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Abstract—The main result of this study is a new mathematical model that describes the traffic flow
movement dynamic of several vehicles. The model is represented by a system of delay differential
equations. Units of measurement and parameter values are determined for the model. Using numeri-
cal methods, the basic dynamic properties of the model and the stability of the uniform movement of
vehicles are analytically investigated. A computer program is also developed. The program based on
the resulting model simulates the movement of traffic flows in various road situations. The simulation
results observed in the program correspond to the observation data of real traffic flows and traffic
lights.
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INTRODUCTION

In the context of the rapid territorial expansion of cities and, accordingly, the subsequent development
of infrastructure, the modeling of road transport flows continues to be an urgent issue that requires the
most rational and comfortable solution for a person. Transport is a key system of the urban body, analo-
gous to the blood supply in a human body.

The foundations of mathematical modeling of traffic flows and traffic patterns were laid in 1912 by the
Russian scientist Professor G.D. Dubelir in book [1].

Over a period of more than a hundred years of research, scientists and engineers have been able to cre-
ate and put into practice many different theories and methods, as well as different mathematical models.
Among them, for example, probabilistic models are distinguished, in which the traffic flow is considered
as a result of the interaction of vehicles on the elements of the transport network or stochastic models [2]
and [3]; macroscopic models in which the automotive environment is considered on the road as some-
thing integral and likened to some physical flow in the same way as gas-kinetic and hydrodynamic models
[4] and [5]; microscopic models in which each car is considered as a separate particle with its own velocity
and final destination are based on the theory of cellular automata and models based on the principle of
following the leader [6—8].

Currently, the most popular microscopic model is the intelligent driver model, which was proposed by
M. Treiber in 1999 [9] and 10]. The Treiber model describes the movement of cars one after another, with
each car, with the exception of the first one, adjusting its speed relative to the one in front. The Treiber
model has several disadvantages (see, e.g., [11]), the main one being that it does not take into account the
driver’s reaction time in an explicit form. Moreover, this model does not allow for collisions, allowing cars
to brake at an infinite speed, and does not allow modeling braking and stopping the entire flow.

Some shortcomings of the reasonable driver model are eliminated by modifying it. For example,
V.V. Kurts and I.E. Anufriev in their works build various types of such modifications [11—13].

The model presented in this study is not a modification of the Treiber model. To build it, a fundamen-
tally different approach is used, which is based on the division of the entire movement into two phases:
acceleration and deceleration. Both phases take into account the influence of the vehicle in front. Phase
switching occurs depending on the distance between the cars. In the first chapter of this study, a mathe-
matical model is built, the principles on which it is based are described, and the ranges of values for the
parameters are determined. The resulting model is analyzed analytically. In the second chapter, the sta-
bility of one of the motion modes is analyzed. The model allows us to simulate various traffic situations.
In the third chapter, a mathematical model is used to simulate a real traffic flow. The simulation results
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are compared with the data obtained during the observation of real traffic flows and traffic lights. As a
result, it can be seen that the simulation results coincide with the observational data, which means that the
model correctly describes the surrounding reality.

1. BUILDING A MATHEMATICAL MODEL OF A TRAFFIC FLOW
1.1. Model Building

We build a mathematical model that will describe the movement of N € N cars. We denote the posi-
tion, speed, and acceleration of a vehicle at time ¢ by x,(¢), x,(¢), and X,(¢), respectively. We will consider
all cars as material points and will not take into account their internal structure and external dimensions.

We divide the entire movement of a car into two phases: acceleration and deceleration. This is due to
the fact that the driver, while driving, can press the gas pedal, increasing speed, or the brake or clutch
pedal, reducing speed. Moreover, at a particular moment in time, the car either accelerates or slows down.
To describe this behavior, we introduce a relay function of the form:

el AET> S,
"0, if Ax,(tD<S+I,

where Ax,(#,T) = x,_,(t — T) — x,(?) is the distance between adjacent cars, 7T is the driver’s reaction time, /,
is the safe distance, and S is the braking distance. The braking distance refers to the distance that the vehi-
cle travels from the moment the brake system is activated until it comes to a complete stop [14]. To calcu-
late this value, we use the well-known formula [15]

2
s =v/@ug),
where v is the current speed of the vehicle, [ is the sliding friction coefficient, and g is the acceleration of
gravity. Thus, we get a relay function that will switch the phases of the car’s movement

e L1 A > 50/Cug) + 1,
0, if Ax,(,1) < %.0)/Qug) +1,

n

R, = 1 corresponds to the first phase of movement: acceleration. When accelerating, the following
vehicle needs to adjust its speed relative to the speed of the vehicle in front, taking into account the dis-
tance to it. In the case of a sufficiently large distance between cars, the car following must accelerate to its
maximum desired speed v,,,, , and the influence of the car in front, in this case, should be minimal. In the
opposite situation, when the distance between the cars is short, the speed of the car following should
depend to a greater extent on the speed of the car in front. This behavior can be obtained using the logistic
function [16], the maximum value of which is v, and the minimum value is the speed of the vehicle in
front

(1

max,n

Vmax,n - xn—l(t - T)

I =
"1+ explk,(—-Ax,(t,7) + 5,)]

where k,, is the speed of logistic growth, which shows how smoothly the driver of the car following adjusts
to the one in front and s,, is a parameter of the logistic curve that reflects the distance from which the influ-
ence of the vehicle in front ceases to be of significance. It is obvious that the parameter s, must be strictly
greater than the stopping distance of the vehicle (see Fig. 1).

Thus, we obtain an equation describing the first phase of motion
X, = a, (L, — x,(0),
where a, > 0 is the coefficient that describes the technical characteristics of the car responsible for the
intensity of its acceleration.
R, = 0 corresponds to the second phase of movement: braking. The car must reduce its speed depend-
ing on the ratio of the speed difference and the distance between the car itself and the one in front, as well

as the safe distance between them. The slower the vehicle in front is moving or the closer it is, the harder
the following vehicle needs to slow down. This can be written as follows:

%, () [, = T) = %,(1)]
Xyt =) = x,(0) — L, )’

+ xl’l—l(t - T)a

nm=%(
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Fig. 1. Logistic function.

where g, > 0 is the coefficient that describes the technical characteristics of the car responsible for the
intensity of its braking and /. is the safe distance of the form /,, = [, — €, where € is an additive used to
prevent a car from braking at an unlimited speed when Ax,, (7, T) is sufficiently close to /,.

Thus, combining both phases, we obtain an equation that describes the movement of an individual car
in a flow:

4 — xn—l(t - T)

X,(1) = R, {a,, ( [+ explk, (x’n O—x -0+ )] + X0 -1 - x"(t)ﬂ
+(1-R,) {% (x”(t) [fpil o) - x"(’)]ﬂ'

xn—l(t - 'C) - xn(t) - ln,a

(2)

The resulting system of differential equations with a delay describes each car of the flow, except for the
first one. To describe it, we define the values x, () and x,(7). As x,(¢) we take the distance that the car must
travel; for example, it can be the distance to a traffic light or other obstacle x,(¢#) = L. For x,(¢) in the first
term, we take the maximum desired speed X((f) = v, 0; and in the second term, the speed to which the
first driver needs to reset their current speed x,(¢) = v

min,0*

We will assume that at the initial moment of time the cars are in the position A,; moreover A, < A,,_,
and they are travelling at a speed of v,,.

By adding the initial conditions to the previously obtained system of equations (2), we obtain a com-
plete mathematical model of the movement of traffic flows:

Vmax,n - xn—l(t - T)

0= 5 {“” {1 exp ko - x -0 sy 0T x"(t)ﬂ
fd- R,,){ . (xna) NG xna)]ﬂ’ 3

X, (=1 —x,(t) =1,
x,(t)=A,, x,(t)=v, ~whente[-1,0].

Figure 2 shows graphs of the changes in speed and distance for several cars moving according to
model (3). The graphs reflect the dynamics in which cars start moving and then stop in front of an obstacle.

1.2. Defining Parameter Values

The dimensions for time, distance, and speed are taken from the International System of Units (SI).
System (3) contains parameters whose value can be determined in advance based on the physical laws, the
current legislation of the Russian Federation, and logical considerations.
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Fig. 2. Graphs of change in speed (a) and distance (b) for model (3) with parameter values: T= 1, a, =4, q,, = 3, Vipax n =
16.7, Vinino =0, A, = 3,1, =3, L =300, x) =0,v,=0,g=9.8, 1= 0.6, k, =0.5, 5, = 35.

The average reaction time of the driver is approximately 1 s; we take T = 1. The values of the remaining
selected parameters are given in Table 1 [15].

The parameters v, .. ., Vinaxos Kn>

s,, and /, describe the behavior of drivers, and for each individual

driver the set of these parameters may be different. Each driver chooses the maximum desired speed for

himself v >

max,n =

0, limited only by the technical characteristics of the vehicle and the traffic rules (TRs).

In particular, it can be considered equal to the maximum permitted speed in a populated area, which,
according to [14], is 60 km/h (16.7 m/s). Parameter v,;, o, which describes the speed to which the first car

Table 1. Model parameters (3)

Designation Description Value Unit of measurement
Vinaxon Maximum desired velocity >0 m/s
Vinin.0 Minimum velocity [0, Vimax,0] m/s

T Time of driver reaction 1 S

I, Safe distance >3 m

k, Coefficient of braking smoothness >0 1/m

s, Distance of effect >S5 m

a, Acceleration intensity >0 1/s

4, Braking intensity >0 Dimensionless

g Free fall acceleration 9.8 m/s’

0 Friction coefficient 0.1) Dimensionless
MATHEMATICAL MODELS AND COMPUTER SIMULATIONS  Vol. 15 No.3 2023
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needs to drop its current speed, is also determined by the driver and is limited only by the maximum
desired speed of the first driver 0 < v, 0 < Vinavo-

Parameter k, > 0, which describes how smoothly the driver adjusts to the vehicle in front, and the

parameter s, > .S, describing the distance from which the influence of the vehicle in front ceases to be of
significance, are both determined by each driver independently.

The safe distance between adjacent vehicles /, is also chosen by the driver. According to the TRs [14],
the safe distance between standing cars is 3 m, i.e., /, > 3. Parameters a, > 0 and g, > 0, describing the

intensity of acceleration and deceleration, respectively, characterize the technical characteristics of the car
and can be arbitrary.

The initial positions of the cars A, are a decreasing sequence for which the inequality A,_, — A, >/, is

satisfied. The initial speeds of the vehicle v, must not exceed the maximum desired speed 0 < v, < v .. .
The distance to obstacle L > 0 can be anything, since it does not affect the dynamics of the traffic flow.
These parameters are also presented in Table 1.

2. STABILITY ANALYSIS OF UNIFORM VEHICLE MOVEMENT

We consider a uniform mode of motion in which all cars move at the same speed v,,,, at distances

Ac, = ¢, — ¢,_; apart, where ¢, is a descending sequence. Indeed, for any decreasing sequence c,, there is
a solution to system (3) of the form

x,() = ¢, + Viul-
The stability of such a solution depends on the signs of the expressions
dn = ~Wmax T € —Cpy — ln,s*
The following theorem is true.

Theorem 1. [ffor Vn the inequality d, > 0 is satisfied, then the uniform regime is stable. If at least for one
i the inequality d; < 0 is satisfied, then the uniform regime is unstable.

Proof. In system (3) we make the change x,(¢) = v, + z,(t) + ¢,, where z,(¢) is small. Then Eq. (3)
will have the following form:

.. - R _Zn—l(t — 1:) - — — 5
o0 "%ﬁ+wmummﬁﬂ%wH+@m—@m—n+m+“4’” 0

+(-R) {q ((Vma"’" 4Gt = T) = z',,(t»ﬂ,
1t =D = 2,(0) — e

and the relay function (1)

n

Rl when ALY = Wi, = € G > Vi + 4,0 [+1,
07 When Azn(l‘a T) - Tvmax,n - cn + cn—l S (Vmax,n + zn(t))z/(zug) + l

The case R(Az,(¢,T)) = 1 means that all cars move at a sufficiently large distance from each other. The
linearized equation for this case takes the form

zn(t) =a (bnz.n—l(t - T) - zn(t)) >

where b, = 1 = 1/[1 + exp[k(TWpuy, + ¢, — €,y + 5)]] > 0.

The resulting equation has a whole family of constant solutions, which is always stable, since zero
eigenvalues are not taken into account due to the presence of a family of solutions, and the remaining
eigenvalues are less than zero. Therefore, the regime under consideration is also stable.

The case R(Az,(z,7T)) = 0 means that all cars move at a short distance from each other. The linearized
equation for this case has the following form:

Z(0) = @Vinaxn (2 (t =D = 2,(0)/d,
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Fig. 3. Graphs of changes in speeds (left) and coordinates (right) of cars obtained for the program in the first mode.

where d, = =t ., —1,.. The stability of the resulting linearized equation depends on the signs
d,. Thus, we get that for d, > 0 Vn the considered mode of movement of cars is stable, and if for some
d; < 0, then the regime is unstable.

It follows from Theorem 1 that if all cars in the flow move at a fairly large distance from each other,
then this mode of motion is stable. Stability is lost as the speed v, driver reaction time T, and safe dis-

max,n >

tance between cars /, increases, or when the distance between two adjacent cars Ac, is reduced.

+c,—c

n-1

3. APPLICATION OF A NEW MATHEMATICAL MODEL
IN SOME TRAFFIC SITUATIONS

A program was written in the Python programming language version 3.8.2 to simulate some real traffic
situations. Also, observations were made of real traffic lights. The results of observations are presented in
Appendix A.

The program calculates the movement of cars according to the mathematical model (2) with the
parameters from Table 1. To solve a system of differential equations with delay, the program uses the
Runge—Kutta method [17], adapted for equations with delay.

At the initial moment of time, all cars are at a safe distance from each other. The reference point of the
distance traveled is the initial position of the first car; i.e., the cars that have not reached the initial posi-
tion of the first car have negative coordinates.

This program has three modes of operation, each of which allows us to simulate the behavior of cars in
a specific traffic situation. Each mode has its own set of initial data. Number of cars and maximum speed
are general parameters and are specified for each mode.

In this way, the program allows us to simulate the start of movement and cars coming to a stop, the
mode of operation of one traffic light, and the mode of operation of two traffic lights. We consider each
mode of the program separately.

3.1. Starting and Stopping Movement

The first mode of the program simulates two simple traffic situations: a car starts moving and a car
stops moving.

In this mode, the distance upon reaching which the cars must reset their current speed to zero is set.
Figure 3 shows the graphs of changes in the speeds and coordinates of cars obtained as a result of the pro-
gram in the first mode. It can be seen from the figures that the operation of the program is consistent with
the dynamics of a real traffic flow.

3.2. Operating Mode of One Traffic Light

The second mode of the program simulates a single traffic light. The operation of a traffic light consists
of cycles, which in turn consist of two phases. The first one is determined by the time interval of the green
traffic light (7,); and the second one, by the red traffic light (z,). In this mode, the time intervals for the
operation of the green and red traffic lights are set.

The main criterion for the operation of a traffic light is the number of cars that have passed through it
in one cycle of its operation. Sometimes a situation may arise when, at the moment the traffic light
changes color, the distance between the car and the traffic light is shorter than the braking distance. In

MATHEMATICAL MODELS AND COMPUTER SIMULATIONS  Vol.15 No.3 2023
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Fig. 4. Graphs of changes in speeds (top) and coordinates (bottom) of cars obtained for the program in the second mode.
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Fig. 5. Graphs of changes in speeds (top) and coordinates (bottom) of cars obtained for the program in the third mode.

this case, in order not to apply the emergency braking, the car is allowed to cross the traffic light when it
is red. This behavior is consistent with the TRs [14].

Figure 4 shows the graphs of changes in the speeds and coordinates of cars obtained as a result of the
program in the second mode. Simulation of several traffic light cycles is shown. As can be seen from the
graphs, the number of cars, according to the calculations of the program, is equal to the average number
of cars that pass through a real traffic light (Appendix). This confirms the correctness of both the model
itself (2) and the correctness of the selection of parameters (Table 1).

3.3. Operating Mode of Two Traffic Light

The third program simulates the mode of operation of two consecutive traffic lights. Traffic lights in
this mode do not depend on each other and the operation of each of them is similar to the operation of the
traffic light considered in the previous paragraph. Accordingly, the behavior of cars also remains similar
to the case of a single traffic light. Here we can set the green and red signal time for each traffic light and
the distance between them (s). Figure 5 shows the graphs of changes in the speeds and coordinates of cars
obtained based on the result of the program in the third mode.

MATHEMATICAL MODELS AND COMPUTER SIMULATIONS  Vol. 15 No.3 2023
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Figure 5 shows the simulation of several cycles of two real traffic lights. As can be seen from the graphs,
the number of cars that pass through both traffic lights, according to the developed application, is equal
to the average number of cars that pass through both real traffic lights (Appendix). This once again con-
firms the correctness of model (2) and the correctness of the selected parameters (Table 1).

Thus, the developed program can simplify the setting of traffic lights, which is currently being per-
formed by road service specialists, mainly experimentally. This method often leads to many problems,
since it is not always possible to successfully adjust the traffic light operation mode the first time. In rela-
tion to this, there may be serious consequences: traffic jams, congestion, and accidents. It is important
that the program enables us to simulate the movement of traffic flows in advance, study their dynamics,
and use the results obtained in practical activities.

CONCLUSIONS

In the course of the study, a new mathematical model of the traffic flow was built (2). The main
dynamic properties of the model were studied and the stability of the uniform movement of cars was ana-
lyzed. The resulting model was applied to describe the dynamics of a real traffic flow in various traffic sit-
uations, and then the simulation results were compared with the data obtained during the observation of
real traffic flows and traffic lights. The simulation results coincided with the observational data.

APPENDIX
OBSERVED OPERATING CHARACTERISTICS OF REAL TRAFFIC LIGHTS

The characteristics of a traffic light located in Yaroslavl at the intersection of Leningradsky prospekt
and ul. Babicha: the distance to the next traffic light at the intersection of Leningradsky prospekt and
ul. Volgogradskaya, 120 m; traffic light time: green signal, 45 s, and red signal, 70 s; number of cars passing
through a traffic light in one lane per cycle:

No. No. of vehicles No. No. of vehicles No. No. of vehicles No. No. of vehicles
1 21 11 16 21 21 31 15
2 16 12 15 22 20 32 17
3 22 13 18 23 18 33 19
4 18 14 21 24 13 34 18
5 17 15 17 25 15 35 18
6 19 16 15 26 20 36 14
7 22 17 16 27 20 37 26
8 22 18 25 28 22 38 19
9 18 19 19 29 28 39 20

10 16 20 18 30 21 40 16

Average number of cars passing through a traffic light: 18.775 = 19.

Characteristics of a traffic light located in Yaroslavl at the intersection of Leningradsky prospekt and
ul. Volgogradskaya: the distance to the previous traffic light at the intersection of Leningradsky prospekt
and ul. Babicha, 120 m; traffic light time: green signal, 40 s, and red signal, 50 s; number of cars passing
through a traffic light in one lane per cycle:

No. No. of vehicles No. No. of vehicles No. No. of vehicles No. No. of vehicles
1 16 11 16 21 9 31 8
2 10 12 11 22 12 32 10
3 15 13 15 23 11 33 11
4 12 14 10 24 13 34 10
5 8 15 11 25 14 35 12
6 11 16 13 26 11 36 19
7 13 17 18 27 10 37 16
8 10 18 10 28 13 38 14

MATHEMATICAL MODELS AND COMPUTER SIMULATIONS  Vol.15 No.3 2023
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9 12 19 10 29 13 39 11
10 12 20 11 30 13 40 12

Average number of cars passing through a traffic light: 12.15 = 12.

10.

11.

12.

13.

14.

15.

16
17

The data were collected from March 1, 2020 to May 1, 2020.

CONFLICT OF INTEREST

The author declares that he has no conflicts of interest.

REFERENCES

. G. D. Dubelier, City Streets and Pavements (Tip. A. M. Ponomareva, Kiev, 1912) [in Russian].

. A. P. Buslaev, A. V. Novikov, V. M. Prikhodko, A. G. Tatashev, and M. V. Yashina, Probabilistic and Simulation
Approaches to Traffic Optimization (Mir, Moscow, 2003) [in Russian].

. A.S. Bugaev, A. G. Tatashev, M. V. Yashina, O. S. Lavrov, and E. A. Nosov, “Reconstruction of traffic flow
dynamics based on a deterministic and stochastic model and data obtained from intelligent transport systems,”
T-Comm: Telekommun. Transp. 13 (10), 35—44 (2019).

. A. B. Kurzhanskii, A. A Kurzhanskii, and P. Varaiya, “The role of macromodeling in network active traffic
management,” Tr. Mosk. Fiz.-Tekh. Inst. 2 (4), 100—137 (2010).

. K. P. Andreev, E. S. Derr, 1. N. Goryachkina, V. V. Terentyev, D. S. Ryabchikov, and A. V. Shemyakin, “Mod-
eling for optimization of urban passenger transport in the macroscopic model,” Byull. Transp. Inf., No. 12 (282),
28—34 (2018).

. V. V. Zyryanov, “Application of micromodeling for predicting the development of transport infrastructure and
traffic management,” Dorogi Ross. XXI Veka, No. 3, 37—40 (2009).

. Z. H. Khattak, M. J. Magalotti, and M. D. Fontaine, “Operational performance evaluation of adaptive traffic
control systems: A Bayesian modeling approach using real-world GPS and private sector PROBE data,” J. In-
tell. Transp. Syst. 24 (2), 156—170 (2020).
https://doi.org/10.1080/15472450.2019.1614445

. P.A. Lopez, M. Behrisch, L. Bieker-Walz et al., “Microscopic traffic simulation using SUMO,” in
21st International Conference on Intelligent Transportation Systems (ITSC) (Maui, HI, 2018), pp. 2575—2582.
https://doi.org/10.1109/I1TSC.2018.8569938

. M. Treiber and D. Helbing, “Explanation of observed features of self-organization in traffic flow,” arXiv: cond-
mat/9901239 (1999).

https://doi.org/10.48550/arXiv.cond-mat/9901239

M. Treiber, A. Hennecke, and D. Helbing, “Congested traffic states in empirical observations and microscopic
simulations,” Phys. Rev. E 62 (2), 1805—1824 (2000).

https://doi.org/10.1103/PhysRevE.62.1805

V. V. Kurts and I. E. Anufriev, “New microscopic models of motorcar traffic,” Nauchno-Tekh. Vedomosti
St.-Peterb. Gos. Politekh. Univ., Fiz.-Mat. Nauki, No. 4, 50—56 (2012).

V. V. Kurtc and 1. E. Anufriev, “Car-following model with explicit reaction-time delay: linear stability analysis
of a uniform solution on a ring,” Math. Models Comput. Simul. 9 (6), 679—687 (2017).
https://doi.org/10.1134/S2070048217060096

V. V. Kurtc, 1. E. Anufriev, and D. O. Trufanov, “Multi-anticipative car-following model with explicit reaction-
time delay,” Math. Models Comput. Simul. 13 (6), 1109—1116 (2021).
https://doi.org/10.1134/S2070048221060107

Regulation of the Government of the Russian Federation No. 1090 on October 23, 1993 (ed. on December 21,
2019) “On the Road Traffic Rules” (together with “Basic Provisions for the Release of Vehicles to Operation
and the Obligations of Officials to Ensure Road Safety”).

D. A. Lazarev, “Improvement of road transport expertise based on the study of the process of vehicle braking,”
Candidate’s Dissertation in Engineering Science (BGTU im. V. G. Shukhova, Belgorod, 2018) [in Russian].

. N. B. Medvedeva, “Dynamics of the logistic function,” Soros. Obraz. Zh. 6 (8), 121—127 (2000).

. N. S. Bakhvalov, Numerical Methods (Nauka, Moscow, 1975) [in Russian].

MATHEMATICAL MODELS AND COMPUTER SIMULATIONS  Vol. 15 No.3 2023



	INTRODUCTION
	1. BUILDING A MATHEMATICAL MODEL OF A TRAFFIC FLOW
	2. STABILITY ANALYSIS OF UNIFORM VEHICLE MOVEMENT
	3. APPLICATION OF A NEW MATHEMATICAL MODEL IN SOME TRAFFIC SITUATIONS
	CONCLUSIONS
	REFERENCES

		2023-05-10T21:29:40+0300
	Preflight Ticket Signature




