark DU process [62]. First studies have shown
that this result does not exclude the possibility that some
CS might possess large quark matter cores. The suppres-
sion of the emissivity of the DU process may arise from
the occurrence of diquark pairing and thus color super-
conductivity in the quark matter phase [63–65]. Refer-
ence [66] discussed a “2SC + X” phase as a possibility
for having all quarks paired in two-flavor quark matter,
where the density dependent X gap is of the order of
10 keV–1MeV. The presence of an X gap that decreases
with increasing density allowed to appropriately fit the
cooling data in a similar CS mass interval to that fol-
lowing from a purely hadronic model. Reference [66] ex-
ploited the HHJ EoS for hadronic matter matched with
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the NJL EoS for quark color-superconducting matter.
Thereby the constraint M > 1.97M�, which follows from
recent measurements of the masses of the pulsars PSR
J1614-2230 [18] and PSR J0348-0432 [19] was not fulfilled.
Thermal evolution of CS with crystalline and alternative
gapless color-superconducting phases were studied in [67].
References [68,59] demonstrated that Cas A data could be
explained within the hybrid star scenario exploiting stiff
hadronic EoS.

As an alternative to the purely hadronic scenario, in
the given work we also discuss the possibility of the de-
confinement phase transition from hadronic matter in the
outer core to color-superconducting quark matter in the
inner core of most massive NS. A stiff hadronic EoS, like
DD2vex, paves the way for exploring scenarios with a
phase transition to quark matter, see [53–55] for recent
examples, which despite a softening due to the phase tran-
sition meet the constraint of the 2M� pulsar mass mea-
surement. The quark matter EoS is described by a color
superconducting two flavor NJL model in the 2SC phase
with a stiffening due to a vector mean field.

The paper is organized as follows. In sect. 2 we intro-
duce the EoS studied in the given work and demonstrate
corresponding mass-radius relations. In sect. 3 we explain
our cooling models first for hadronic stars and then for hy-
brid stars. Then in sect. 4 we show results of calculations of
the NS cooling first with the HDD, and then with the DD2
and DDvex EoS, and finally we discuss hybrid star cooling
with the DDvex+QM EoS. Our conclusions are presented
in sect. 5. In the appendix we argue that to avoid severe in-
consistencies in the treatment of various in-medium effects
the minimal cooling scheme should be extended including
particle-particle hole polarization loop effects. The most
essential ones of these effects are included into considera-
tion within our nuclear medium cooling scenario.

2 Equation of state

In our previous works [34,40,41] we have exploited the
HHJ (δ = 0.2) fit [51] of the APR EoS [69]. While the
latter EoS produces an appropriate maximum NS mass of
M = 2.2M�, the HHJ EoS fit introduces an additional
parametric correction of the high-density behaviour in or-
der to avoid a causality breach that occurs with the APR
EoS in that region. This comes at the price of a lowering
of the maximum NS mass to M = 1.94M�, below the 1σ
limit for the recently measured mass of the pulsar PSR
J0348-0432 [19]. Therefore, we have recently modified this
EoS by invoking an excluded volume for nucleons [42]. The
so constructed HDD EoS stiffens for higher baryon den-
sity n resulting in an increase of the maximum NS mass
up to the value Mmax � 2.06M�. The maximum cen-
tral density is nmax

cen � 7.7n0. The DU processes start for
M > MDU � 1.88M� what corresponds to a central den-
sity of ncen � 5n0. The radius of the 1.4M� NS is about
12 km, agreeing with the analysis of NS data in [70] and
with a recent analysis using the cooling tail method [71],
see also ref. [10] and the contribution to this volume [72].

However a radius determination for the nearest mil-
lisecond pulsar PSR J0437-4715 [56] supports (at 2σ confi-
dence) the value ≥ 13 km in the mass segment between 1.5
and 1.8M�, see also [73]. A stiffer EoS is needed to support
such a large CS radii. The density dependent relativis-
tic mean-field EoS of ref. [74] with the DD2 parametriza-
tion [60] meets this requirement. Moreover, the DD2 EoS
fulfils standard constraints for symmetric nuclear matter
around the saturation density and from nuclear structure.
The density-dependent symmetry energy agrees with the
constraint [75] and with ab initio calculations for pure
neutron matter [76]. The DU reaction threshold is not
reached within the DD2 EoS. The maximum NS mass is
Mmax = 2.43M� what corresponds to a central density of
ncen � 5.1n0. However, due to the stiffness of the DD2
EoS, it does not fulfil the “flow constraint” [77] for den-
sities above 2n0. This is the price to be paid for the pos-
sibility to increase the maximum mass and the radii of
NS.

As we have mentioned, some measurements, although
performed with large experimental error bars and with
additional theoretical uncertainties, indicate still higher
masses of the objects, see fig. 4 of [78]. For example,
ref. [52] obtain the mass of the γ-ray pulsar PSR J1311-
3430 as 2.68±0.14M� for the basic light curve model and
to 2.15±0.11M� when a cool spot is assumed. Therefore,
we perform in this work also calculations with the still
stiffer DD2vex EoS.

The DD2vex EoS belongs to a class of DD2 EoS that
has been developed in order to account for additional
repulsive NN interactions at supersaturation densities
that arise from the compositeness of baryons. Quark and
gluon substructure effects in the NN interaction become
operative at densities where the nucleon wave functions
start overlapping. For a discussion of quark Pauli block-
ing and multi-pomeron exchange contributions to a uni-
versal many-body repulsion see, e.g., the contribution by
Yamamoto et al. to this Topical Issue [79] and references
therein. The requirement of the antisymmetrization of the
two-nucleon wave function with respect to quark exchange
leads to the impenetrability (hard core) of the nucleons,
resulting in an excluded volume effect. In ref. [80] it has
been demonstrated on the basis of a nonrelativistic po-
tential model for the hadron structure that the quark
Pauli blocking effect results in a repulsive density de-
pendent interaction that is well compatible with the re-
pulsive part of Skyrme-type interactions. Recently it has
been shown within an exploratory calculation [81] that the
onset of partial chiral symmetry restoration, as triggered
by the melting of the chiral condensate due to increasing
phase space occupation, leads to a strong enhancement
of this excluded volume effect. In order to capture these
fundamental symmetry aspects in the EoS for composite
hadrons at high densities we will employ here a modern
excluded volume prescription that is thermodynamically
consistent and does not affect, by construction, the EoS at
subsaturation and saturation density where the EoS pa-
rameters are adjusted to nuclear structure data. For the
very details of this new excluded volume prescription, see
the contribution by Typel to this Topical Issue [82]. The
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Fig. 1. Mass vs. central baryon density (left) and vs. radius
(right) for the HDD (dash lines), a stiffer DD2 (solid lines)
and a still stiffer DD2vex hadronic EoS (dash-dotted lines).
Bold dash-dotted continuation is due to the quark (QM) part
of the EoS. The crosses for the DD2vex hadronic EoS indicate
violation of the causality. The band shows the experimental
data on the measured mass for the pulsar PSR J0348-0432.
The squares indicate the DU thresholds for the hadronic EoS.

DD2vex family of EoS [74] has been used as a basis for a
Bayesian M-R analysis in order to extract the most prob-
able EoS behaviour at high densities [83]. Applying the
constraint for the nearest millisecond pulsar PSR J0437-
4715 [56,73] which yields rather large radii ∼ 15 km, in
this analysis the stiffest possible hadronic EoS support-
ing NS with large radii get selected as the most probable
ones. This large radius constraint has a preference over
other results for the radii since its analysis is not flawed by
the uncertainties due to unknown atmospheric composi-
tion [84] or controversial interpretation of data from X-ray
bursters, see the corresponding contributions to this vol-
ume [72,85]. One of those stiffest possible EoS is DD2vex,
which we will exploit in the given work, with a van der
Waals excluded volume parameter v = 16πr3

N/3 = 4.0 fm3

that corresponds to a nucleon radius of rN � 0.6 fm. The
causality breaches for M > Mmax = 2.66M� that cor-
responds to the central density ncen � 2.55n0. The DU
processes occur for M > MDU = 2.51M�.

Besides a variation of the hadronic excluded volume
parameter v, in [83] also the transition to quark mat-
ter (QM) was considered within the two-phase approach,
where a simple Maxwell construction has been performed
to a quark matter EoS of NJL type with higher-order
quark interactions (hNJL) [86] of varying strength pa-
rameter η4 in the isoscalar vector interaction channel. The
maximum CS mass with the DD2vex-QM EoS for η4 = 5.0
reaches 2.19M� at nmax

cen = 5.5n0.
In fig. 1 we show the solutions of the TOV equations M

vs. ncen and M vs. R for the HDD, DD2 and the DD2vex

EoS with the rather conservative choice of v = 4 fm3 with-
out and with a phase transition to hNJL quark matter
with η4 = 5.0, DD2vex-QM, see also [87]. The dependen-
cies of CS masses on central baryon density ncen are shown
in the left panel for the HDD (dash curve), DD2 (solid
curve) and DD2vex (dash-dotted curve) hadronic EoS. In
the latter case above a critical density (see the cross at the
dash-dotted curve) the sound velocity exceeds the velocity
of the light and the causality breaches. Thus DD2vex EoS
should not be used above this density. The DU thresholds
for hadronic EoS are shown by the squares. We see that for
a fixed NS mass the stiffening of the hadronic EoS leads to
a redistribution of the density profile in the NS interior so
that the central densities get lowered. As a consequence, a
slower cooling is expected for stars with the DD2vex EoS,
when compared with stars of the same mass described by
the DD2 and especially the HDD EoS, provided other in-
gredients of the model are the same. The bold dash-dotted
continuation of the dash-dotted curve shows the transition
to the quark matter for the DD2vex-QM model explained
above. The quark matter core appears for M > 2.08M�
(ncen > 2.1n0). The right panel of fig. 1 demonstrates the
mass-radius relation. The stiffest DD2vex EoS produces a
larger radius than DD2 and the DD2 EoS yields a larger
radius than the softer HDD EoS. For M = 1.5M� we have
RDD2vex � 14 km, RDD2 � 13 km, RHDD � 12 km. Thus
appropriate mass-radius measurements could allow to put
constraints on the stiffness of the EoS.

3 Cooling

3.1 Hadronic stars

In our previous works [34,40–42] we have demonstrated
that the cooling history is most sensitive to the efficiency
of the MMU process controlled by the density dependence
of the effective pion gap shown in fig. 1 of [34] and to the
value and the density dependence of the 1S0 pp pairing
gap. Generally speaking the results are very sensitive to
the values and density dependence of the 3P2 nn pairing
gap, as was demonstrated in ref. [40] by variation of this
gap in broad limits. In our works we follow the analysis
of [46], where this gap turns out to be negligibly small.
Then we get the best overall fit of the cooling data. The
influence of the crust on the cooling is rather minor, es-
pecially in our model, where the cooling of the core is en-
hanced by medium effects on MMU and MNB processes.
Our results are also rather insensitive to the treatment of
the 1S0 nn pairing gap, as we have demonstrated in [40]
by its variation, since it is not spread from the crust into
the interior region. Thereby this gap is taken the same as
in our previous works, cf. fig. 5 in [34]. In [41,42] exploit-
ing the HHJ and the HDD EoS we have also demonstrated
that the decline of the cooling curve describing the evolu-
tion of the Cas A surface temperature is sensitive to the
value of the heat conductivity in the CS interior region.
In [42] we have demonstrated that with an appropriate
choice of the proton pairing gap (following model I) we
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Fig. 2. Square of the effective pion gap as a function of the
density without pion condensation (curves 1a+1b), mπ is the
pion mass, but with a pion softening saturated above a critical
value. The solid line corresponds to the same parametrization
as in our previous work [34], the other lines demonstrate a
stronger pion softening effect, for details see text.

are able to fit the � 2.5% decline as was shown by ACIS-
S data on Cas A using the same lepton heat conductivity
as in [50]. With the gaps given by model II and using
the same lepton heat conductivity we match a � 1–2%
decline, cf. [42].

In the given work the neutrino emissivities, specific
heat, crust properties, etc., are taken from our earlier
works performed on the basis of the HHJ EoS [41] and
the HDD EoS [42] for hadronic matter. The heat conduc-
tivity is the same as in [42]. The best fit of Cas A ACIS-S
data with the HDD EoS was obtained in [42] with the
same effective pion gap and the same 1S0 pp pairing gap
of the model I as in our previous works [34,40,41]. Now
when we are exploiting the still stiffer DD2 and DD2vex
EoS, we will additionally tune the pp pairing gap and the
pion effective gap in order to get the best fit of the cooling
data, while retaining all other values the same as in [42].

The density dependence of the square of the effective
pion gap ω∗ 2(n) that we exploit in the given work is shown
in fig. 2. To be specific and not to complicate the consid-
erations we consider the case when the pion softening is
saturated above a critical density nπ

c and pion condensa-
tion does not occur. The solid curve 1a+1b is precisely
the same as in fig. 1 of [34], demonstrating saturation of
the pion softening for n > nπ

c = 3n0. The dashed, dotted
and dash-dotted lines show a stronger pion softening ef-
fect with a saturation for n > nπ

c = 2.5n0, n > nπ
c = 2n0,

and n > nπ
c = 1.5n0, respectively. Note that variational

calculations of ref. [69] show that pion condensation in
NS matter may appear already for n > nπ

c � 1.3n0, thus
being in favor of a still steeper ω∗(n) dependence. Just
in order to be as conservative as possible we continue to
exploit a weaker pion softening in our calculations.
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Fig. 3. 1S0 pp gaps as functions of the baryon density for zero
temperature. The abbreviations in the legend correspond to
those used in ref. [57]. The gaps labeled as “Yak” and “AV18”
are those (models I and II, respectively) exploited in our pre-
vious works [34,40–42].

We stress that the pion softening appears only for n >
nc1 choosen to be 0.8n0. Only then there appears a min-
imum in the effective pion gap ω∗(k) for k = k0(n) �= 0,
ω∗(k0) ≡ ω∗(n). For n < nc1 there is no reason for the pion
softening thereby. As a result, the emissivity of the MNB
process proves to be several times suppressed for n < nc1

as compared to the values computed within the FOPE
model because correlation effects are incorporated in the
particle-particle channel, in the same manner as they have
been taken into account in [31,32]. The MMU emissivity
is less affected by these correlation effects for n < nc1,
see [33]. Sometimes these important points are overlooked
by authors who continue to exploit emissivities for all two-
nucleon processes which are at n < nc1 ∼ 0.5–0.8n0 sev-
eral times suppressed compared to those computed in the
FOPE based model [38] also for n > n0, where the pion
softening effect should be dominant and leads to an en-
hancement compared to the FOPE case.

The 1S0 pp pairing gaps for zero temperature exploited
by different authors are shown in fig. 3, now for the DD2
EoS. In our nuclear medium cooling scenario we use the
temperature dependence of the gaps taken as in [88] and
the fermion phase space in MMU, MNB and DU processes
and specific heat is corrected by the corresponding R fac-
tors. We use the parametrization of the zero-temperature
pp pairing gaps, Δp(pF,p), from [57], eq. (2); pF,i denotes
the Fermi momentum of the species i. The parameters are
taken to fit the gaps computed in various publications.
The abbreviations of the curves in fig. 3 are taken over
from table II of [57]. Two additional curves labeled as
“Yak” and “AV18” correspond to the models I and II, re-
spectively, exploited in our previous works [34,40,41] for
the HHJ EoS and in [42] for the HDD EoS.

With these gaps and the ω∗ parametrizations we com-
pute the NS cooling history.
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The density range n ∼ 0.5–0.8n0 is the boundary be-
tween the NS interior and the inner crust. The latter is
constructed of a pasta phase [89]. Up to now the pasta
phase is not included in the NS cooling codes. Then at
very low densities there is the outer crust and the enve-
lope. The influence of the crust on the cooling and heat
transport is rather minor, because of its rather low mass
content. In our scenario, where the cooling of the interior
is strongly enhanced owing to the pion softening effect the
role of the crust is still diminished. Thus, the temperature
changes only slightly in the region from the crust to the
envelope. Due to the said above, and in the absence of a
study of the influence of pasta structures on the NS cool-
ing, in a simplifying consideration we exploit the same
EoS till the low densities.

In our scenario we use a fixed relation between the sur-
face (Ts) and internal (Tin) temperatures (see the curve
“our fit” in fig. 4 of [34]) within the band computed in [90]
demonstrating a similar trend as the well-known “Tsuruta
law” [91]. Our Ts-Tin relation qualitatively takes into ac-
count that the hotter and younger objects may have less
heavy elements in the atmosphere than the colder and
older ones. A dependence of the cooling history on the
choice of the relation between Ts and Tin was demon-
strated in [34,40].

3.2 Hybrid stars

In order to describe the possibility of hybrid star config-
urations we adopt the cooling of the quark core follow-
ing the lines of ref. [66]. For a hybrid star with a quark
matter core in the 2SC phase, stable configurations with
masses above 1.25M� have been obtained, when a Gaus-
sian formfactor regularization has been used [66]. This
phase has one unpaired color of quarks (say blue) for which
the very effective quark DU process works and leads to a
too fast cooling of the hybrid star in disagreement with the
data. Therefore in [66] we have suggested the presence of a
weak pairing X-channel which could lead to a small resid-
ual pairing of the hitherto unpaired blue quarks. Other
quark reaction channels are assumed to be blocked by
the pairing with large gaps. We have called the result-
ing gap ΔX and could show that for a density dependent
ansatz ΔX(μ) = Δc exp[−α(μ − μc)/μc] with μ being the
quark chemical potential, μc = 330MeV, α = 10 and
Δc = 1.0MeV an acceptable cooling phenomenology can
be obtained [59].

Other pairing schemes have been invoked which would
obey the above requirement that all quarks have to be
paired, but the smallest pairing gap has not to exceed a
size of ∼ 0.5 . . . 1.0 MeV. Most prominent in this context
is the color-spin-locking (CSL) phase [92,93] which has
been evaluated in detail in the isotropic case for the lo-
cal [94] and nonlocal NJL model [95]. The neutrino emis-
sivity and bulk viscosity of such a phase have been dis-
cussed in refs. [96–98]. However, no hybrid star cooling
simulations have yet been performed with such a scenario.
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Fig. 4. Cooling curves for a NS sequence according to the
hadronic HDD EoS; Ts is the redshifted surface temperature, t
is the NS age. The effective pion gap is given by the solid curve
1a+1b in fig. 2, nπ

c = 3n0. The 1S0 pp pairing gap corresponds
to model I. The mass range is shown in the legend. Comparison
with Cas A ACIS-S and HRC-S data is shown in the inset.
Cooling ACIS-S data for Cas A are explained with a NS mass
of M = 1.497M�.

4 Numerical results

4.1 NS cooling with the HDD EoS

In fig. 4 we demonstrate the NS cooling history computed
with the HDD EoS in ref. [42] using model I for the pp
pairing gaps (see the gap “Yak” in fig. 3) and with the
effective pion gap given by the solid 1a+1b line in fig. 2,
for nπ

c = 3n0. This model presents a natural generaliza-
tion of the model shown in fig. 12 in our work [34]. As
we see, the Cas A ACIS-S data (with ∼ 2.5% tempera-
ture decline per decade) are described by a NS with the
mass MCasA � 1.497M�. A slight change of the value
MCasA compared to the value 1.541M� found in [42] is
due to unessential modifications of the parametrization
in the present work. The whole range of data is covered
by the cooling curves in the mass interval from 1.38 to
1.8–1.88M� (1.88M� is the threshold value for the DU
process). The Crab pulsar is described by a NS with
the mass ≥ 1.4M� and Vela by 1.6M�. The XMMU
source has a mass of 1.38–1.4M�. All sources, except the
most rapidly cooling objects “C and D”, are covered by
stars with masses from 1.38 to 1.5M�. The stars with
M > 1.4M� cool down very rapidly since the pp gap in
the model I drops sharply to zero at densities correspond-
ing to central densities of stars with M > 1.4M�. A high
absolute value of the pp gap in model I allows to explain
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Fig. 5. Cooling curves for a NS sequence according to the
hadronic HDD EoS; Ts is the redshifted surface temperature,
t is the NS age. The effective pion gap is given by the solid
curve 1a+1b in fig. 2, nπ

c = 3 n0. The 1S0 pp pairing gap
corresponds to model II. The mass range is shown in the legend.
Comparison with Cas A ACIS-S and HRC-S data is shown in
the inset. Cooling HRC-S data for Cas A are explained with a
NS mass of M = 1.554M�.

a steep decline of the cooling curve for Cas A compatible
with the ACIS-S data.

In fig. 5 we show the NS cooling history computed
with the HDD EoS in ref. [42] using model II for the
pp pairing gaps (see the gap “AV18” in fig. 3) and with
the effective pion gap given by the solid 1a+1b line in
fig. 2, for nπ

c = 3n0. As we see, the Cas A HRC-S data
(with ∼ 0.7% decline) are described by a NS with the
mass MCasA � 1.554M�. The Crab pulsar within this
model has the mass ≥ 1.2M� and Vela has M � 1.8M�.
The whole range of data is covered by cooling curves in
the mass interval from 1.0 to (1.8–1.88)M�. The XMMU
source has the mass 1–1.15M�. All sources, except the
most rapidly cooling objects “C and D”, are covered by
stars with masses from 1 to 1.7M�. This model presents
a natural generalization of the model shown in fig. 20 in
our work [34]. The latter model has passed the Log N-
Log S test examined in [99]. A broad distribution of NS
masses from 1 to 2M� follows from the neutrino-driven
explosion models, cf. fig. 6 in [100]. A smooth mass dis-
tribution that we obtain in this model is controlled by
a smooth density dependence of the pp gap in model II.
Due to a rather small value of the pp gap the decline of
the curve describing Cas A is substantially smaller than
in the case of model I.

So, both the models (I and II) describe rather appro-
priately the available Ts(t) data. The Cas A mass has a

reasonable value ∼ 1.5M� in these models. If the decline
for Cas A were more carefully measured, one could decide,
which model is better.

Now, consider a cooling history exploiting a stiffer EoS
bearing in mind that in the future may appear observa-
tions of more massive CS with larger radii, than those
described by the HDD EoS.

4.2 NS cooling with the DD2 EoS

In our scenario, where we use a fixed Ts-Tin relation
between surface and internal temperature (see “our fit”
curve in fig. 4 of [34]) it is a rule that if the hot (slowly
cooling) objects are described as more massive stars, then
also the intermediate and rapidly cooling objects are more
massive. Therefore, in order to achieve a description where
the values for the masses of all cooling objects, hot as well
as cold ones, lie in the relevant range of typical neutron
star masses, we select parameters of the models such that
in all relevant cases the hottest objects, like XMMU, have
masses below 1.5M�.

As the hadronic DD2 EoS is stiffer at high densities
compared to the HHJ and the HDD EoS, it produces a
smaller central density for the star of the given mass than
the latter EoS. Therefore it leads to a weaker cooling ac-
tivity, provided the same inputs are used for the effective
pion gap ω∗(n), the pairing gaps and the other model in-
gredients. As a result, under the above assumptions the
neutron star in Cas A should be described with the DD2
EoS as a more massive object than with the HHJ and HDD
EoS. Reference [59] demonstrated that when changing the
EoS a description of all cooling data is possible even with-
out changing any of the formerly adjusted cooling inputs
except a tuning of the heat conductivity (in line with the
strategy applied before in ref. [41]). However, in that case
the NS mass that is required to fit the Cas A cooling data
with the stiff DD2 EoS then amounts to M = 2.426M�
for the model II of the pairing exploited there. Below we
show that the latter quantity, being unrealistically high,
can be diminished, if one performs a readjustment of the
parameters of the model.

Now, exploiting the DD2 EoS we choose the same heat
conductivity as in [42] (without any additional tuning, i.e.
the lepton heat conductivity is computed following [50]
and the nucleon contribution incorporates a decrease with
increasing density owing to the pion softening effect) and
we tune the effective pion gap and the pp pairing gap. This
allows to describe the Cas A cooling data by a NS with a
lower mass. We performed calculations with all the pp gap
curves shown in fig. 3 and with ω∗(n) given by the vari-
ous curves 1a+1b (i.e. suppressing the possibility of pion
condensation) shown in fig. 2. To reproduce the cooling
of Cas A with a decline steeper than 2% while simultane-
ously fitting other cooling data proves to be possible only
for a couple of pp gap and ω∗(n) choices. It is much easier
to fit the set of cooling data when the decline of the Cas A
cooling data is less steep.

With the proton gap following models I and II, which
we have used in case of the HDD EoS, it is not possible to
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Fig. 6. Cooling curves for a NS sequence according to the
hadronic DD2 EoS; Ts is the redshifted surface temperature,
t is the NS age. The effective pion gap is given by solid curve
1a+1b in fig. 2, nπ

c = 3 n0. The 1S0 pp pairing gap corresponds
to model EEHOr. The mass range is shown in the legend. Com-
parison with Cas A ACIS-S and HRC-S data is shown in the
inset. The cooling data for Cas A from the ACIS-S instrument
are explained by a NS mass M = 1.950M�, those of the HRC-S
instrument by M = 1.980M�.

appropriately fit the data using the DD2 EoS: the cooling
proves to be too slow. One needs the pp gaps dropping at a
smaller density than in cases of the gaps given by models I
and II. Below we demonstrate cooling histories computed
with EEHOr and CCYms pp gaps, which allow in two
cases to get steep declines for Cas A and with the BCLL
gap, for which the above mentioned decline is smaller. For
the CCYms model the amplitude of the gap is smaller
than that for the EEHOr model, but both gaps drop to
zero at approximately the same density, n � 2.5n0. The
BCLL gap is less in amplitude than the EEHOr gap for
n > 0.5n0 and less than the CCYms gap for n > 0.8n0;
the BCLL gap drops to zero for n � 2.3n0.

The resulting cooling curves are shown in fig. 6 for
the pp pairing gap of the model EEHOr from fig. 3 and
for the effective pion gap given by the solid curve 1a+1b,
nπ

c = 3n0, from fig. 2. At rather low densities relevant for
stars with a mass M � M� the pion softening effect is
not pronounced. In the EEHOr model the pp proton gap
is large at such densities. Thus the mass of the hot objects
proves to be essentially above M�. The description of the
coldest among not very old objects “C and D” requires
a pp gap dropping to zero at central densities reached in
those massive objects. The cooling of these objects is de-
termined by the efficient MMU process in the absence of
pairing. The decline of the curve describing Cas A proves
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Fig. 7. Same as fig. 6 for nπ
c = 2.5 n0. Cas A cooling data from

ACIS-S are explained with a NS of M = 1.780M�.

to be 1.9%. Cas A cooling data from the ACIS-S instru-
ment are explained with a NS of M = 1.950M� while data
from the HRC-S instrument are explained with a slightly
more massive star of M = 1.980M�. The whole range of
data is covered by the cooling curves in the mass interval
from ∼ 1.4 to 2.43M�. The Crab pulsar is described by
≥ 1.6M� and Vela by 2.2M�. The XMMU source has a
mass of 1.42–1.55M�. All other sources, except “C” and
“D” are covered by stars with masses from 1.4 to 1.95M�.
Thus, with the given model the XMMU, Crab, Cas A and
Vela objects prove to be very massive.

In order to describe the cooling data from Cas A with
a less massive neutron star, a smaller value of the effective
pion gap can be used. In fig. 7 we show the same as in fig. 6
but with the effective pion gap calculated with the help
of the dashed curve 1a+1b in fig. 2, for nπ

c = 2.5n0. The
cooling of the hot source XMMU is now explained by a
NS with a mass of 1.4–1.47M�, and the whole range of
data is covered by the cooling curves in the mass interval
from ∼ 1.4 to 2.43M�. We see that the Cas A cooling
data can now be explained with a lower NS mass of M =
1.780M�. The decline of the curve describing Cas A proves
to be 2.6% over 10 years in this model, being compatible
with ACIS-S data. The Crab pulsar is described by a mass
exceeding 1.5M� and Vela by M ∼ 1.9M�. All sources,
except “C” and “D” are covered by stars with masses from
1.4 to 1.8M�. So, if the Cas A data supported a steep
decline of the cooling curve and the NS radii were � 13 km,
it could be considered as an argument in favour of this
model.

In fig. 8 we show the same as in fig. 6 and in fig. 7,
but now the effective pion gap is described by the dotted
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Fig. 8. Same as fig. 6 for nπ
c = 2.0 n0. Cas A cooling data

from the HRC-S instrument are explained with a NS of M =
1.695M�.

curve 1a+1b in fig. 2, for nπ
c = 2n0. The cooling of the

hot source XMMU is explained by a NS with a mass of
1.3–1.35M�, and the whole range of data is covered by
cooling curves for stars in the mass interval from ∼ 1.3
to 2.43M�. We see that the Cas A cooling data can now
be explained with a still lower NS mass of M = 1.695M�.
The decline rate of the curve describing Cas A HRC-S
data proves to be 1.7% per decade in this model. The
Crab pulsar is described by M > 1.4M� and Vela by
M ∼ 1.8M�. All sources, except the most rapidly cooling
objects “C” and “D”, are covered by stars with masses
from 1.3 to 1.75M�.

Figure 9 shows the same as figs. 6, 7 and 8 but with the
effective pion gap given by the dash-dotted curve 1a+1b in
fig. 2, with nπ

c = 1.5n0, corresponding to the most efficient
pion softening effect. The cooling of the hot source XMMU
is now explained by a NS with a mass of 1.2–1.35M�, and
the whole range of data is covered by the cooling curves
for NS in the mass interval from ∼ 1.2 to 2.43M�. We
see that the Cas A cooling data can now be explained
with a lower NS mass of M = 1.660M�. The decline of
the curve describing Cas A proves to be 1.4% per decade.
The Crab pulsar is described by M > 1.4M� and Vela
by M ∼ 1.8M�. All sources, except most rapidly cooling
objects “C” and “D”, are covered by stars with masses
from 1.2 to 1.7M�.

Thus with the model EEHOr for the pp gaps we are
able to describe the whole set of the data and could chose
between different effective pion gap curves if the decline of
the curve describing Cas A were known. From the point
of view of a similarity of the distribution of the sources to
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Fig. 9. Same as fig. 6 for nπ
c = 1.5 n0. Cooling data for Cas A

from the HRC-S instrument are explained with a NS of M =
1.660M�.

the one that follows from a population synthesis [99] and
supernova simulation models [100], the models shown in
figs. 8 and 9 are more appropriate than those shown in
figs. 6 and 7. Therefore, an appropriate description of NS
cooling with stiff EoS can be considered as an argument
for a strong pion softening.

In fig. 10 we show the same as in fig. 6 (nπ
c = 3n0) but

for the 1S0 pp pairing gap corresponding to the model
CCYms. With these pp pairing gaps we reproduce Cas A
cooling data from the HRC-S instrument with a NS mass
of M = 1.963M�, which is only slightly different from
M = 1.980M�, with which we reproduced the HRC-S
data in the example shown in fig. 6 for the EEHOr pp gap
model. The decline of the curve describing Cas A data is
1.8% per decade. The whole range of data is covered by
cooling curves in the mass interval from ∼ 1.4 to 2.43M�.
The Crab pulsar is described by M > 1.55M� and Vela by
∼ 2.2M�. The XMMU source has a mass of 1.4–1.5M�.
All sources, except “C” and “D” are covered by stars with
masses from 1.4 to 1.96M�. So, the model has the same
deficiencies as the model EEHOr for nπ

c = 3n0: the hottest
objects and intermediate cooling objects are very massive.

In fig. 11 we show the same as in fig. 10, but for
nπ

c = 2.5n0. We reproduce the Cas A cooling data from
the HRC-S instrument for a NS mass M = 1.774M� and
ACIS-S data for a NS mass M = 1.757M�, which is only
slightly different from M = 1.780M�, with which we re-
produced ACIS-S data in fig. 7 with EEHOr gaps. The de-
cline of the curve describing Cas A decreased up to 2.3%
per decade. The whole range of data is covered by cool-
ing curves in the mass interval from ∼ 1.3 to 2.43M�.
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Fig. 10. Same as fig. 6, but for the 1S0 pp pairing gap model
CCYms. Cas A cooling data from the HRC-S instrument are
explained with a NS of M = 1.963M�.
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Fig. 11. Same as fig. 10, but for nπ
c = 2.5 n0. Cas A cooling

data from the HRC-S instrument are explained with a NS of
M = 1.774M�, and data from ACIS-S with M = 1.757M�.
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Fig. 12. Same as fig. 10, but for nπ
c = 2.0 n0. Cas A cooling

data from the HRC-S instrument are explained with NS of
M = 1.663M�.

The Crab pulsar is described by M > 1.5M� and Vela by
M ∼ 1.95M�. The XMMU source has a mass 1.3–1.45M�.
All sources, except the most rapidly cooling objects “C”
and “D” are covered by stars with masses from 1.3 to
1.7M�.

In fig. 12 we show the same as in fig. 10 but for nπ
c =

2n0. Now we reproduce HRC-S data for Cas A with a NS
mass of M = 1.663M� rather than M = 1.695M� as in
fig. 8. The decline of the curve describing Cas A is 1.7% per
decade, as it was in case shown in fig. 8 for the EEHOr pp
gap. The whole range of data is covered by cooling curves
in the mass interval from ∼ 1.2 to 2.43M�. The Crab
pulsar is described by M > 1.35M� and Vela by M ∼
1.8M�. The XMMU source has a mass of 1.2–1.25M�.
All sources, except the most rapidly cooling objects “C”
and “D” are covered by stars with masses from 1.2 to
1.7M�.

In fig. 13 we show the same as in fig. 10 but for nπ
c =

1.5n0 With the pp pairing gaps corresponding to model
CCYms we reproduce the HRC-S data for a NS mass M =
1.625M� rather than M = 1.660M� as in fig. 9 for the pp
pairing gaps corresponding to model EEHOr. The decline
of the curve describing Cas A is 1.3% per 10 years. The
whole range of data is covered by cooling curves in the
mass interval from ∼ 1.1 to 2.43M�. The Crab pulsar is
described by M > 1.3M� and Vela by M ∼ 1.8M�. The
XMMU source has a mass of 1.1–1.25M�. All sources,
except the most rapidly cooling objects “C” and “D”, are
covered by stars with masses from 1.1 to 1.7M�.

Thus we are able to conclude that descriptions of the
data with the pp gaps given by EEHOr and CCYms
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Fig. 13. Same as fig. 10, but for nπ
c = 1.5 n0. Cas A cooling

data from the HRC-S instrument are explained with NS of
M = 1.625M�.

models are rather similar. Only the model nπ
c = 3n0 might

be excluded in both cases, since all the objects prove to
be too heavy. If the Cas A data supported a steep de-
cline of the cooling curve and the NS radii were � 13 km,
it could be considered as an argument in favour of the
models presented in figs. 6, 7 and 11.

In fig. 14 we show the same as in fig. 6 and fig. 10
(nπ

c = 3n0), but for the 1S0 pp pairing gaps corresponding
to model BCLL. The BCLL gaps have approximately the
same values as the CCYms ones but are shifted to smaller
densities. With these gaps we reproduce the HRC-S Cas A
data for a NS mass of M = 1.855M� and obtain a decline
of 1.3% per decade, being smaller than in the cases shown
in fig. 6 and fig. 10. The whole range of the data is covered
by cooling curves in a broad interval of masses from 1.1
to 2.43M�. The XMMU source has a mass 1.1–1.25M�.
The Crab pulsar is described by M > 1.3M� and Vela by
M ∼ 2.2M�. All sources, except the most rapidly cool-
ing objects “C” and “D” are covered by stars with masses
from 1.1 to 1.95M�. So, the model has the same deficien-
cies as the EEHOr and CCYms models for nπ

c = 3n0.
In fig. 15 we show the same as in fig. 7 and fig. 11

(nπ
c = 2.5n0), but for the 1S0 pp pairing gaps correspond-

ing to model BCLL. Now we reproduce the HRC-S data
for a NS mass M = 1.630M� and obtain a decline of 1.6%
per decade. Note that in the examples shown in fig. 7
and fig. 11 we were able to reproduce ACIS-S data with
masses M = 1.780M� and M = 1.757M�, respectively.
The whole range of the data is covered by cooling curves
for masses from 1.1 to 2.43M�. The Crab pulsar is de-
scribed by M ≥ 1.3M� and Vela by M ∼ 1.8M�. The
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Fig. 14. Same as fig. 10, but for the 1S0 pp pairing gap model
BCLL. Cas A cooling data from the HRC-S instrument are
explained with a NS of M = 1.855M�.
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Fig. 15. Same as fig. 14, but for nπ
c = 2.5 n0. Cas A cooling

data from the HRC-S instrument are explained with a NS of
M = 1.630M�.
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Fig. 16. Same as fig. 14, but for nπ
c = 2.0 n0. Cas A cooling

data from the HRC-S instrument are explained with a NS of
M = 1.406M�.

XMMU source has a mass of 1.1–1.2M�. All sources, ex-
cept the most rapidly cooling objects “C” and “D” are
covered by stars with masses from 1.1 to 1.8M�.

In fig. 16 we show the same as in fig. 8 and fig. 12
(nπ

c = 2n0), but for the 1S0 pp pairing gaps corresponding
to the model BCLL. We reproduce the HRC-S Cas A data
for a NS mass M = 1.406M�, being smaller than in the
cases shown in fig. 8 (M = 1.695M�) and fig. 12 (M =
1.663M�), and having a slightly smaller decline (1.6% per
decade). The whole range of the data is covered by the
cooling curves of masses from 1.0 to 2.43M�. The Crab
pulsar is described by M ≥ 1.1M� and Vela by M ∼
1.55M�. The XMMU source has a mass of 1.0–1.05M�
and thus being very light, which could be an argument
against this model. All sources, except the most rapidly
cooling objects “C” and “D” are covered by stars with
masses from 1.0 to 1.8M�.

In fig. 17 we show the same as in fig. 9 and fig. 13 (nπ
c =

1.5n0), but for the 1S0 pp pairing gaps corresponding to
the model BCLL. We reproduce the HRC-S Cas A data
for a NS mass of M = 1.345M�, being smaller than in the
cases shown in fig. 9 (M = 1.660M�) and fig. 13 (M =
1.625M�), and obtain a small decline of 1.0% per decade.
The whole range of the data is covered by cooling curves in
a broad interval of masses, from 0.7 to 2.43M�. The Crab
pulsar is described by M ≥ 1.0M� and Vela by M ∼
1.5M�. The XMMU source has the mass of 0.7–0.9M�
being unrealistically light. All sources, except the most
rapidly cooling objects “C” and “D” are covered by stars
with masses from 0.7 to 1.5M�.

Thus we conclude that with the DD2 EoS for all three
considered choices of the pp- gaps we are able to tune
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Fig. 17. Same as fig. 14, but for nπ
c = 1.5 n0. Cas A cooling

data from the HRC-S instrument are explained with a NS of
M = 1.345M�.

the effective pion gap (for nπ
c = 1.5–2.5n0) such that all

the cooling data are explained rather appropriately. If the
decline of the Cas A cooling curve were steeper than 2% it
would essentially restrict the different choices. In the latter
case only choices shown in figs. 7 and 11 would prove to
be appropriate. If the decline of the Cas A cooling curve
is not so steep (1–2%) all three choices of the pp gaps
EEHOr, CCYms and BCLL are appropriate, given that
nπ

c = 1.5–2.5n0 for the EEHOr and CCYms models and
nπ

c = 2–2.5n0 for the BCLL model. Other pp gap and
effective pion gap choices do not allow to appropriately
explain the whole set of the data.

4.3 NS cooling within DD2vex EoS

In fig. 18 we show the same as in fig. 16 (nπ
c = 2n0, BCLL

pp gaps) but for DD2vex EoS. We reproduce the ACIS-S
Cas A data for a NS mass M = 1.970M� and obtain a
decline of 2.6% per decade. The HRC-S data are described
for M = 1.993M�. The whole range of the known cooling
data is covered by cooling curves in a broad interval of
masses, from 1.4 to 2.5M�. The Crab pulsar is described
by M ≥ 1.6M� and Vela by M ∼ 2.1M�. The XMMU
source has a mass of 1.4–1.5M�. All sources, except the
most rapidly cooling objects “C” and “D” are covered by
stars with masses from 1.4 to 2M�.

In fig. 19 we show the same as in fig. 17 (nπ
c = 1.5n0,

BCLL pp gaps) but for the DD2vex EoS. We reproduce
the HRC-S Cas A data for a NS mass M = 1.823M� and
obtain a decline of 1.3% per 10 years. The whole range of
the data is covered by cooling curves in a broad interval of
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Fig. 18. Same as fig. 16, but for the hadronic DD2vex EoS.
Cas A cooling data from the ACIS-S instrument in graded
mode are explained with a NS of M = 1.970M�.
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Fig. 19. Same as fig. 18, but for nπ
c = 1.5 n0. Cas A cooling

data from the HRC-S instrument are explained with a NS of
M = 1.823M�.
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Fig. 20. Same as fig. 18, but for The 1S0 pp pairing gap model
AO. Cas A cooling data from the HRC-S instrument are ex-
plained with a NS of M = 1.740M�.

masses, from 1.1 to 2.5M�. The Crab pulsar is described
by M ≥ 1.4M� and Vela by M ∼ 2.0M�. The XMMU
source has a mass of 1.1–1.3M�. All sources, except the
most rapidly cooling objects “C” and “D” are covered by
stars with masses from 1.1 to 1.9M�.

In fig. 20 we show the case of the AO pp pairing gap
and an effective pion gap corresponding to nπ

c = 2n0.
We reproduce the HRC-S Cas A data for a NS mass of
M = 1.740M� and obtain a decline of 1.5% per decade.
The whole range of the data is covered by cooling curves
in a broad interval of masses, from 1.0 to 2.5M�. The
Crab pulsar is described by M ≥ 1.2M� and Vela by M ∼
2.0M�. The XMMU source has a mass of 1.0–1.15M�. All
sources, except the most rapidly cooling objects “C” and
“D” are covered by stars with masses from 1.0 to 1.8M�.

All other choices of pp gaps and effective pion gaps do
not allow to appropriately explain the data. The cooling
proves to be too fast in those cases and hot sources can-
not be appropriately described if the gap drops to zero at
smaller densities, as for the CCYps and BS pp gap choices.
The cooling is then too slow, and less hot sources can-
not be appropriately described if the gap drops for higher
densities, as for the EEHO, CCDK, Yak and AV18 gap
choices.

The overall description could be improved if other
rapid processes, like the pion condensate process, or the
DU process on hyperons, or the possibility of a quark mat-
ter core were included. This we demonstrate on the ex-
ample of the AO pp pairing and for the effective pion gap
corresponding to nπ

c = 2.5n0. Here, in absence of pion con-
densation and hyperons the cooling of the rapidly cooling
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Fig. 21. Same as fig. 20, but for nπ
c = 2.5 n0. Cas A cooling

data from the HRC-S instrument are explained with a NS of
M = 2.230M�.

objects can be explained by DU reactions. This example
is shown in fig. 21. We reproduce the HRC-S Cas A data
for the NS mass M = 2.230M� and obtain a decline of
1.1% per decade. The whole range of the data is covered
by cooling curves in a broad interval of masses, from 1.0
to 2.7M�. The Crab pulsar is described by M ≥ 1.3M�
and Vela by M ∼ 2.6M� (with the DU process switched
on!). The XMMU source has a mass of 1.0–1.2M�. All
sources, except the most rapidly cooling objects “C” and
“D” are covered by stars with masses from 1.0 to 2.5M�.
The cooling of the cold “C” and “D” objects is explained
by the efficient DU process.

4.4 CS cooling within DD2vex-QM EoS

Turning our attention to the scenario of a hybrid star
EoS, we have observed in ref. [59] that the presence of
a quark core may lead to an acceleration of the cooling.
The full set of cooling data can again be described. In the
present work the matching of the DD2vex hadron EoS
with the hNJL quark matter EoS produces the DD2vex-
QM EoS demonstrated in fig. 1. The quark core appears
only for M > 2.08M�. As is seen in figs. 18 and 19, with
BCLL pp gaps only the cooling of the “D” object might
be described in terms of the DD2vex-QM model. Other
objects have lower masses and their cooling is described
within the hadronic models. With the AO pp gaps and
for an effective pion gap corresponding to nπ

c = 2.0n0 the
situation is similar and only the “D” object may be de-
scribed as a hybrid star with quark matter core. However,

for the AO pp gaps and for an effective pion gap corre-
sponding to nπ

c = 2.5n0, see fig. 21, the objects demon-
strating an intermediate cooling (Cas A, 3C 58, Geminga
and RX J1856-3754), as well as the rapidly cooling ones
(Vela and CTA-1) would have masses above 2.1M� and
could be considered as hybrid stars in the framework of
the DD2vex-QM model.

5 Conclusion

As is seen in fig. 1 the neutron star (NS) radii are the
larger the stiffer EoS is. So, if in the future a very massive
compact star (CS), and/or a CS of a middle mass but with
a large radius will be observed, this will provide arguments
for a stiff EoS, like DD2 or even DD2vex. Otherwise, with
the presently existing value of the mass for the most mas-
sive observed pulsar 2.01± 0.04M� and in absence of the
evidence of the CS with radii above 13 km we may exploit
moderately stiff equations of state (EoS) like the HDD
one, yielding Mmax only slightly above 2M� and radii of
12±1 km for medium heavy CS. Here we should stipulate
that we assume that hyperons, delta resonances and pion,
kaon and charged ρ-meson condensates do not appear or,
if they appear, soften the EoS only a little.

As we demonstrated, all three EoS that we used, HDD,
DD2 and DD2vex, are compatible with the existing CS
cooling data provided we exploit the nuclear medium cool-
ing scenario developed in our previous works, under the
assumption that different sources have different masses.
The key difference of this scenario compared to the mini-
mal cooling one is that we incorporate the particle-particle
hole Fermi liquid effects as well as short-range nucleon
repulsion effects. Due to that the NN interaction ampli-
tude becomes strongly density dependent being enhanced
for n � n0 owing to the pion softening effect and sup-
pressed at lower densities owing to correlation effects in
particle-particle channel. As the result of inclusion of the
particle-hole effects, the emissivity of the two-nucleon neu-
trino processes increases with increasing density in the NS
core and the lepton and nucleon heat conductivity terms
decrease.

The resulting cooling curves prove to be sensitive to
the value and the density dependence of the pp pairing gap
and the effective pion gap. In the present work to be spe-
cific and to restrict the number of possible choices we dis-
regarded the possibility of the pion condensation assuming
a saturation of the pion softening above a critical density,
nπ

c , which we varied between 1.5 to 3.0n0 such that the
strongest pion softening occurs for nπ

c = 1.5n0, cf. fig. 2.
Choosing the pp pairing gap such that it disappears for
sufficiently high densities met in centers of rather massive
stars we are able to reach an overall agreement with the
cooling data including Cas A and the hot source XMMU-
J1732, with all three: HDD, DD2 and DD2vex EoS used
in this work. We showed that the pp gaps appropriate for
a description with the stiffer EoS should drop to zero at
lower densities than those yielding appropriate fits of the
cooling data with a softer EoS. Allowing for a stronger
decrease of the effective pion gap with increasing density
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we are able to diminish the value of the mass required for
an optimal description of the cooling data for the NS in
Cas A. Exploiting the stiffest EoS necessitates the usage
of the strongest pion softening.

Fitting a steep decline of the cooling curve for Cas A
compatible with ACIS-S data requires an appropriate
form of the pp pairing gap (model I for the HDD EoS;
EEHOr and CCYms for the DD2 EoS and BCLL for the
DD2vex EoS, cf. fig. 3) and an efficient medium modified
Urca neutrino emissivity obtained with the effective pion
gap nπ

c = 3.0n0 for the HDD EoS, nπ
c = 2.5n0 for the

DD2 EoS and nπ
c = 2.0n0 for the DD2vex EoS, cf. fig. 2.

The larger the pp gap at the relevant density, the steeper
the decline of the curve describing the Cas A cooling data.
However, with too large pp pairing gaps the masses of the
hot objects, like XMMU, and intermediately cooling ob-
jects prove to be too high. A rather low value of the lepton
contribution to the heat conductivity, being also required
to fit the ACIS-S data, follows from the calculations in
ref. [50], which take electron-electron hole effects into ac-
count.

A smaller decline of the cooling curve for Cas A, like
the one being found using data of the HRC-S instrument,
together with other cooling data are better reproduced,
when one exploits smaller values of the proton gap, like
the BCLL one. In addition, the above-mentioned decline
diminishes, if one uses effective pion gaps with a steeper
decrease with the density.

To conclude this discussion, exploiting the DD2 EoS,
the EEHOr and the CCYms pp pairing gaps and the ef-
fective pion gap with nπ

c = 1.5–2.5n0, as well as using the
BCLL proton gaps and nπ

c = 2.0–2.5n0, allows to appro-
priately explain the whole set of the cooling data either
demonstrating a sharp or a smoother decline of the cooling
curve passing through the Cas A data.

With the extremely stiff DD2vex EoS the cooling data
are appropriately explained only if one assumes a strong
pion softening nπ

c = 1.5n0 and nπ
c = 2.0n0 with the BCLL

model for the pp pairing and nπ
c = 2.0n0 and nπ

c = 2.5n0

with the AO model for the pp pairing gaps. In both cases
the gaps vanish for densities above 2.2n0.

Reference [10] presented arguments that the mass of
the XMMU source is 1.2M� < MXMMU < 1.8M�. Ac-
cepting these limits as a constraint we are able to diminish
the number of relevant cooling models. The gap of model
II for the HDD EoS, the BCLL gap model for the DD2
EoS and the AO gap model for the DD2vex EoS can then
be excluded.

Within our scenario the hottest source should be the
lightest NS. Bearing in mind that most of CS in binary
systems have masses M � 1.35–1.4M�, we would expect
that MXMMU < 1.4M�. Accepting then as a constraint
1.2M� < MXMMU < 1.4M� we may still reduce the num-
ber of appropriate choices retaining the following models:
for the HDD EoS : model I of pp gap and the effective pion
gap nπ

c = 3n0, fig. 4; for the DD2 EoS : with the EEHOr
gap, nπ

c = 2n0, fig. 8, and nπ
c = 1.5n0, fig. 9; with the

CCYms gap, nπ
c = 2.5n0, fig. 11, nπ

c = 2.0n0, fig. 12, and
nπ

c = 1.5n0, fig. 13; and with the BCLL gap, nπ
c = 3.0n0,

fig. 14; and for the DD2vex EoS : with the BCLL gap,
nπ

c = 1.5n0, fig. 19.
Finally, we would like to emphasize that in a self-

consistent scheme the pairing gaps should be computed
by taking into account in-medium effects beyond the BCS
weak coupling approximation, and for the same interac-
tion that is used to obtain the given EoS. This could re-
duce number of appropriate models. However, the problem
cannot be satisfactorily resolved at present.

If we included the possibility of pion condensation for
the DD2 EoS, it would appear for M > Mπ

c = 2.1M�
if nπ

c = 3.0n0, for M > 1.8M� if nπ
c = 2.5n0, for

M > 1.25M� if nπ
c = 2.0n0, and for M > 0.75M� if

nπ
c = 1.5n0, see fig. 2. For the DD2vex EoS, the pion

condensation could appear in our models for M > 2.7M�
if nπ

c = 2.5n0, for M > 2.1M� if nπ
c = 2.0n0, and for

M > 1.25M� if nπ
c = 1.5n0. The cooling curves for the

NS masses below Mπ
c remain the same as in the models

without pion condensation, which we have exploited in
the present work. For M > Mπ

c the cooling becomes more
efficient since the pion Urca process switches on. This pos-
sibility will be studied elsewhere.

There exists the so-called “hyperon puzzle” [101,102]
that the filling of the hyperon Fermi seas in CS matter
may happen already for n > 2.5–3.0n0 which may re-
sult in a significant decrease of the maximum CS mass.
Moreover, the rapid DU-like processes on the hyperons
may occur. Although recently it was demonstrated [103,
104] how these problems might be smoothened it would
be important to include the hyperons in the cooling code.
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Appendix A. Some remarks why “minimal
cooling” is insufficient

Here we formulate reasons why one should go beyond
the so-called “minimal cooling” scheme, exploited in most
works devoted to the NS cooling (for a review, see [12]),
where as the most efficient neutrino processes in the NS
core are considered the MU processes calculated within
the FOPE model [38] and the neutron 3P2 PBF process
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calculated following ref. [105]. The NB and 1S0 neutron
PBF processes are also taken into account.

The FOPE model of the NN interaction suffers from
serious drawbacks. Indeed, the calculation of the rate of
the process can be performed either by exploiting the
squared Born amplitude or the optical theorem, i.e. via
the squared matrix element of the diagram or via its imag-
inary part. The imaginary part of the Born amplitude for
forward scattering is zero. Therefore, the calculation of the
emissivity via the imaginary part of the amplitude requires
the inclusion of the nucleon-nucleon hole loop diagrams at
least up to second order in the coupling fπNN . The FOPE
MU result is reproduced if higher-order loop terms can be
dropped, i.e. only if the one-loop term ∝ f2

πNN is small.
However, the latter term proves to be numerically not as
small already at low densities. Indeed, with inclusion of
this nucleon-nucleon hole contribution into the pion prop-
agator, the pion condensation instability happens already
for n = nπ

c ∼ 0.3n0 in isospin symmetric matter [14],
whereas experiments show that there is no pion conden-
sation in atomic nuclei [13]. In order to get a correct pion
self-energy one should sum up the loop series by taking
into account vertices dressed by the loops, which in the
Fermi liquid approach depend on the gnn

0 and gnp
0 Landau-

Migdal parameters in the spin-spin interaction channel.
The repulsive effect of the NN correlations allows to shift
nπ

c above the value of n0 for isospin symmetric matter [14].
Then both calculations, the one via the optical theorem
and the other using the Born amplitude (but with MOPE
with dressed vertices and dressed pion propagator instead
of FOPE) coincide. Note that in addition to MOPE there
is yet a repulsive short-range term in the NN interaction
corrected by the loops which, however, yields a small effect
for n � n0, cf. [14].

Next, if the pion is treated as free, there should appear
a rapid DU-like pionization process, provided the electron
chemical potential μe exceeds the pion mass mπ. This
process starts at a density much below the nucleon DU
threshold. Silently, it is disregarded in the minimal cool-
ing schemes, although this process proves to be forbidden
only if one takes into account in-medium s-wave repulsion,
cf. [13].

The inclusion of PBF processes into the minimal cool-
ing scheme, which ignores medium effects in the MU re-
action rate, appears to be inconsistent, since only taking
into account the particle-particle and particle-hole loop di-
agrams in vertices allows one to preserve the Ward identity
and the conservation of the vector current, cf. [27,28]. But
then one may ask why one includes these effects in PBF
processes but ignores similar effects in the two-nucleon
processes, like MU?

Now, the electron-electron hole effects are incorporated
in the lepton heat conductivity in the minimal cooling
calculations, cf. [50], resulting in its essential suppression.
But similar nucleon loop effects are not included in the
nucleon term, what again looks inconsequent. The PBF
process on 1S0 paired neutron is included in the mini-
mal cooling scheme by taking into account loop effects in
the particle-particle channel with the result that the vec-

tor current term is suppressed as v4
Fn, where vFn is the

neutron Fermi velocity, see [29,27], and the axial-vector
current term is suppressed only as v2

Fn, see [27,28]. But
the neutron-neutron hole and electron-electron hole effects
are not incorporated into the rate of the PBF process on
the 1S0 paired proton what results in an artificial one-two
order of magnitude (c2

v) suppression of the rate for this
process when compared with that from [27], where these
effects are included.

The loop effects in calculation of the pairing gaps
might be very important. However, the uncertainty in the
results is large because of an exponential dependence of
the gap on the poorly known value of the particle-particle
interaction in the pairing channel. Especially these uncer-
tainties may affect the values of the 3P2 gaps, cf. [46,47].
Therefore it is difficult to believe that one may fix the mag-
nitude and the density dependence of the 3P2 nn pairing
gap in the NS interior from fitting the cooling curves to
the existing data, as it was argued by the authors exploit-
ing the minimal cooling scheme, because many at least
potentially important effects are ignored within such an
approach. The poor knowledge of the density dependence
and the amplitudes of the 3P2 nn and 1S0 pp gaps is a se-
rious barrier for reducing the uncertainties in predictions
for all existing cooling schemes.

Concluding, it deems us rather inconsistent to include
the loop effects in some processes but to ignore similar ef-
fects in other processes. These drawbacks are absent in our
nuclear medium cooling scheme. The price paid for that
is a dependence of the quantitative results on the values
of the poorly known Fermi liquid parameters in dense NS
matter. Thus, further experimental and theoretical efforts
are required which will step by step improve our knowl-
edge of the interaction in dense nuclear matter.
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