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Abstract—The paper analyzes how random and systematic components of instrumental error of an automated
astronomical system affect the accuracy of the landmark astronomical azimuth. The obtained results can be
applied to construct the error mathematical model and to define the mutual orientation of the body axes when

designing the system.
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INTRODUCTION

The attitude of objects in the geographical frame is
commonly determined or monitored by gyroscopic
aids measuring the astronomical azimuth such as
gyrocompasses and gyrotheodolites [1—5]. They are
periodically calibrated to reduce the systematic com-
ponents of azimuth error [6, 7]. Calibration is done
using a stationary astronomical azimuth determina-
tion system, which fastly and accurately determines
the astronomical azimuth of reference direction by
stellar observations [8§—9]. However, its capabilities
are limited by the operating conditions: it needs a spe-
cially equipped building on a massive vibroisolated
foundation.

In field conditions, gyroscopic devices are cali-
brated using the reference directions specified by the
landmarks (autocollimating reflectors or sighting tar-
gets) [2]. The azimuth of reference directions is deter-
mined by classical instruments: DKM-3A astronomi-
cal theodolite by Wild, Switzerland, and AU-1 auto-
mated astronomical system by the Central Research
Institute of Geodesy, Airborne Survey and Cartogra-
phy, Russia [2, 3, 10]. Azimuth determination is not
automated in these devices, it requires long observa-
tions and highly qualified personnel.

High-precision total stations with stellar observa-
tion functions are also used in astrogeodetic surveys
[11-13].

Satellite geodesy is also utilized in field determina-
tion of astronomical azimuth of reference direction.
However, this method requires additional high-preci-

' The paper is based on presentation made at the 13th Multicon-
ference on control Problems, Saint Petersburg, 2020.

sion geodetic data (components of the deflection of
the vertical). The accuracy of azimuth determination
by this method depends on the distance between the
observation points [14—16].

Currently, Concern CSRI Elektropribor develops
an automated astronomical system (AAS) for precise
and fast azimuth determination in field conditions. It
is going to substitute the DKM-3A and AU-01 sys-
tems.

The AAS is designed as a classical astronomical
theodolite comprising three main parts (Fig. 1):

VD rotation axis

Objective /

Sighting axis [T

AD rotation axis

/" V camera

IS X axis

Fig. 1. AAS design and main components.
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* sighting device (SD) consisting of the objective
and TV-camera;

+ vertical drive (VD) rotating the sighting axis in
the vertical plane;

» azimuth drive (AD) rotating the sighting axis in
the horizontal plane.

The AAS also comprises a two-axis inclination
sensor (IS) installed on the AD rotating part and a lev-
eling system.

The AAS determines the landmark azimuth as fol-
lows: it determines the azimuth of sighting axis Ag, by
stellar observations near the meridian plane and then
turns it to the landmark, with the horizontal rotation
angle of sighting axis 'y calculated by AD angle sensor
data. Thus the astronomical azimuth of a landmark is
determined by the formula:

A, = Agy +7. (1)
Azimuth can be accurately determined only with
proper mutual orientation of AD and VD rotation
axes, IS sensitivity axes, and SD sighting axis. If the
axes are improperly oriented due to technological
errors in AAS manufacture and assembly, the horizon-
tal error 7y is determined with errors. Therefore, it is
needed to analyze how AAS instrumental errors
caused by technological defects in manufacture and
assembly affect the azimuth determination accuracy.

LANDMARK AZIMUTH DETERMINATION
ALGORITHM

The landmark azimuth determination algorithm
can be conventionally divided into three major opera-
tions:

(a) determining the astronomical azimuth of the
sighting axis during observation of near-meridian stars
at the fixed altitude A;

(b) determining the horizontal angle y when pro-
ceeding from the stellar observation to landmark
observation;

(c) reversing the sighting axis: rotating it succes-
sively about AD rotation axis and then about VD rota-
tion axis so that the sighting axis points the same side
as before the rotations.

The sighting axis is reversed to reduce the system-
atic error components caused by IS bias and AAS
technological errors in manufacture and assembly.

Operations a) and b) are performed before and after
the reversal of the sighting axis to determine its azi-

muths A, and Ay, and horizontal angles y' and y!!
(subscript “I” denotes prereversal position of the
sighting axis, and “I1”, postreversal position).

The horizontal angle 7 is calculated based on the
changes in AD angle sensor data A@,p when proceed-
ing from stellar to landmark observations.
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The resultant astronomical azimuth of the
landmark with account for the axis reversal is deter-
mined as

1 11
A = M’ Q)
2
where AL, ALI are the landmark azimuth values before
and after the reversal of the sighting axis, calculated
by (1).

The astronomical azimuth of the sighting axis is

determined as follows:

(1) the star images are recorded in the photodetec-
tor plane, and the arrays of coordinates of star image
energy centers are generated {x;, y;...xy,_, Yy, }» Where
Npp is the number of star images detected in the pho-
todetector plane;

(2) initial equatorial coordinates o, 8, correspond-
ing to the equatorial coordinates of the center of the
working area in star catalogue are calculated using (3)
for the stars north of zenith [10]

0y = Ogst + Az +180° 8, = 90° — @z + hy, 3)
and using (4) for the stars south of zenith

Ay = Ogst + Az; 89 =y + @7 —90°, 4)

where @, A, are the astronomical coordinates of the

location (initial data) that were earlier determined by

the AAS by observing near-zenith stars similarly to the

automated zenith telescope [17, 18], 8547 is the Green-
wich true siderial time [19, 20];

(3) the detected stars are identified by the coordi-
nates of energy centers of their images in photodetec-
tor plane and star catalogue data, and the array of star
pairs is generated, where the coordinates of star

images {x;, y...Xy,,, Vn,,} in the photodetector plane
are matched with their equatorial coordinates
{0y,8,...00y,,, Oy, } from the star catalogue and the cal-

culated standard coordinates {§;,; ...Ey,, Ny, }, Where
Ngp is the number of identified stars [21]. Notably, the
star equatorial coordinates from the star catalogue are
determined with account for the star drift, astronomi-
cal refraction, parallax, aberration, and changes in the
position of the celestial axis (precession and nutation)
[191;

(4) parameters for transforming the coordinates
from the photodetector plane to the standard coordi-
nates (further, transformation parameters) are deter-
mined using the star pairs’ array [22, 23];

(5) the coordinates of energy centers of star images
with account for their declinations {5, ...8y, } are cor-
rected for the shift during exposition caused by the
Earth’s daily rotation, and the transformation param-
eters are determined anew;
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Fig. 2. AAS body axes in horizontal plane. (a) body axes in ideal position; (b) body axes under technological manufacturing errors.

(6) using the transformation parameters, the stan-
dard coordinates of the point on the celestial sphere cor-

responding to the photodetector center, and then its

equatorial coordinates 0s,, g4 are determined [17];

(7) apparent azimuth Ag, and altitude Ag, of the

sighting axis are determined using the following equa-
tions [20]:

Agp = arctan[

sin(s — agy) )

sin(@z) cos(s — Olsy) — cos(@z)tan(dgy )

(&)

hgp = arccos[

where s = 0541 +1.002747 —0.00274), is the local
sidereal time of the moment when the star images were
recorded [24]; T'is the local time, h.

(8) corrections to the astronomical azimuth for the
tilt relative to the horizon plane AA, in transverse
direction (about the sighting axis) and for the shift xp,
yp of the instantaneous pole with respect to the mean
pole AAdyp are determined. Correction A4y, is calcu-
lated as

Adgy = —VYis, tan(hg, ), (6)
and correction Adyp is determined as [1]
AAyp = —(Xpsin; + yp COSA,)seCcPy; )

(9) the resultant azimuth of the sighting axis using
stellar observations is calculated as

ASCA = Asp + Ady, + Adyp. (8)
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cos(dg, ) sin(s — OCSA)j
sin(A4gs,) ’

COMPONENTS OF AAS
INSTRUMENTAL ERROR

Mutual orientation of the AAS body axes and their
position in the horizontal frame ONWZ is shown in
Fig. 2. In the ideal case (Fig. 2a) with no technological
manufacturing errors, the IS sensitivity axes (vectors
OX and OY) lie within the horizon plane NOW. Vector
OA coincides with the AD rotation axis, and vector
O'V, with the VD rotation axis. Vector O'S corresponds
to the position of the SD sighting axis when observing
the landmark in the horizontal plane, then O'S'is codi-
rected with OX, and O'Vis codirected with OY. Vector
0'S' corresponds to the position of the sighting axis
when observing the stars at the altitude Ag,, then ori-
entation of the sighting axis in the horizontal frame
ONWZ (astronomical azimuth Ag,, altitude hg,) is
determined by astronomical observations.

AD and VD angle sensors measure the rotation of

the sighting axis O’S with respect to their zero posi-
tions (Pop and By, respectively). AAS tilt with respect
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to the horizon plane is measured by IS in longitudinal
and transverse directions (0,5, and ;g respectively).

Figure 2b shows the position of the AAS body axes
under technological manufacturing and assembly
errors, where AQgy is the the horizontal angle between
the projection of the sighting axis in the horizontal
plane and IS X axis; AQyy is the horizontal angle char-
acterizing the nonorthogonality of the IS axes; ABy4, is
the vertical angle characterizing the nonorthogonality
of IS X axis and AD rotation axis; Ayy, is the vertical
angle characterizing the nonorthogonality of IS Y axis
and AD rotation axis; A@Qgy is the horizontal angle
characterizing the nonorthogonality of the sighting
axis and VD rotation axis; Ayy, is the vertical angle
characterizing the nonorthogonality of AD and VD
rotation axes.

Along with technological manufacturing and
assembly errors, the landmark azimuth error contains

2
coS(Pap) + Brxj

Cia(@ap) = | Bayaxa +8in(@ap)za

where B, =1—cos(®ap); Xa, Va, Za are the Cartesian
coordinates of vector OA (AD rotation axis) in ONWZ
frame.

Coordinates x4, ya, 24 are calculated as follows:

XA XA0
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other components that can be expressed by RMS devi-
ations for IS ¢i5, G5, VD angle sensor 6y, and AD
angle sensor G p.

It is required to study how each of these error com-
ponents influences the landmark azimuth accuracy.

SIGHTING AXIS ROTATIONS
IN THE HORIZONTAL FRAME

In order to study how the instrumental error affects
the accuracy of landmark astronomical azimuth, it is
needed to mathematically describe the motion of the
sighting axis in horizontal frame ONWZ when turning
about AD and VD rotation axes.

Rotation about AD rotation axis by angle @,p in
horizontal frame ONWZ is described by the following
matrix [25]:

Byxpaya —SIN(@pp)Zn BaXaza +SIN(PAp)Ya
cos(Pap) + Brva

Byzaxa —SIN(@ap)Ya BaZaya +SIN(@ap)xa

(€)

Buyaza —Sin(@ap)x, |,

cos(up) + BAZ}&

where x5y = 0, yao = 0, 249 = 1 are the coordinates of

ideal vector OA; C:I . C*  are the rotation matrices

VYisy
for AAS tilt with respect to horizon plane 6,5, Y5, :

Cr =Cy Chyy Cp. =Cy Cho, (11)
ya | = CZGXAC:ISXC:wYACz]SY Yao | (10) Orsy O1sy —Apsx Vrsy Pisy —Apxy
Za Za0 where
cos(Aggy) —sin(Aggy) 0 cos(Apxy) —sin(Apyy) 0
Cage = | SIN(APs) cOS(APsx) 0], Cayy, = Sin(A@xy) cOS(AQxy) O|: (12)
0 0 1 0 0 1
cos(Bys,) 0 —sin(O;s,) 1 0 0
Ce.sx = 0 1 0 , Cwle =10 cos(ys,) —sin(ys,) |; (13)
sin(s,) 0 cos(Bys) 0 sin(ys,) cos(Ys,)
CZQXA , CZM are the rotation matrices for the angular CZQXA = Choy, Capgys CZ\M = Cpyys Cagyy s (14)
deflections of the AAS body axes from their ideal posi- where
tions, corresponding to technological errors AOyxa,
AWy
cos(ABy,) 0 —sin(Aby,) 1 0 0
Choy, = 0 1 0 s Cayy, =10 cos(Ayy,) —sin(Ayy,) | (15)

Sin(ABy,) 0 cos(ABy,)

GYROSCOPY AND NAVIGATION  Vol.12 No.2

0 sin(Ayy,) cos(Ayy,)
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The similar matrix C(6yp) describes the rotation
of vector O'V — which has coordinates xy, = 0, yy, = 1,
Zvo = 0 in the ideal position — about the VD rotation
axis by angle 6yp. Apart from the mentioned angles

Ors, > Wis, » ABxa, AWy,, the orientation of VD rotation
axis also depends on the rotation about AD rotation
axis described by the matrix C A(9ap), and angles
AQgy, Ay, described by the matrices
cos(A@sy) —sin(Aggy) 0
CA(pSV = | sin(A@gy) cos(Aggy) 0,
0 0 1
1 0 0
Cay,, =|0 cos(Ayy,) —sin(Ayy,) |.
0 sin(Ayy,) cos(Ayy,)

Then coordinates xy, ¥, 2y are calculated as fol-
lows:

(16)

Xy

v

Z

Y (17)
Xvo

% % % %

= HA((pAD)CA(PstAlpVACAGXACGISXCA‘bYACﬂJIsY Ivo |-

Zvo

Therefore, rotation of the sighting axis about AD
rotation axis is described by the formula

MR

XsA Xsa

ygA = uA((pAD) Ysa |» (18)
R

ZsA ZsA

and about VD rotation axis, by the formula

R

XsA Xga

y;{A = p,V(eVD) Ysa | (19)
R

ZSA <sA

where Xga, Vsa, Zsa are the initial prerotation Cartesian
coordinates of the sighting axis in horizontal frame;

Xon, Ve, Zsware the postrotation Cartesian coordi-
nates of the sighting axis in the horizontal frame.

SIMULATION

The systematic components of the instrumental
error AQsx, AQxy, ABxs, AWy, AQgy, AWy, were set
within the range 60—360 arcsec. The random error
components were simulated by processes with Gauss-
ian distribution, zero mean values and RMS devia-
tions o5 = 0.2 arcsec, 0;5,= 0.2 arcsec, Oyp =
60 arcsec, and 6,p= 0.2 arcsec. The astronomical

GYROSCOPY AND NAVIGATION  Vol. 12

observations were simulated for the star sighting at
hy, = 40°, which is the optimal altitude. At higher alti-
tude, the error in astronomical azimuth of the sighting
axis grows, and at lower altitude, the effect of lateral
refraction increases [10].

The simulation was performed as follows:

(1) the vectors corresponding to the body axes in
ideal orientation (without instrumental errors) as
shown in Fig. 2a were generated in the horizontal
frame;

(2) instrumental errors AQgx, AQxy, ABxa, AWya,
AQgy, Ay, were set and the vectors corresponding to
AD and VD rotation axes were generated using (9)—
(17), then the tilt angles with respect to the horizon
plane 65 , Y5, were set as random processes with
zero mean values and RMS deviations 05,0, ;

(3) using (19), the AAS sighting axis O'S was turned
to the position for observing the near-meridian stars
by rotating the vector O'S about VD rotation axis
through the angle 6y, = A, + A8, where A0 is the error
in VD rotation angle simulated as a random process
with zero mean and RMS deviation Gyp. After the
sighting axis rotation about VD axis, its azimuth and
altitude were calculated by the formulas

ygA j :
VO + ()’
Z?A j ,
VRO + 0% + (&)

(4) the readings of AD angle sensor @,p and the
sighting axis azimuth during stellar observations

Asp = arcsin(
(20)

hgy = arcsin{

I . .
Aga were recorded, with AD angle sensor error simu-
lated as a random process with zero mean and RMS
deviation G,p;

(5) true horizontal coordinates of the landmark
(azimuth A4; € [0; 90]° and altitude #; = 0°) were set
and the sighting axis pointing at the landmark was
simulated: the sighting axis was rotated about AD and
VD axes so that its azimuth and altitude calculated by
formulas (20) coincide with A; and 4; The axis was
rotated about AD and VD axes using the formulas (18)
and (19);

(6) after pointing at the landmark the data of AD
angle sensor were calculated, and the horizontal rota-
tion angle Y/ was determined by the difference between
the output during stellar observation and during the
landmark observation. During the landmark observa-
tion, the error of AD angle sensor G, was simulated;

(7) the landmark azimuth A{ was calculated
using (1);

(8) reversal of the sighting axis was simulated: AAS
body axes were successively rotated about AD rotation
axis using the rotation matrix C,, by 180°, and then

No.2 2021
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Table 1. Systematic components of the instrumental error
and their effects

AQsx, | AQxy, | Abxa, | AWya, | AQgy, | AYy,, A;y:t,
arcsec | arcsec | arcsec | arcsec | arcsec | arcsec | aresec
60 60 60 60 60 60 0.02
120 120 120 120 120 120 0.07
180 180 180 180 180 180 0.16
240 240 240 240 240 240 0.28
300 300 300 300 300 300 0.44
360 360 360 360 360 360 0.64

Table 2. Random components of the instrumental error and
their effects

Ois, » Ois, > OAD, oVD, G4
arcsec arcsec arcsec arcsec arcsec
0 0 0 60 0
0.2 0 0 0 0
0 0.2 0 0 0.12
0.2 0.2 0 60 0.12
0 0 0.2 0 0.20
0.2 0.2 0.2 60 0.23

about the VD rotation axis using the matrix C, by
180°;

(9) the sighting axis was again set to the meridian
plane, the steps 3—7 were repeated, and the sighting

L . . it .
axis azimuth during stellar observations Ay, , horizon-

tal angle y"' and azimuth of the landmark A4, after
reversal were determined;

O e e
R R N -
1

==}
—_

Landmark azimuth error, arcsec

(10) the landmark azimuth A™ was calculated
using (2), then the azimuth error was estimated by the
formula

A4, = A — A7 (1)

As a result of simulation, the error array A4; was

formed comprising Nx = 1000 elements, and its mean

value ASAYL“ characterizing the systematic component of

landmark azimuth error and RMS deviation 6, char-
acterizing the random error component were esti-
mated.

SIMULATION RESULTS

The simulation was performed in Matlab environ-
ment.

Table 1 presents the simulated total effect of the
technological manufacturing and assembly errors
AQsx, APxy, ABxa, AWy,, AQgy, AWy, on the systematic

syst

component of landmark azimuth error A3™. The max-

imum errors A;yft were observed for the case when the
angular distance between the landmark and the
meridian plane was A; = 90°. The random compo-
nents of the instrumental error were not specified.

The dependency of the landmark azimuth error on
the angular distance between the landmark and the
meridian plane is shown in Fig. 3.

Figure 4 presents the estimated effect produced by
the individual components of the instrumental error
and their combinations on the landmark azimuth

accuracy as a percentage of the resultant Asjft depend-
ing on the angular distance between the landmark and
the meridian plane.

0.64"

0.44"

0.07"
0.02"

90

Horizontal angle between the landmark direction and the meridian plane, deg

Fig. 3. Landmark azimuth error vs. angular distance between the landmark and the meridian plane.
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Fig. 4. Effect produced by the components of the instrumental error and their combinations as a percentage of the resultant error.

Table 2 presents the results of simulating the ran-
dom components of the instrumental error: o5 , Oy, ,
Ovyp and G p.

The following conclusions can be drawn from the
simulation:

(1) the error systematic component Aiy:t depends

on the angular distance between the landmark and the
meridian plane and reaches maximum values when
the angular distance is 90° (Fig. 3), with the astro-
nomical observations conducted both north and south
of zenith, when the azimuth Ag, = 180°;

(2) the main contribution to the error systematic

component ASAYL“ is made by the components of the
instrumental error ABy,, AYy, characterizing nonor-
thogonality of IS axes and AD rotation axis. The
instrumental error components AQgx, AQxy, AQgy,
Ay, produce a negligibly small effect (Fig. 4);

(3) IS error about axis X does not have a serious
effect on the landmark azimuth error o, , and the
effect of IS error about axis Y can be expressed as

Oy, tan(fgs,) \/5/2;
(4) the error of VD angle sensor Gy, does not influ-

ence the landmark azimuth error ¢, , and AD angle
Sensor error G, is completely included into o 4 ;

(5) the resultant random error component ¢ , con-
ditioned by the errors of AD and IS angle sensors can
be expressed as

2 2
|2 Ojs, tan(fgy )
04 =4/0ap + ——

(22)
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CONCLUSIONS

The paper presents the results of simulating the
effect produced by the instrumental error of the auto-
mated astronomical system on the accuracy of land-
mark azimuth determination. The results have
demonstrated that the random component of azimuth
error is mainly affected by the errors of the inclination
sensor and angle sensor of the azimuth drive, and the
systematic component is mostly affected by the verti-
cal angles characterizing nonorthogonality of the
inclination sensor axes and azimuth drive rotation
axis. It is planned to further apply the obtained results
to construct the mathematical model of the system
error and form the requirements for mutual orienta-
tion of the system axes when designing the system.
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