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Abstract—The performance of a Global Positioning System (GPS) receiver usually depends on the tracking
loops, so they can be considered the heart of the GPS receivers. It has been proven that the carrier tracking
loop is more sensitive to noise and interference than the code tracking loop. Therefore, the carrier tracking
loop can be used as a means for investigating the GPS receiver performance in presence of interference. In
this paper, closed form analytical expressions for the carrier tracking loop phase error are derived in presence
of different types of interference signals such as continuous wave interference, narrowband interference, par-
tial band interference, broadband interference, match spectrum interference, and pulse interference. Also the
carrier-to-noise ratio threshold is analytically derived. The derived analytical expressions have been validated
with the aid of simulation experiments.
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1. INTRODUCTION
The Doppler frequency and code delay parameters

provided by the acquisition stage are not accurate
enough to be used for positioning and navigation.
Moreover, the phase information is ignored by the
acquisition stage, and all these parameters are chang-
ing over time [1]. To this end, the tracking stage gives
a fine estimate and dynamically follows the variations
of the code delay, the Doppler frequency and the car-
rier phase [2]. A standard tracking process consists of
two concatenated tracking loops. These tracking loops
are used for tracking both the code delay and the car-
rier frequency. They are called code and carrier track-
ing loops.

The performance of a GPS receiver usually
depends on the tracking loop, which enables continu-
ally the generation of the carrier and the code replicas
that achieve maximum correlation in the receiver [2].
Only reliable signal tracking allows a GPS receiver to
calculate the pseudo ranges and to extract the naviga-
tion data. In the case that the tacking loop cannot
track the incoming GPS satellite signal, the position
cannot be calculated [1].

The interference effect on the tracking loops has
already been addressed by many researchers. In [3],
the interference thresholds for a GPS receiver were
obtained by a navigation laboratory test without any
analytical analysis. In [4], the performance of the
tracking loop under interference and dynamic effect
was assessed by using software GPS receiver without

any analytical analysis. In [5], the continuous wave
interference (CWI) effect on the tracking performance
of the GPS receivers was analyzed without investigat-
ing the parameters such as the carrier-to-noise ratio
threshold, the GPS receiver interference tolerance,
and the mean time to loss lock (MTLL).

The main objectives of this paper can be summa-
rized as follows:

• to derive closed form analytical expressions for
the carrier tracking loop phase jitter in presence of dif-
ferent most expected types of interference signals such
as: continuous wave interference (CWI), narrowband
interference (NBI), partial band interference (PBI),
broadband interference (BBI), match spectrum inter-
ference (MSI) and pulse interference (PUI);

• to validate the derived analytical formulas with
the aid of extensive simulation experiments.

This paper is organized as follows. The interference
effect on the carrier tracking loop is measured by
investigating the tracking loop phase jitter in section 2.
A set of analytical and simulation results for different
interference and GPS tracking loop parameters are
presented in section 3. In section 4, the most efficient
interference signal on a GPS receiver tracking loops is
presented. Section 5 concludes the paper.
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Fig. 1. Carrier tracking jitter at various C/N0.
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2. SYSTEM MODEL INTERFERENCE EFFECT 
ON THE CARRIER TRACKING 

LOOP PHASE JITTER
When comparing the carrier tracking loop to the

code tracking loop, it can be noted that the carrier
wavelength is much shorter than the code chip length,
and the carrier loop needs to track all the dynamics
while the code loop needs only to track the dynamic
difference between the carrier loop and the code loop
when carrier aiding is applied to the code loop [6].
Therefore, the carrier tracking loop is more sensitive to
noise and interference than the code tracking loop.
Thus, the carrier tracking loop can be used to investi-
gate the GPS receiver performance in addition to the
interference effect on the carrier tracking loop which
can be measured by investigating the tracking loop
phase jitter.

The carrier tracking loop phase jitter from all
uncorrelated phase error sources can be written as [1]

(1)

where  is the tracking loop phase jitter,  is the
thermal noise phase jitter,  is the vibration-induced
oscillator jitter in degrees,  is the Allan deviation-
induced oscillator jitter, and  is the dynamic stress
error.

The thermal noise phase jitter is written as [1]

(2)

where  is the loop noise bandwidth (Hz),  is
the post-correlation carrier-to-noise density ratio,
and  is the correlator coherent integration time.

For stationary or slow moving receiver, the effect of
dynamic stress can be negligible, and the oscillator
phase noise is small and transient. Without loss of gen-
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erality, other sources of phase jittering can be
neglected, and the thermal noise is considered as the
only source for phase jittering.

Thus, the carrier tracking loop phase jitter  can
be considered equal to the thermal noise jitter, and it
can be written as

(3)

Figure 1 depicts the phase jitter value for the carrier
tracking loop at different values of coherent integra-
tion time  and noise bandwidth. It is shown that the
carrier tracking loop phase jitter is strictly dependent
on the noise bandwidth , and the integration time

. In order to increase the performance of the carrier
tracking loop in absence of interference, the coherent
integration time can be increased or the carrier track-
ing loop noise bandwidth can be decreased.

For simple evaluation of the tracking loop in pres-
ence of interference, the following will be assumed:

1. The replica reference code is perfectly aligned
with the satellite code .

2. The phase error  is relatively constant over the
integration period .

The interference signal raises the noise power den-
sity in the correlator output causing a drop in the C/N0
value. In [7], [8] and [9], the post-correlation C/N0 for
the GPS L1 coarse acquisition (C/A) code signal in
presence of CWI, NBI, PBI, BBI, MSI or PUI [10]
was analytically derived. Modifications can be done to
these derived formulas in order to analyze the GPS
receiver carrier tracking loop performances in pres-
ence of different interference signals.

The post-correlation C/N0 in presence of CWI
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(4)

where  and  are the carrier frequency estimation
error and the code phase estimation error, respectively

 is the GPS signal,  is the CWI power at the cor-
relator input,  is the amplitude of the C/A code
spectral-line number w and  is the difference
between the interference frequency and the nearest
spectral line in the C/A code spectrum.

Note that the CWI effect on a GPS receiver corre-
sponds to the amplitude of the nearest C/A code spec-
tral line. The C/A code spectrum has a strong spectral
line called the worst line.

Substituting into the carrier tracking phase jitter
presented in equation (3), when the code phase esti-

mation error ; the tracking phase jitter in pres-
ence of CWI can be written as

(5)

where the interference frequency error  is the dif-
ference between the interference frequency  and the
receiver reference carrier frequency 
and the non-coherent integration time K = 1.

For the evaluation of the derived mathematical
expression for the tracking phase jitter in presence of
CWI, comparison with the results presented in [5] will
be achieved.

The tracking phase jitter in presence of CWI can be
written as [5]

(6)

In [5], the GPS C/A code PRN6 was used, and it
could be seen that the worst line component is at
227 kHz frequency with respect to the center fre-
quency.

Comparison between the carrier tracking loop
phase jitter in presence of CWI signal which was
derived in the mathematical expression presented in
equation (4) and the results presented in [5] is depicted
in Fig. 1a and Fig. 2b when the integration time is
equal to 5 and 20 ms respectively. In the case that the
interference frequency varies from 255 to 299 kHz, the
interference-to-signal power ratio , and
the noise bandwidth of the carrier tracking loops is

. It can be noted that the results in [5] and
the derived mathematical expression (5) results are in
a good match.

In [5], the impact of CWI was only investigated.
Due to the good match between the derived formula
and the one presented in [5], following the same pro-
cedure, the tracking phase jitter in presence of differ-
ent types of interference signals can be derived.

The post correlation C/N0 in presence of NBI can
be presented as [9]

(7)

Thus, the tracking phase jitter in presence of NBI can
be formulated as

( )( )

( )( )

Δτ⎛ ⎞− πΔ⎜ ⎟⎛ ⎞ ⎝ ⎠=⎜ ⎟
⎝ ⎠ + πδ

2
2

22
0 CWI 0

1 sinc
,

sinc

s D D
a

D j w j D

P f T
TC

N N T P fc T'

DfΔ Δτ

sP jP

w'c

jfδ

0Δτ =

( )( )( )
( )( )

( )( )
( )( )

+ πδ

πσ =
π ⎛ ⎞+ πδ

+⎜ ⎟⎜ ⎟π⎝ ⎠

22
0

2

pll 22
0

2

sinc

sinc Δ180 ,
sinc

1
2 sinc Δ  

n d j w j d

s D d

d j w j d

d s D d

B N T KP f T

KP f T

N

c'

c'T KP f T

T KP f T

jfΔ
 jf

( )ˆ
j j Df f fΔ = −

 

( )
( ) ( )( ) ( )

( )

( ) ( )( ) ( )

( )

−

−

−

−

+ π − Δ

−
⎛ ⎞
⎜ ⎟
⎜ ⎟
⎝ ⎠σ =

⎛ ⎞π
⎜ ⎟+ π − Δ
⎜ ⎟
⎜ + ⎟
⎜ ⎟⎛ ⎞
⎜ ⎟⎜ ⎟
⎜ ⎜ ⎟ ⎟
⎝ ⎝ ⎠ ⎠

∫

∫

∫

∫

2
22

02
22

0 2
pll 2

22

02
22

0 2

sinc

1 0.5

180 .

sinc

1

2

B
j

s d j d w
B

n n d
B

s
s

B

B
j

s d j d w
B

B
s

d s
B

c'

'c

P
G f df T f w f T S w

N
B B T

C G f df
N

P
G f df T f w f T S w

N

PT G f df
N

  8 dBj sP P =

  20 HznB =

( )( )

0 NBI
2

2

22 2

0
2

1 sinc
.

sinc
N D

N D

s D D
a

B T
j w

j D
B TN D

C
N

P f T
T

P
N f T

T
ć

B β=−

⎛ ⎞
⎜ ⎟
⎝ ⎠

Δτ⎛ ⎞− πΔ⎜ ⎟
⎝ ⎠=

⎛ ⎛ ⎛ ⎞ ⎞⎞β+ π δ +⎜ ⎜ ⎜ ⎟ ⎟⎟
⎝ ⎝ ⎝ ⎠ ⎠⎠

∑

GYROSCOPY AND NAVIGATION  Vol. 9  No. 4  2018



270 EHAB M. SHAHEEN

Fig. 2. Comparison between the new derived carrier tracking loop phase jitter and the one presented in [5].
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(8)

where  is the NBI power density,
, is the NBI power at the correlator

input and  is the interference bandwidth.

According to [9], the post correlation C/N0 in pres-
ence of PBI can be written as

(9)

It was shown in [9] that the PBI power at the correlator
output corresponds to the PSD of the PRN, which is
covered by the PBI. It can be concluded that the PBI
power at the correlator output is decreased by increas-

ing the integration time. Thus, the PBI causes a drop
in C/N0 value.

Then, substituting in (3), the tracking phase jitter in
presence of PBI can be formulated as
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(10)

where  and  are the C/A code chip duration and
period, respectively.

The post correlation C/N0 in presence of BBI can
be written as [9]

(11)

It was proven in [9] that the BBI power at correlator
output corresponds only to the value of the correlator
integration time and the interference bandwidth.

Then, by substituting in (3), the tracking phase jit-
ter in presence of BBI can be formulated as

(12)

The post correlation C/N0 in presence of MSI can
be written as [7]

(13)

where  is the amplitude of the cross correlation
sequence (CCS) Fourier series coefficient 

It was shown in [7] that, when the MSI spectral
lines cross the GPS signal spectral lines, there are
drops in the C/N0; the drop of a C/N0 value is mainly
dependent on the amplitude of the CCS spectral line
number.

The MSI has an effect on the GPS receiver perfor-
mance only when the difference between the MSI

spectral lines and the GPS signal spectral lines is less
than the reciprocal of the integration time.

Then, by substituting in (3), the tracking phase jit-
ter in presence of MSI can be formulated as
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It was presented in [10] that the post correlation
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Fig. 3. CPJ in presence of CWI at different Td values.
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Fig. 5. CPJ in presence of PBI at different  values.
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where  is the pulse sequence Fourier series coeffi-
cient, and  is the pulse period.

It was shown in [10] that the interference raises the
noise floor in the correlator output causing a drop in
the C/N0 value.
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By substituting in (3), the tracking phase jitter in
presence of PUI can be formulated as
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In Fig. 3, the carrier phase jitter (CPJ) in presence

of CWI signal versus the interference frequency error is
depicted for interference-to-signal power ratio
, and the noise bandwidth of the carrier
tracking loops is . This is done for different
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Fig. 6. CPJ in presence of BBI.
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Fig. 7. CPJ in presence of MSI at different Td values.
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Fig. 8. CPJ in presence of PUI at different Td values.
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integration time values: 1, 5 and 20 ms. The amplitude
of C/A code spectral line number zero is equal to zero.
Thus, the interference frequency error range was cho-
sen to be away from the zero spectral line, in order to
avoid confusion in the analytical results. The interfer-
ence frequency error  is assumed to vary from 3.5
to 6.5 kHz with 10 Hz step. It can be seen that the CWI
can affect the carrier loop if its frequency is close to the
C/A spectral line. Increasing the integration time, will
increase the carrier tracking loop error. It can also be
seen that the attenuation of the carrier tracking loop
performance has similar characteristics as obtained for
the C/N0.

Figure 4 depicts the CPJ in presence of NBI signal
with bandwidth 400 Hz, when  and the
coherent integration equals to 20 ms. The noise band-
width of the carrier tracking loops takes two values

. It has been shown that the CPJ in
presence of NBI is less than CPJ in the presence of
CWI. When the  value is increased, the carrier
tracking loop phase error will increase, too.

Figure 5 depicts the CPJ in presence of PBI signal
with bandwidth ; the interference fre-
quency error varies from 0 to 2 MHz when  takes
two values: 20 and 30 dB; and Td = 20 ms. It has been
shown that the PBI causes small jitter on the carrier
tracking loop in comparison with the CWI or NBI,
and its effect decreases by increasing the interference
frequency error.

In Fig. 6, the CPJ in presence of BBI signal is
depicted for , and . This is
done when the Td = 20 ms. It has been shown that the
effect of the BBI on the carrier loop decreases by
increasing the BBI bandwidth.

In Fig. 7, the CPJ in presence of MSI is depicted
when . The integration time takes three
values: 1, 5 and 20 ms. It has been shown that when the
MSI spectral-lines cross the GPS signal spectral lines
(which occur every 1 kHz), there is significant track-
ing loop phase jitter. The MSI can affect the carrier
loop corresponding to the amplitude of the cross cor-
relation sequence (CCS) spectral lines. Increasing the
integration time will increase the carrier tracking loop
error.

In Fig. 8, the CPJ in presence of PUI signal is
depicted when  and . The
integration time takes two values: 5 and 20 ms. It has
been shown that by increasing the coherent integration
time, the carrier tracking loop phase jitter will
increase.

It is worth noting that the mathematical formula in
(3) which describes the CPJ is correct only in the lin-
ear region of the loop discriminator when the C/N0 is
greater than a specific threshold [6].
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Fig. 9. The carrier tracking phase error at various C/N0
values.
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Fig. 10. Comparison of theoretical and simulated carrier
tracking jitter.
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For an unaided GPS receiver, the tracking thresh-

old is typically set by the carrier tracking loop. How-
ever, when a receiver is aided with Doppler measure-
ments from an Inertial Navigation System (INS), the
tracking threshold will be determined by the code loop
[2]. This is because Doppler aiding allows the numer-
ical controlled oscillator to continue tracking the fre-
quency of the desired signal, even when the carrier
loop has been forced to lose lock.

In the following analysis, the receiver is assumed to
be unaided, and the carrier-to-noise ratio threshold is
assumed to be determined by the carrier loop.

The carrier-to-noise ratio threshold is defined as
the minimum required C/N0 at the correlator output,
sufficient to maintain a stable lock with tracking error
variance lower than a specific threshold [11]. The
tracking loop exhibits the characteristic that, if the
tracking error exceeds a certain boundary threshold,
the tracking loop will no longer be able to track the sig-
nal and will lose the lock [2]. This is because the char-
acteristics of the carrier tracking loop discriminators
are nonlinear, especially near the threshold regions
[5]. A conservative rule of thumb for tracking loop is
that the 3-sigma phase jitter must not exceed 1/4 of the
phase pull-in range of the carrier tracking loop dis-
criminator [1]:

(17)

where α is the phase pull-in range.

By substituting (3) into (11), we obtain

(18)

pll3 4,σ ≤ α

[ ] [ ]0 0th th

180 11 ,
12 2

n

d

B
C N T C N

⎛ ⎞α = +⎜ ⎟⎜ ⎟π ⎝ ⎠
GY
where  is the carrier-to-noise ratio threshold.
The receiver is unable to keep track of signals if the
post-correlation  decreases below that threshold.

From (12) the  can be derived as

(19)

The phase pull-in range of a Costas (the arctangent
discriminator) loop discriminator is equal to ,
whereas a pure PLL discriminator has a pull-in range
of  [1]. For the case where there is data modula-
tion, the Costas loop is used. Therefore the Costas
loop cannot tolerate phase jitter greater than 15°
during the total dwell time [12].

The  in case of Costas loop can be written
as

(20)

From (14) it can be seen that the carrier-to-noise
ratio threshold is decreased by decreasing the loop
noise bandwidth or increasing the integration time.

3. SIMULATION AND NUMERICAL RESULTS
This section introduces a simulation model for the

third order Costas carrier tracking loop, with noise
bandwidth of carrier tracking loops , and
the damping ratio was set to 0.707. The coherent inte-
gration time takes the values from 1 to 20 ms; the non-
coherent integration value is fixed to . For fair
comparison, the code phase estimate error is set to
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, and the reference code in the GPS receiver is
PRN1.

The tracking loop phase error is estimated at differ-
ent carrier-to-noise ratios in order to investigate the
carrier-to-noise ratio threshold.

In Fig. 9 the carrier loop phase error is estimated at
different C/N0 values (from 15 to 40 dB-Hz) by using
the simulation model, during , when

.
It should be noted that the loop rate equals to

. Thus, the loop output phase error
will be estimated once every integration time. By
decreasing the C/N0 value, the tracking phase error is
increased and the tracking loop remains capable of
tracking the signal until the C/N0 value is less than a
specific threshold (20 dB), after which the tracking
loop suffers from the loss of lock on the input signal.

Figure 10 depicts the analytical and simulation car-
rier tracking jitter at various C/N0 values (10 to 45 dB),
in order to compare the simulation and analytical
results using equation (3), and to determine the value
of . It shows the agreement between the sim-
ulation and analytical results. The gap between the
analytical and simulation results broadens suddenly
and becomes very large when the phase jitter
approaches a certain value; after this value the tracking
loop enters the non-linear state and the linear assump-
tion becomes invalid. The vertical trend in the curve
computed from the simulation tracking error indicates
that the loop has lost the lock. This phenomenon is
not predicted by the theoretical jitter model (3) and
(14) which is based on linear approximation of the
loop. Also, it was found that the simulation value of
the carrier-to-noise ratio threshold

 when the phase jitter equals to
13.7°. Yet, it follows analytically from formula (14)
that  dB when the phase jitter equals to
15° (that gives a good agreement between the simula-
tion and analytical results).

4. CONCLUSIONS
In this paper, closed form analytical expressions for

the carrier tracking loop phase error in presence of dif-
ferent interference signals were derived. The carrier-
to-noise ratio threshold was analytically derived. The
derived analytical expressions were validated with the
aid of extensive simulation results.

It was shown that when the difference between the
interference frequency and the nearest C/A spectral
line was smaller than the reciprocal of the integration
time, the CWI had a significant effect on the GPS

receiver. In such a case, the CWI tolerance had a low
value and the CWI tolerance value was proportional to
the C/A code spectral line amplitude. At the same
time, when this difference was greater than the recip-
rocal of the integration time, the CWI needed a rela-
tively high power to affect the GPS receiver perfor-
mance.

It was also found that, when the CWI frequency
was coincident with the worst C/A line, A 20 dB CWI
power above the GPS signal was sufficient to cause the
loss of carrier lock. In NBI case, the interference tol-
erance value increased to 29 dB. For the case of PBI
with the bandwidth equal to 5 kHz and the interfer-
ence power by 38.5 dB more than the GPS signal
power, the GPS carrier tracking loop lost the lock.
Furthermore, for BBI, the tolerance value was 43.1 dB
when its bandwidth . Finally, in the case
when the MSI frequency was coincident with the
worst CCS spectral line (number 226), the MSI toler-
ance value was nearly equal to that of CWI (only in the
case when the CWI frequency was coincident with the
C/A worst line). Also, it was shown that, when the
MSI power was above the GPS signal by 20 dB, it was
sufficient to cause the loss of lock in the GPS receiver.
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