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Abstract—A one-dimensional problem of elastic diffusion for a hollow orthotropic multicomponent
cylinder under the action of external pressure, which is uniformly distributed over its inner and outer
surfaces is considered. The mathematical model includes a system of equations of elastic diffusion in
a cylindrical coordinate system, which takes into account relaxation diffusion effects, implying finite
propagation velocities of diffusion processes. The problem is solved by the method of equivalent
boundary conditions. For this an auxiliary problem is considered, whose solution is obtained by
expansion into series in terms of the eigenfunctions of the elastic-diffusion operator. The relations that
connect the right parts of the boundary conditions of both problems are constructed. These relations
represent a system integral equation. They are solved using quadrature formulas. A calculation exam-
ple for a three-component hollow cylinder is considered.
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1. INTRODUCTION

The development of the production of materials and structures operated under conditions of the
unsteady interaction of different physical kinds of fields has attracted the attention of scientists working in
this and related fields. They were increasingly attracted to models of the mechanics of coupled fields and,
in particular, models of mechanodiffusion. High-intensity technological processes (explosion welding,
production of silicon on an insulator, electric spark and laser processing of materials, etc.) also require
taking into account the coupling of mechanical and diffusion fields in the material.

Recently, a large number of works have been published, which are related to studying the effects of the
interaction between mechanical and diffusion fields. Thus, a fairly rigorous mathematical theory of mech-
anodiffusion has been formed, based on phenomenological approaches and models of thermodynamics
and continuum mechanics [1—3].

Questions related to the direct solution of problems of unsteady coupled mechanodiffusion, with the
exception of a few individual works, have been developed mainly since the mid-1990s. An analysis of the
existing publications shows that, in terms of solving the corresponding initial boundary value problems,
models in the rectangular Cartesian coordinate system have been most comprehensively studied. There
are relatively few works on solving problems of mechanodiffusion in cylindrical and spherical coordinate
systems, and we can single out [4—18] among them.

On the one hand, the main difficulty in solving unsteady problems is the problem of inverting the
Laplace transform. In the listed works, it is solved mainly using the Durbin method and its modifications
[5-9, 13—15], quadrature formulas based on the use of orthogonal polynomials or Riemann sums [10, 11,
15], or using various numerical methods [12, 18]. At the same time, the images obtained when solving spe-
cific problems are so cumbersome that it is not always possible to practically check the possibility of using
a particular method to find their originals.

On the other hand, when solving problems in curvilinear coordinate systems, it is important to find a
system of eigenfunctions that are the solution to the corresponding Sturm—Liouville problem. As applied
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to related problems of mechanodiffusion, this issue has not been discussed in well-known scientific papers
to date. However, using the example of problems in a rectangular Cartesian coordinate system, it was
shown that the Sturm—Liouville problem can be solved only for a certain class of boundary conditions [19].
Thus, the method of separating variables in mechanodiffusion problems has a limited scope.

To solve the problem posed, the method of equivalent boundary conditions [19, 20] is used, which
allows us to express the solution of a problem with arbitrary boundary conditions in terms of known solu-
tions of problems with boundary conditions of a special form. This approach makes it possible to signifi-
cantly expand the class of problems to be solved and was tested in modeling mechanodiffusion processes
in a solid orthotropic cylinder [20].

2. PROBLEM STATEMENT

A hollow orthotropic multicomponent cylinder is considered, which is under the action of an unsteady
pressure uniformly distributed over the inner and outer surfaces. The mathematical formulation of the
problem includes a linearized equation of motion of a hollow cylinder, the law of mass conservation in
local form, and N linearized equations of the mass transfer. The statement is closed by the boundary con-
ditions corresponding to the given surface disturbances (a dot in the suffix denotes the derivative with
respect to time and a dash denotes the derivative with respect to the coordinate) [20, 21]

. N N
.. w, U '
u=u +__%_Z(X‘jnjs Ny+1 :_ana
I (M
o w Wy oMy
N+t =—-A|u"+——-—=+5|+D, M +— |,
roror r
N N
' ' *
[” +cl2z_zajnjj = i, EU +C122_Z(xﬂb) = (D),
rE r=1 rE r=R (2)

Nyl = fora(D, M, reR Jar12(0).

Assuming that the cylinder is initially in an undisturbed state, the initial conditions are assumed to be
Zero.

All the values in (1) and (2) are dimensionless. Their relationship with dimensional analogs is given by
the following equalities:

u C (q) C
u="4% ng, c? = Iy tqZCT ., =12
5) 1) p 1) Cin (3)
* (q) (q) @, (@) 0@ (9
R =N _r _ O D_Dn A =M ou1 Dy ny
) r= ) aq - ) q — ) q — )
14 r G Cr, pCrRT,

where ¢ is time; u, is the radial component of the displacement vector; r* is the radial coordinate; # is the

inner radius of the cylinder; r, is the outer radius of the cylinder; n, = n'? — n((,q) is the increment in the

concentration of a substance; n? and n((,q) are the current and initial concentrations of the gth substance

in the composition of a multicomponent medium; m? is the molar mass of the gth substance in the com-
position of a multicomponent medium; C,,, are the components of the tensor of elastic constants; p is the

7]
(q)

density of the medium; o;

are the components of the tensor of diffusion constants characterizing the
deformations arising due to diffusion; D,;-") are the components of the diffusion tensor; R is the universal
gas constant; 7 is the temperature of a continuous medium; and 72 is the relaxation time of diffusion
flows.
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688 ZVEREV, ZEMSKOV

To solve the problem posed, the method of equivalent boundary conditions is used, according to which
an auxiliary problem is first solved with boundary conditions of the following form [20]:

" N
[u' +Z_Za‘jnjj = /i, E“' +£_Zam/j
r Jj=1 r Jj=1
n, = far12(0).

Here, functions f,;k(’c) (/ = 1,2) are to be determined. The solution of the auxiliary problem (1) and (4) is
sought in the form

LN 2 N4 T
{:((";Tz)} ZI{ G (r,t— } 7 (t)dt N sz‘{ G(r,T— )} o )
EA 0

=1 q+1 ll(r - q+l ml( r,T-

- = /i(D), @

r=l1

= f(D, M, R

r=I1

where G,,,,(7,T) (‘v’n,m =LN + 1) are the surface Green functions, which are solutions of the following
problems of the initial boundary value:

" G G ~
{Glml +— lml lmlJ Z(X‘j J+lml Glml’

(6)
"m N G' m .
-A [Glml 2GW Glml + Glml} + D, G, g+imi T —raml | = g+imi T 1 Gqﬂ mi’
r r r r
[Glml +=Gpy — Z(XJGJ+1 mi =0,,0,0(1t), G o= 8q+1,m81[8(1)7
J=1 r=1
N
(Glml +-= Glml Zaj J+lLml = 61m6218(‘t)a Gq+l,ml|,,=Rl = 8qul,mSZIS(T)’ (7)
J 1 . r= R] .
Glml|1=0 = Gy =0 _ T+, m1|T -0 Gq+l,ml|T:0 =0.

Here, §; is the Kronecker symbol and §(7) is the Dirac delta function.

3. STURM—-LIOUVILLE PROBLEM

The solution of the auxiliary problem is sought in the form of series in terms of eigenfunctions of the
elastic-diffusion operator. To formulate the corresponding Sturm—Liouville problem, we use the Fourier
variable separation method. In other words, the solution of problem (6) with homogeneous boundary
conditions corresponding to (7) will be sought in the form

G(r,) =V W), Gu(r,1) =,(r)¥ (). ¢))
Here, the second and third indices in the notation of Green’s functions are omitted for brevity, because
zero boundary conditions are considered. In addition, to simplify the calculations, we will assume that
there are no relaxation effects (7, = 0) and the material is two-component (N = 1). For brevity, we will also
omit the notation of index ¢, denoting the number of the component of the substance.
Substitution of equalities (8) into the system of equations (6) leads to the following relations:

W@ _ Yo _ Yo _  _ :
o v, Y0 Yo, o p = const; 9)
V"( ) V' ( ) V(r) a(I)'(r) = ’YZV(")

. \ (10)
A, 2V 14
p(orm+20)- [V"'( )+ 20 VO, V(’)J Yoo(r),
r p r r r
where vy, , and p are constants.
The solution of system (10) in the ring R, < r <1 is sought in the following form:
Vi) =VO5or) +VPY(vr), @) = VI (vr) + DY, (vr), (11)
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where J, (z) is the Bessel function of the first kind of order | and ¥, (z) is the Bessel function of the second
kind (Neumann function) of order p [22].

Substituting (11) into (10) and taking into account the properties of the Bessel functions [22], we arrive
at the following systems of linear algebraic equations (/ = 1,2):

W =W = pvad® =0, Ay 1 (pv: - Yo’ =o. (12)
p

Equating the determinants of these systems to zero, we arrive at a single characteristic equation

v’ =)DV - V') - viaA =0,

whose roots are determined by the formulas

2
v zy\/D—m—\/(D—m) — 40D - o)

V3 = _Vl,
2

v :y\/D—w+\/(D—0)) —doD-oh)
2D

These quantities, like the characteristic equation, do not depend on the parameter p, therefore, without
loss of generality, we further assume p = 1.

Moving to the first two equalities in (9), we have
W) -y W) =0, Y@ -yo¥@) =0.
The solution of these equations has the form [23]
W) =Ce™ +Ce ", W(t)=Ce®T.

For the simultaneous fulfillment of these equalities, it is necessary to set ® = +1/y. However, one of the
constants C, or C, must be zero, i.e.,

o=y = =0, ¥C=C or o==y' = (=0, C=-=C
We use the first chain of equalities. Substituting these values into (13), we obtain
v, =YA, A =-4, A =-4,

i _\/YD—1+\/(YD—1)2—4Y(D—0U\) i _\/yD—l—\/(yD—l)z—4y(D—0cA)
1 — 9 2 - .
2yD 2yD

Thus, taking into account the properties of even and odd Bessel functions J, (@) and Y.(2), the general
solution of system (10) is written as follows:

2
Vi)=Y [VOLGAn) + VYA |
=
(14)

2

O(r) = Z[CD(J.”JO(WI )+ 0VY,(v4 jr)].

J=1

The remaining constants Vj(/) and dD(j/) are found from the boundary conditions. In this case, taking into
account equalities (12)

2
oV = Y-V po
J VjO( J

In accordance with the problem statement, the functions in (14) must satisfy the following boundary
conditions:

(V' +V/r—a®) _, =0, (V'+V/r-a®) _=0, @ _, =0, @ _ =0, (15)

r=R r=l1
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()

Substituting (14) into (15), we arrive at a system of linear algebraic equations with respect to V,"’ and
VI(Z):
2 2
1 2 1 2
e [VOnv) VP =0, Y - e[V vy + VX | =0,
=1 2 I=1
> e [V R) + VY, (v, R) | = 0, (16)
I=1

2
> =) [ VO R) + VP R) | =0, & = (0 =V)/v,.
=1

The matrix of this system is reduced to the form

100 0
010 Yo(v2)/Jo(vy)
001 0

00 0 Y (voR)o(V2) = ¥5(v2) (Vo R)

Hence it follows that the fulfillment of the following equality is a necessary condition for the existence
of a nonzero solution to system (16):

Yo(kn)JOOVnRQ - JO(kn)YO(anl) =0.

Then ¥, = 0 and ¥, = 0, and for the remaining unknowns
o - —Y‘)(vz)Vz@), rOe R,
Jo(v2)

Substituting into (14), we obtain

V(r) = zvn\Pl()\‘nr)a \Pl(knr) = }/O(}\'n)‘jl(;\'nr) - JO(?\'n))/l()\‘nr)a )
= (17

O(r) = Z(Pn‘f’o(lnr), Woh,r) = Yo o(hr) = Jo(h)Yo (A1),
n=1

where A, are the roots of the equation
\Po(}han) = )/0(7\%)']()(7\’an) - Jo(xn)Yo(anO =0. (18)
The constructions used remain valid in the case of more complex models for multicomponent media

(N 21) and taking into account the relaxation effects (z, # 0). For example, when 7, # 0 and N = 1, only
the second equality in (9) changes, which is written as

YY)+, ¥@0) )
— 47— = 1 .
() Yo (@=1

In this case, system (10) does not change and the representation of its solution in form (11) is preserved.
Therefore, further in a similar way, we obtain the result in form (14), with the only difference that the coef-
ficients yA ; will differ from those obtained with 7, = 0 and N = 1. Thus, the solution of the Sturm—Liou-
ville problem in this case also has form (17) and (18). The result obtained is generalized for N > 1.

4. REPRESENTATION OF SOLUTIONS
AS SERIES IN EIGENFUNCTIONS

In accordance with the results obtained in the previous subsection, we consider the following series
(a=0,1):

oo 1
=N Y0, f,=— ¥\, r)dr, (19)
1) Zf M) S, 0T j ()W o (hor)dr
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where the quantities [¥, (A, are defined in this way:
1
[¥u O = [ P¥an¥ ot ridr.
R

Using the well-known equality [25]

uzZ,(A2)S,_ (1z) — 7Lz L1(A2)S, (MZ)
A -

[ 22,008, w2z =

691

where any of the functions J, or ¥, serve as Z, and S, and A and 1 are arbitrary numbers, it is not difficult

to obtain a similar relation for the functions introduced in the previous paragraph:
W, (Ao (ur) — 7\"’\Pa 1(7"')\11(1(“")
22—
We assume A satisfies Eq. (18), i.e., ¥,(AR)) = 0. In this case, it follows from (17) that
o) = Y,A)Jo(A) = Jo(h,)Yo(R,) = 0
Then, using equality (20) and following [24], we have

[ r¥ W rar =

1

J.r\{/ (7\/)\{1 (kr)dr — 11 HRI\P (le)\PO(uRI) !J'\Pl(k)qlo(p')

R },L 7»2
— lim RY \(AR)Y,(UR) — ¥, (M)W (u) + MR12\P1(7VR1 )Po(UR) — u¥, (MY, (W)
U—A 2},[
_ 1| p2 ! _1 2 Rl
=< (AT g (ARy) — 1) 0 =1 )] s
Z[R Y, (AR)¥Y,(AR) - ¥, (V)Y (7»)} 2[‘1’ W] - [‘I’ (AR )]

and likewise
1 1 R2
[ PO e = W) = SR
R
Here, L’Hospital’s rule is used to calculate the limits.
Thus, we arrive at the following result:

1
0, n#k,
[ P Ourdr = {\P Oy, ken

R

2
() = ¥ 0 = [E ] - U L¥i0R)F @=0,

(20)

21

(22)

which means that the functions ¥ (A, r) are orthogonal ontheinterval R, < r <1 inthe sense of the scalar

product defined by the equality
1

(8 = [ o (g(rr.

R

By analogy with the technique described in [20], the following formulas are proved for the transforma-

tion of the differential operators in Eq. (6):
1
[ 7(Ginr: 0+ Gona 0| ¥ Ouirrr = 1,005
R
1
J.rG;H,ml(r’ T)lyl(knr)dr = rlpl(xnr)GqH,ml(r’ T)|R 7\' lP(y\' ) q+1, ml(xnar);

R
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I(G,m,(r 1) + Gy, (1, ’c)/ -Gy, (1, T)/r )‘I’ (A, r)rdr
R (25)

(Glm,<r Y+ G, r)/r)lP ., r) — OG0

[j;( et (1 D) + G i (1, ’C)/r) ¥, O\, rdr .

= 7\‘nr\Fl(7\'lf1r)Gq+l,ml(’”a T)|R 7\'2?(}\' ) q+l, ml(lna’c)

J‘(Gl';,',,(r,‘t) + 2G1','n,(r,’t)/r — G, (1,0 + G, (r, T)/r3)‘PO(Knr)rdr
R (27)

1
=, (G;m,(r, )+ Gy, r)/r)%(xnr) ~NWA)GE (0,
R

{ G (r,7) }: i Glilnl(7b )Y (M)
Coam(r, D) 45 q+lm1 (A1) W (A7) ’
{ Glf[n/(xm”c) }_ 1 lr{ Gy (r, DY (A7) }dr

G ] YA E G D¥ ()
¥ o) = YR ) = Ty R)Y, (M) (0= 0,1),

where

(28)

5. ALGORITHM OF THE SOLUTION

As noted, the main problem (1) and (2) is solved in two stages. First, the Green functions for the aux-
iliary problem (1) and (4) are found. To do this, the Laplace transform in time is applied to problem (6)
and (7), after which the desired functions are presented in the form of series (28). As a result, problem (6)
and (7) using formulas (23)—(27) is reduced to a system of linear algebraic equations with respect to

G,(L,Z (A, s) (index L denotes the Laplace transform and s is the Laplace transform parameter):

d
kl(?\'nas)Glml (}\'ms) 7\‘ Za/GjL:liml(}\‘mS) = \P(]}r\‘nn)q)[(ln),

-A 7\‘3Glml (?\'nas) +k +](7\’ms)Gq+l ml(?\'ms)

LA,

D
= ) Oiiim — =0, 1m PN, 29
‘I’(X )[ Im /leaj J+1, Aq q+1, J l( ) ( )

kM s) =My + 5% kg $) = DA, + 5 +1,5°,
CI)I(}\‘n) = lPl(}‘tn)sll - RI\PI(?W:RI )621-
The solution of system (29) is found by successive elimination of unknowns
P+1,p+1,[(7\‘ms) _ }\‘n(Aqap )(I) (7\‘ )

LH
Gq+lp+ll( n» )_ 1 q pq

YA,)Q, (A, 5) Yh)kya (A, )

{ GlLlff(km s) } 1 { By(h,,s) } (30)
Gqufil,(Xn,s) Y,)PA,,s) lq+ll(}\’nas)

11/(7\ 5) = P, s) _ AN, @ (A, .
o) S 00,05~ P s
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Here, P(A,,s), P,;,(A,,s), and OQ(A,, s) are polynomials from s, which are defined as follows:

N
Pk, 8) = kL (L, 8) = A D OUA TT(,08), QM 8) = Kyyi(h HP(M,,5),
Jj=1

N
Ell(xn)s) = _A/ |:H(7\'nas) - }\’flza’jAjHj(xnas):|,
Jj=1
P i) = =AM PN, 5),

N
})l,q+l,l(7\’m S) = _xfl(x’qu |:Dqu(}\‘n9 S) - Z O(‘jAjHj(A’m S):| )

J=1

n

A _ _lPl(Q\‘n)a [:1
" \RY,(\R), =2,

N N
H(?\,H,S) = ijﬂ(}\‘n’s)a Hj(kn’s) = H kk+10\‘nas)-
j=1 k=Li+j

The transition to the space of originals in formulas (30) is carried out with the help of residues and

tables of operational calculus [25]
IN+2
1 m) Sy, m P }\«,,, Sun m P s (xn’smn
Glll-c]l(xm’c) Z Al(kl) e, Al(kl) = L ;+1),kl = qg,l((#

TYQ,) ~ P M Sn)

b

2 Eigt  2N+4
AN, e s
|t 2 A @
n J= kq+l(7\'na§jqn) m=l1

quil,llobm T) =

E.rjqn
1 2%?4 (m) s,,,,,’r+ : Alnkn(Aqap_Dquq)e i

GI-[H,p+l,l(7\'nJT) = q+1,p+1,/ s
\P(kn) m=1 J=l k;#—l()“m&.'jqn)

q

where the prime denotes the derivative with respect to parameter s, s, are the zeros of the polynomial
P(A,,s), and £, are the zeros of the polynomial k,,,(A,,s) determined by the formulas

: _—1-\1-41,D )\, : _—1+1-41,D)\;
lgn — 2qn — .
tq tq

2 ’ 2

Jan

The solution of the auxiliary problem must satisfy the boundary conditions (2). Substituting (5) into

(2) and integrating by parts in the terms containing f:, we arrive at a system of equations connecting the
right-hand sides of boundary conditions (2) and (4):

lA”(r—r)%dH!An(r—r)%dr = F(), A =8, +£a,-,-(é)d§,

! Ay (t—1) —afgt(’) dr + -([Azz(r — 2@ lazr(t) d = Fy(v),

a (T—1) = (¢ = DG (LT—1), ap(T—1) = (¢, — DG (L, T—1),

32
a(t—=1) = (¢, = DG (R,T—1), an(t—1) =(c, — DG (R, T—1), (32)
2 N+1T
F@ = fu@ =@ = DY > [ Gl 1= S0,
I=1 m=2
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2 N+1T

Z Z IGlml(RlaT - f)fm,(l)d[.

1 I=1 m=2

clz_l

F(1) = fi(m) -

The numerical solution of system (32), found using the quadrature formula of the average rectangles, has
the following form (4 is the splitting step and N, is the number of split points):

o _ DAY —bA e bANY gAY
1/2) , (1/2) 1/2) 4 (1/2)° 1/2) , (1/2) 1/2) 4 (1/2)°
AP A — AYPAY APAY — AYPAY
sk
ym= W, A= A(T,), Ty =mh, Ty, = (m - %)h (m=0,N.), (33)

m—1

1 m— m— m— m—. -
b= (0T,) = ASIT = hSEY), S = D AT

il
k=1

Now the solution to the original problem (1) and (2) is obtained by numerically calculating the convo-
lutions (5) of Green’s functions (31) with the functions determined by formulas (33):

2 i N+lT
u(r, 7)) = Z{hZ G, Ty V" + Y [ G, - t)fm/(t)dt}

I=1 m=1 m=2 ()
2 i ( 1/2) N+1 T

N5 = 2 Y G T+ 3 [ G T, = 0 f 00, (34)
=1 m=1 m=2

T
G:nkkl(r’ 'C) = J.Gmkl(r’ t)dt
0

6. CALCULATION EXAMPLE

As an example, we consider a three-component cylinder (N = 2, independent components zinc 1.0%
and copper 4.5%, which diffuse into duralumin) [26]:

Cp, =6.93x10" N/m®, Cg =2.56x10" N/m’, T, =700 K, p =2700 kg/m’,
r=07x10"m, o =6.55%x10"J/m’, o =6.14x10" J/m’,
m® =0.065 kg/mol, m® =0.064 kg/mol,

D" =2.62%x10"" m’/s, D =2.89x10" m’/s, n’=0.01 n =0.045 r=0.1x10" m.
We assume for the calculation in the boundary conditions (2)

Ju(@® =@ =H®, [0 = f22(0) =0.

By formulas (33) we calculate aflf /0t in the nodes 1,,. Then we find a solution to the original problem
using (34).
The calculation results are shown in Figs. 1—3. For the calculation, 20 terms of the Fourier series and

N, = 40 partition points in the numerical solution of Egs. (32) are used. A further increase in these
parameters by a factor of two leads to a result that differs from the result obtained by no more than 1%.

Figure 1 shows the space-time distribution of the displacement field inside the cylinder. Figure 2 shows
the change in the increase in the concentration of the first component (zinc), which is initiated by the
mechanical loads applied to the surfaces of the cylinder.

The numerical calculations show that in the model under consideration, the effect of the mass transfer
on the field of displacements and stresses is very small and the graphs of the solutions of the elastic-diffu-

sion problem and the elastic problem (at oc%‘” = () are exactly the same.

This agrees with the results obtained earlier [27, 28], where it is noted that the effect of diffusion on the
mechanical field begins to manifest itself as a small phase shift only after a certain time interval has
elapsed, which is several orders of magnitude longer than the one considered here.
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7. CONCLUSIONS

A model is proposed and an algorithm is developed for solving an unsteady problem for an orthotropic
hollow multicomponent homogeneous cylinder under the action of a uniformly distributed external pres-
sure. The interaction of mechanical and diffusion fields in a hollow orthotropic cylinder is studied on the
example of a three-component material. The results obtained qualitatively coincide with the results of the
experimental studies [29], where it is noted that the interaction of mechanical and diffusion fields begins
to manifest itself most significantly only under plastic deformations and is insignificant in the region of
elastic deformations.

However, it follows from formulas (31) that the magnitude of the diffusion field is directly proportional
to the magnitude A, which in turn is proportional to the product o, D,; i.e., the greater the values of the
diffusion coefficients D, and diffusion constants o, characterizing the volumetric change due to the mass
transfer, the stronger the effect of field coupling is manifested. For most known alloys, these values do not
differ much from those given in the calculation example. However, there are no fundamental restrictions
on the possibility of creating materials that are more sensitive to mechanodiffusion effects. Thus, the pro-
posed model makes it possible to study the interaction of physical fields in continuous media and evaluate
the effect of the coupling of fields on the stress-strain state of structures and their individual elements.
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