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Abstract—The gravitational instability of a homogeneous isotropic infinite gravitating gaseous
medium is investigated in order to study the physical processes that take place during the formation of
the solar planetary system. The analytical and numerical solutions of the motion equations of such a
medium are considered in two approximations: cold gas and gas at a finite temperature. The real solu-
tions describing the behavior of both wave density disturbances of a homogeneous medium and single
disturbances are obtained. Waves of gravitational instability whose amplitude grows exponentially and
whose highs and lows, as well as their nodal points, retain their positions in space follow the basic laws
of Jean’s model. The authors interpret this wave of instability as an analogue of protoplanetary rings,
which can be formed in protoplanetary disks. According to the numerical calculation results, the reac-
tion of a homogeneous gravitating medium to the single initial perturbation of its density is signifi-
cantly different from the laws of Jean’s model. The instability localized in single initial perturbations
extends to the region λ < λJ, although in this case the growth of the perturbation density is considerably
less than for λ > λJ. It is discovered that the gravitational instabilities in the region λ > λJ suppress
sound. It is shown that, without taking into account the rotation of the Sun’s protoplanetary disk
medium, its critical density in the event of a large-scale gravitational instability is about four orders of
magnitude smaller than the critical density in accordance with the theory of planet formation by the
accumulation of solids and particles.

Keywords: homogeneous isotropic gaseous medium, gravitational instability, dispersion equation,
sound wave, wave of gravitational instability

DOI: 10.1134/S2070048218050058

INTRODUCTION

This work is dedicated to the issue of the gravitational instability of the solar protoplanetary disk aimed
at developing an adequate model for the formation of the solar system. In the first approximation, the
gravitational instability of a homogeneous isotropic infinite gravitating gaseous medium was studied. The
research presented in this article is a continuation of the research [1–9] and includes the development of
appropriate algorithms for solving the formulated problems.

Currently, the commonly accepted theory of the formation of the solar planetary system is the
Schmidt–Safronov theory [10, 11], which is the theory of the planets’ formation by the accumulation of
solids and particles. At the same time, this theory faces significant difficulties when trying to explain some
phenomena.

One of the key issues in the protoplanetary disk evolution in the model [10, 11] is the formation of
rather large bodies (planetary embryos) able to keep growing using their own gravitational field. In the sci-
entific literature, the possibility of such aggregation of small solid bodies was questioned more than once
[12–14]. The experimental and theoretical studies in recent years [15] showed that the probability of par-
ticles sticking together tends to zero when they are larger than 10 cm. Thus, it should not be expected
that the accumulation of particles in collisions can lead to the formation of large bodies of about 1–10 m
[16, 17].

The most complex issue to explain in the model [10, 11] is the issue of planetary distances (the Titius–
Bode rule). Since the processes of accumulating the solid bodies formed in a protoplanetary disk are of a
stochastic character the theory that on distances at which planets must be formed in a protoplanetary disk
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ON THE ISSUE OF THE GRAVITATIONAL INSTABILITY 617
cannot possibly be calculated in this model [11]. If the substance distribution in a protoplanetary disk is
preset, this theory can only estimate the number of planets formed and their relative distances.

It is well known that the planets of the solar system are divided into two groups in terms of physical
characteristics: inner planets, which are terrestrial planets (Mercury, Venus, Earth, and Mars) and outer
planets, which are gas giants (Jupiter, Saturn, Uranus, and Neptune). The solid body accumulation model
[10, 11] assumes the existence of two phases in the formation of the outer planets of the solar system. In
the first phase, a solid body embryo (core) of a planet is formed through the accumulation of a solid body.
Im the second phase, the gas component is accreted onto the solid body embryo formed. There is another
hypothesis about the formation of the outer planets of the solar system, which is more realistic, assuming
that each planet was formed from a corresponding protoplanet (in this case, a protoplanet is a gas–dust
cloud, which, in the process of gravitational compression, is transformed into a planet). This hypothesis
has the highest evidentiary force for Jupiter and Saturn [9].

As a result of the study of the opportunities to overcome failures of the Schmidt–Safronov theory,
other models for the formation of the solar system emerged. The alternative models [18–24] to the model
of the solid body accumulation, as a rule, assume the formation of protoplanets with their subsequent con-
version into the corresponding planets.

For the choice of an adequate model for the formation of planets of the solar system, the works by
E.M. Galimov [23–25] are important. Based on the results of the geochemical investigation of the planet
compositions, E.M. Galimov formulated the hypothesis that a planet body is formed from a gas–dust
cloud and, for the case of the Earth–Moon system, showed that this hypothesis is the best one for explain-
ing the known geochemical facts and limitations.

Note that all the models for the formation of the solar planetary system are based on the fundamental
property of a gravitating medium, namely, its gravitational instability, while the difference between the
models consists only in the spatial dimensions on which the gravitational instability starts developing.
However, this circumstance leads to significant differences in the formation of the solar planetary system.

In the solid body accumulation model [10, 11], the gravitational instability at the initial phase of the
protoplanetary disk evolution, i.e., actually, in a gaseous medium, is excluded. The gravitational instabil-
ity in this model occurs only at the phase of the formation of a dust layer in a disk and leads to the forma-
tion of planetesimals with typical sizes, e.g., for the Earth zone, ≈4 × 107 cm [11].

In the Fridman–Polyachenko model [18, 19], which is based on estimates, it is assumed that the solar
protoplanetary disk at the initial phase of its evolution was also gravitationally unstable. In these condi-
tions, ring-shaped density disturbances that increase in time (protoplanetary rings) are formed in a pro-
toplanetary disk, which are “located in it in accordance with the Titius–Bode law” [19]. Thus, the wave-
length of the ring-shaped gravitational instabilities corresponds to the distance between planets, and the
typical radial size (the width of ring-shaped gas–dust clouds) corresponds to the planet zones. For exam-
ple, the width of a ring-shaped gas–dust cloud in the Earth region is ≈6 × 1012 cm. Subsequently, in this
model, protoplanets are formed from protoplanetary rings.

The Eneev–Kozlov model [20–22], as the solid body accumulation model, assumes the existence of a
gravitational instability with respect to the disturbances of a rather small wavelength in a protoplanetary
disk, which leads to the formation of planetesimals. However, unlike the solid body accumulation model,
T.M. Eneev and N.N. Kozlov assume that planetesimals are not solid bodies “but more or less rarefied
gas–dust clouds.” In this model, the following result is of interest: there is a ring compression of the pro-
toplanetary disk substance whose mass is “negligibly small compared to the mass of the central body (the
Sun)” [13, 20–22]. The evolution of each of the ring regions is completed by the formation of a gas–dust
protoplanet. In the terminology accepted in this work, the protoplanetary rings are the ring compression
of a substance. In other words, a protoplanetary disk in the Eneev–Kozlov model proved gravitationally
unstable to disturbances with a wavelength approximately equal to the distance between planets.

In the model presented in [2–4, 7–9], it is shown that a protoplanetary disk at the initial phase of its
evolution could be gravitationally unstable with respect to large-scale disturbances. This leads to the for-
mation of protoplanetary (toroidal) rings and, further, protoplanets. Within this model, it was also shown
that, for the solar protoplanetary disk, in the axisymmetric approximation, there are analytical solutions
in the form of protoplanetary (toroidal) rings that correspond to the planet zones [3, 4]. According to the
model [2–4, 7–9], large-scale gravitational instabilities can also occur in a dust layer if, due to some rea-
son, they could not occur at the initial phase of the protoplanetary disk evolution.

Hence, the in which the solar planetary system is formed depends significantly on the size of the initi-
ating gravitational instabilities. Thus, to develop an adequate model for the formation of the solar plane-
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tary system, we should consider whether a large-scale gravitational instability could occur in the solar pro-
toplanetary disk.

Taking the crucial importance of this question into consideration for the development of the model, it
is advisable to consider in detail the initiation and development of the gravitational instability in a gravi-
tating medium. The main principles of the gravitational instability change insignificantly depending on
the size and geometry of a gravitating medium. Thus, at the current stage, the simplest gravitating system
is considered. Such a system is a medium that is infinite in all directions, homogeneous, and isotropic; its
stability was studied in the classic work by Jeans [26]. On the assumption of the homogeneity and isotropy
of such a medium, Jeans assumed that the gravitational force at any point of this medium is zero and the
system is stationary. Note that, in fact, these assumptions made by Jeans are incorrect since a homoge-
neous infinite gravitating medium must be nonstationary [27]. Thus, strictly speaking, the problem of the
gravitational instability of an infinite gravitating medium must be solved for a nonstationary case [28, 29].
However, the main qualitative conclusions made by Jeans prove to be correct for the detailed consider-
ation of the instability of a contracting or expanding homogeneous medium. Due to this, in this study of
a homogeneous gravitating medium, Jean’s traditional approach is followed.

GRAVITATIONAL INSTABILITY OF A HOMOGENEOUS ISOTROPIC MEDIUM: 
ANALYTICAL SOLUTIONS

A system of gas dynamics equations taking gravity into consideration is written in the following form
[19, 30–32]:

(1)

(2)

and inside the medium, there is the Poisson equation

(3)

where  is the gaseous medium density;  is the gaseous medium pressure;  is the speed

vector;  is the equation of state of a gaseous medium; e =  is the energy of a vol-

ume unit;  is the internal energy of a mass unit;  is the gravitational potential; and G is the grav-
itational constant.

Assume that a gaseous medium is homogeneous and in equilibrium in the initial state. Then, as is well
known [19], the system of equations (1)–(3) for the disturbed state by linearization can be reduced to one
equation:

(4)

where  is the square of Jean’s frequency;  is the density of the initial state of a medium; and
 and  are the amplitude of the density and pressure disturbances, respectively.
Assume that a homogeneous isotropic infinite gaseous medium is “cold” (T → 0 K). Then, the

medium pressure can be neglected and Eq. (4) is converted into the following equation:

(5)

One of the partial solutions of this equation is the following solution:

(6)

where  is the initial density disturbance of a medium.
Solution (6) describes the major instability of a gravitating medium, which was first introduced by

Jeans.
Assume that a homogeneous isotropic infinite gaseous medium is at a finite temperature (T ≠ 0 K).

Hereinafter, to make the presentation the results simpler, the behavior of a homogeneous medium under

∂ρ ∂+ ρ = ρ + ρ ∇ = − + ρ ϕ
∂ ∂

U
U U Udiv( ) 0, ( ) grad grad ,p

t t
∂ + + = ρ ⋅ ϕ = ρ ε
∂

U Udiv[( ) ] grad , ( , ),e p e p p
t

∇ ϕ ≡ Δϕ = − π ρ2 4 ,G

ρ r( , )t r( , )p t U r( , )t

= ρ ε( , )p p ( )ρ ε + ⋅U U
1
2

ε r( , )t ϕ r( , )t

Δ
Δ Δ

∂ ρ = + ω ρ
∂

2
2

2 div(grad ) ,Jp
t

ω = π ρ2
04J G ρ0

Δρ Δp

Δ
Δ

∂ ρ = ω ρ
∂

2
2

2 .J
t

Δ Δρ = ρ ωr,0( )exp( ),J t

Δρ r,0( )
MATHEMATICAL MODELS AND COMPUTER SIMULATIONS  Vol. 10  No. 5  2018



ON THE ISSUE OF THE GRAVITATIONAL INSTABILITY 619
its plane initial density disturbances is considered. For this purpose, instead of the r vector, the x coordi-
nate is introduced, and the initial disturbance density changes along its direction. Then, Eq. (4) is con-
verted into the following equation

(7)

It is known that [1, 11, 33, 34] in the initial phase of the protoplanetary disk’s evolution, its medium
with a sufficient degree of accuracy can be regarded as a one-component ideal gas. Then, in the approxi-
mation of an ideal gas, Eq. (7) is transformed to the following form:

(8)

where  is the speed of sound in an unperturbed gaseous medium.
For the subsequent calculation, the following dimensionless variables are introduced:  = ,

= , and  = . An infinite homogeneous medium has no typical length parameter of a finite
value. As this work is focused on the solar protoplanetary disk, thus, without losing consistency, we intro-
duce the length parameter for nondimensionalization equal to the outer radius of the solar protoplanetary
disk rex. In these conditions,  = , , and  is a dimensionless value. With con-
sideration of the introduced dimensionless variables, Eq. (8) is written in the following form:

(9)

Hereinafter, the dl index in the notation of variables is mostly omitted.
Find the solutions for Eq. (9) in the form of a sinusoidal wave by presetting its initial solution (the den-

sity disturbance at ) in the segment  of an infinite homogeneous space in the form of a wave
with the number of peaks equal to the number of planets in the solar system (eight planets and the asteroid
belt). Such a preset initial disturbance permits the subsequent admissible comparison with some param-
eters of the solar planetary system. It can be shown that, under such initial conditions, Eq. (9) has the fol-
lowing real partial solutions [35].

A wave of gravitational instability,

(10)

where ; ; and  is the dispersion equation;  is Jeans’
dimensionless wavelength;  > 0 if  > ;  = 0 if  = ; and if  <  then  < 0, and a real partial
solution does not exist.

A stationary wave,

(11)

where , , and  = .
A standing wave,

(12)

where ; ;  is the dispersion equation;  > 0 if  < ;  = 0 if  = ;
and if  >  then  < 0, and a real partial solution does not exist.

A running wave or heavy sound,

(13)

where ; ;  is the dispersion equation;  > 0 if  < ;  = 0 if  = ;
and if  >  then  < 0 and a real partial solution does not exist.

Hence, the gravitational instability in the form of a wave process in a homogeneous isotropic medium
is possible only for  > , as follows from the Jeans model. Jeans’ critical wavelength ( ) separates the
ranges of stable (  < ) and unstable (  > ) disturbances of an isotropic medium.
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Fig. 1. Gravitational instability, sinusoidal half-wave, T → 0 K.
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NUMERICAL EQUATION SOLVING TECHNIQUE FOR A HOMOGENEOUS ISOTROPIC 
GRAVITATING MEDIUM

Omitting the indices of variables, convert Eq. (9) into the following form:

(14)

where .
For performing the numerical calculations, the region along the x axis is divided into counting intervals

by points with integer indices. The ρ function is defined in the center of the interval (xi, xi + 1) and denoted
by the index i + 1/2. The transition from the layer n to the layer n + 1 with a constant time step τ is per-
formed in accordance with the standard difference scheme:

(15)

For each calculated case, by introducing the initial and boundary conditions written in finite differ-
ences, a difference scheme is developed, in accordance with which the calculations are performed.

NUMERICAL CALCULATION RESULTS FOR THE GRAVITATIONAL INSTABILITY
OF A HOMOGENEOUS ISOTROPIC COLD MEDIUM

The motion of a homogeneous isotropic infinite cold (T → 0 K) gaseous medium is described by
Eq. (5). This equation was numerically solved in dimensionless variables in the segment  under
different initial conditions using the technique described in Chapter 3. The motion of a homogeneous
medium under the initial plane density disturbance of a rectangular shape was studied. Such a distur-
bance, unlike the wave disturbance, is localized in space along the x axis; hereinafter, it is referred to as a
single disturbance. In these calculations, the density disturbances increase in time in accordance with the
exponential law ~ , where 1, regardless of the spatial dimensions of the initial disturbance. The
divergence between the numerical and analytical solutions in these calculations does not exceed 0.025%.
In the case T → 0 K, the initial rectangular shape of the density disturbance under the increase in its
amplitude in time is kept. If the shape of a single initial disturbance is changed the disturbance is also not
blurred along the x axis and the density increase in time at each point of this disturbance is also propor-
tional to ~exp(ωt), where 1.

For example, in Fig. 1, the shape of the initial density disturbance is a positive sinusoidal half-wave in
the form of  =  preset in the segment , outside which ρ∆ (t = 0)
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Fig. 2. Gravitational instability, sinusoidal half-wave, T ≠ 0 K, λ > λJ.
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= 0,  = 0. The divergence between the numerical and analytical solutions in these calculations
does not exceed 0.025%.

The calculations of the motion of a medium under its initial density disturbance in the form of a sinu-
soidal wave were performed. The initial wave disturbance was preset with a number of peaks in the seg-
ment  equal to the number of planets in the solar system (eight planets and the asteroid belt). The
numerical calculations showed that, as a result of the instability, a wave of gravitational instability is
formed. The initial disturbance wavelength can be arbitrary. Waves of gravitational instability in a homo-
geneous medium are of a similar nature as waves of gravitational instability in a protoplanetary disk [18,
19] from which protoplanetary rings are formed.

The results of this chapter are detailed in [35].

NUMERICAL CALCULATION RESULTS FOR THE GRAVITATIONAL INSTABILITY
OF A HOMOGENEOUS ISOTROPIC MEDIUM AT A FINITE TEMPERATURE

Equation (9) was numerically solved for single initial density disturbances of a homogeneous medium
at a finite temperature (T ≠ 0 K) using the technique described in Chapter 3. From the calculation results
under the initial medium disturbance of a rectangular shape (λ ≈ 2L= 1/3, where L is the size of a single
disturbance and λ > ), it follows that, unlike in the case T → 0 K, at a finite temperature (T ≠ 0 K),
against the background increase in the initial disturbance caused by the gravitational instability, the den-
sity disturbances propagate into the ambient medium and the wave propagates inside the region of the ini-
tial disturbance. Until the moment of time when rarefaction waves propagating from the opposite ends of
the initial disturbance meet, the amplitude of the initial density disturbance increases in accordance with
the law ~ , where ω = 1. After the interaction of the rarefaction waves, the law of the increase in
the disturbance amplitude changes. It can be explained by the fact that ω in the exponential law starts
decreasing in time. The numerical calculations showed that, unlike a cold medium, the disturbance den-
sity for its different points increases in accordance with different laws.

The behavior of the initial density disturbance of a rectangular shape for λ < λJ was numerically calcu-
lated. The analysis of the calculation results shows that the gravitational instability under these conditions
occurs not only in the range of λ > λJ but also in the range of λ < λJ. The gravitational instability develop-
ment scenario in these regions is the same, and it is described when considering the case λ > λJ.

The behavior of a homogeneous isotropic medium under the initial density disturbance in the form of
a positive sinusoidal half-wave, which is described by the formula

(16)
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Fig. 3. Gravitational instability, sinusoidal half-wave, λ = λJ.
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in the segment 1/3 ≤ x ≤ 0.5, outside which ρ∆ (t = 0) = 0, for the case λ > λJ, is shown in Fig. 2. For solving
the Cauchy problem, the initial condition  =  and the boundary conditions  =
0, t) = 0,  = 0 are also preset. From the graphs in Fig. 2, it follows that, in a medium under the
preset initial and boundary conditions, the gravitational instability occurs. The density disturbance curves
at both sides of the peak depending on the distance are strictly monotonic at all times. In a similar formu-
lation, the calculation, which is presented in Fig. 1, at a temperature of zero of the medium was performed.
The comparison of Figs. 1 and 2 demonstrates that, starting from the same moment of time, the distur-
bance amplitude at a finite temperature increases slower than in the case of a cold medium.

The numerical calculations were performed for the cases λ = λJ and λ < λJ. The initial density distur-
bance was also preset using formula (16) in the segment 1/3 ≤ x ≤ 0.5, outside which ρΔ(t = 0) = 0. The
initial condition ∂ρΔ/∂tt = 0 = 0 and the boundary conditions ρΔ(x = 0, t) = 0, ρΔ(x = 1, t) = 0 were also
preset. The calculations show (Fig. 3) that the nature of the curves ρΔ(x, t = const) for λ = λJ changes sig-
nificantly compared to the case λ > λJ. In some segment of time, the density curves on both sides of the
central point, depending on the distance, are of a nonmonotonic nature. At longer times, the disturbance
amplitude increases and the curves are gradually smoothed out. At the moment of time t = 10, the distur-
bance amplitude is lower by a factor of about six than in the range of λ > λJ. The changes in the initial
density disturbance (formula (16)) for λ < λJ, depending on the distance, for different moments of time
are shown in Fig. 4.

The behavior of the density disturbance in the case λ < λJ, as can be seen from Fig. 4, differs from both
situations λ > λJ and λ = λJ. In the initial phase, approximately by moment of time t = 0.5, the initial dis-
turbance is divided into two disturbances, which start propagating in opposite directions. This qualita-
tively coincides with the solution of the telegraph equation [35, 36]. However, starting from a certain
moment of time (t > 1), the amplitude in the center starts increasing. This can be explained by the fact
that, in Eq. (9), the second derivative  becomes low and the second term becomes predominant
in the right-hand side of this equation. In this case, the main term in the solution is the expression of form
(10) with an exponential cofactor by time. Thus, the amplitude of the density disturbance starts increasing
and, by the time t ≈ 2.5, its value exceeds the amplitude of the initial disturbance.

Further, consider the calculation results for the motion of a homogeneous medium, when the initial
disturbances are preset in the form of a sinusoidal wave. In Fig. 5, the gravitational instability of a medium
is shown, which is observed when the initial density disturbance is a sinusoidal wave of the following form:

(17)

preset in the segment  for the case . The initial condition  =  and the
boundary conditions  = 0 and  = 0 are also preset. The initial disturbance
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Fig. 4. Gravitational instability, sinusoidal half-wave, λ < λJ.
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wave is preset with nine peaks corresponding to the number of planets in the solar system, taking the aster-
oid belt into consideration, which are located at a distance equal to the protoplanetary disk width, i.e., in
the segment .

As can be seen from Fig. 5, the medium’s instability in this case occurs in the form of a wave of gravi-
tational instability. The increase in the wave’s amplitude corresponds to the exponential law. If the wave-
length λ approximates Jeans’ critical wavelength λJ the amplitude of a wave of gravitational instability
drops sharply. For λ = λJ, the amplitude of the initial density disturbance wave is constant in time and the
phase speed is zero. This wave, unlike other types of waves, can be called a stationary wave. In the case

, under the initial and boundary conditions corresponding to the case , a standing wave is
formed in a homogeneous medium. A homogeneous medium is gravitationally unstable in the range

.

In the research mentioned above (Sections 2, 4, and 5), the wave density disturbances of a homoge-
neous gravitating medium with a zero phase speed were obtained. Based on Eq. (9), it was of interest to
investigate the behavior of the wave disturbances in the form of a running wave (13). The numerical cal-
culations were performed using the following initial and boundary conditions. The initial density distur-
bance remained unchanged and had form (17). The initial condition (the time derivative) was preset in the

form  = . The boundary conditions were preset in accordance with (13):

(18)

or

(19)

The best variant of the boundary conditions, which gave a high level of calculation accuracy, was a
modified variant of (19), namely, a periodic variant:
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Fig. 6. Waves of gravitational instability ( ) under initial and boundary conditions corresponding to running wave, T ≠ 0 K.
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Fig. 5. Gravitational instability of homogeneous medium in form of wave for , T ≠ 0 K.
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As a result of the calculations, the numerical solution of Eq. (9) was found in the form of a running
wave for , which describes a heavy sound in a gravitating gaseous medium. This numerical solution
at the moment of time t = 10 coincides with the analytical solution in the phase within 1%.

Are there waves of gravitational instability in the form of a running wave in the region ? To
answer this question, the numerical calculations were performed in the region  with the initial and
boundary conditions corresponding to a running wave (formulas (18–20)). The results of these calcula-
tions are shown in Fig. 6. In can be seen that, in the initial moments of time (t ≤ 1), when the gravitational
instability only starts developing, the density disturbance wave starts moving. However, under the increase
in the amplitude of the wave disturbance, the wave’s motion stops and the phase speed of a wave of grav-
itational instability becomes zero. Thus, in the range , regardless of the initial and boundary con-
ditions, a wave of gravitational instability occurs with a phase speed of zero.

The results of Chapter 5 are detailed in the preprint [35].

ANALYSIS AND DISCUSSION OF THE RESEARCH RESULTS
1. The results of the numerical calculations agree with the basic concepts concerning the gravitational

instability of a cold (T → 0 K) homogeneous isotropic infinite gaseous medium. This medium is gravita-

λ < λJ

λ > λJ

λ > λJ

λ > λJ
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tionally unstable against any types of density disturbances, including both disturbances in the form of
waves and single initial disturbances. The initiation of gravitational instabilities in such a medium does not
depend on the wavelength in wave disturbances or the spatial dimensions of the single initial disturbances.
The typical spatial size and shape of the disturbance remain constant in time. The density disturbance at
each point increases in time in accordance with the exponential law: ~ , where .
These characteristics of the behavior of gravitational instabilities are explained by the fact that the tem-
perature impeding the formation of gravitational instabilities in this case tends to zero.

In a protoplanetary disk, situations can occur when the dust component is predominant over the gas
one. In this case, the medium behaves like cold gas [18, 19]. Thus, the results of the research of a cold
homogeneous isotropic medium confirm the possibility of the formation of solid bodies of different sizes,
including small ones, from the dust component.

2. Unlike a cold medium, a homogeneous isotropic infinite gaseous medium at finite temperature (T
≠ 0 K) can be gravitationally unstable against certain types of its density disturbance. In the wave (har-
monic) initial density disturbances, a gaseous medium follows the laws of Jeans’ model. When , a
medium is gravitationally unstable. Under , waves of gravitational instability occur in the medium
(Section 2, formula (10)). These waves are of a similar nature as the ring-shaped density disturbances of
the solar protoplanetary disk (protoplanetary rings) that increase in time.

According to the results of the performed numerical calculations, the reaction of a homogeneous grav-
itating medium (T ≠ 0 K) to single initial density disturbances differs significantly from the laws of Jeans’
model. The gravitational instability of single disturbances also expands to the region , although the
increase in the density disturbance in this case is significantly lower than for . This can be explained
by the fact that Jeans’ theory is based on the initial density disturbances of a medium in the form of a har-
monic wave extending throughout a homogeneous medium. Under single initial density disturbances, the
problem of a medium’s motion differs significantly from the problem in Jeans’ formulation. This is effec-
tively a different boundary problem whose solution does not coincide with Jeans’ solution, which leads to
the results presented in this work.

Another distinctive feature of a medium at a finite temperature, along with the increase in the initial
single disturbance density, is the increase in the typical spatial size of the disturbance itself and the change
in its shape. These facts are explained by the influence of the temperature, which impedes the occurrence
of a gravitational instability.

3. The propagation of sound density oscillations through a homogeneous gravitating medium at a finite
temperature in the wave ranges  and  was studied. It was shown that, in the wave range

, standing waves (12) can form and waves in the form of a running wave can propagate under the
corresponding initial and boundary conditions. A running wave is actualized in the form of a heavy sound
wave (13). The distinctive feature of a heavy sound wave is the decrease in the phase speed of this wave
when λ increases. Under , the phase speed of a heavy sound wave becomes zero and the wave
degenerates into a stationary wave (11). A standing wave in the presented research is a standing heavy
sound wave. Under preset λ and λJ, the frequency of a standing heavy sound wave is equal to the frequency
of a running heavy sound wave. As λ reaches the λJ value, a standing wave also degenerates into a station-
ary wave. In the wavelength range of , waves in the form of standing and running heavy sound waves
cannot exist. In this region, when a medium is disturbed, a wave of gravitational instability (10) occurs.
The phase speed of an established wave of gravitational instability is zero and does not depend on the
boundary or initial conditions in the numerical calculations. This interesting fact is explained by the grav-
itational sound suppression by the forming gas masses of the gravitational instabilities.

4. Currently, it is, probably, too early to talk about a completely developed model for the formation of
a solar planetary system. Along with the theories about the formation of a planetary system—such as the
formation of planets by the accumulation of solid bodies and particles [11]; the formation of protoplanets
by the collision and aggregation of gas–dust clouds [13]; or the formation of planets by the occurrence of
a disturbance wave on the scale of a whole disk leading to the formation of protoplanetary rings (and, sub-
sequently, planets) as a result of a large-scale gravitational instability disk [2–4, 7–9]—there are hypoth-
eses of the formation of some planets of the solar system, e.g., Jupiter, in the form of a separate protoplanet
[15]. Thus, in order to consider possible scenarios of the formation of the planets of the solar system, we
need to know the conditions of the initiation of gravitational instabilities of different types and their
dynamics. The research results for a homogeneous isotropic medium are presented in this work. Note the
following result of this study: it was shown that the instability of single initial disturbances also expands to
the region . Thus, the boundaries of the possible formation of single gravitational instabilities in a
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homogeneous medium are expanded. If such a phenomenon also occurs in a protoplanetary disk this can
significantly increase the probability of the formation of a single protoplanetary ring and, as a conse-
quence, lead to the formation of a separate protoplanet from this ring.

5. In [7], the critical density of a protoplanetary disk was introduced as the minimum density under
which a gravitational instability can occur taking into consideration the possible disturbances within the
whole wavelengths range. This definition is also considered correct for a homogeneous gaseous medium.
If a protoplanetary disk medium has the density distribution of the dust component that is close to homo-
geneous and the dust weight content does not exceed several percent, then the averaged parameters of such
a medium are described sufficiently accurately by the equation of state of ideal gas [1, 11, 33]. In this
research, a homogeneous gaseous medium is also an ideal gas. Then, the configuration of the initial wave
density disturbances of a medium, which was studied in this work, helps estimate the critical density of the
solar protoplanetary disk without taking into consideration the stabilizing effect of the rotational motion
of a disk on its gravitational instability. Indeed, the gravitational instability of a homogeneous isotropic
gaseous medium was studied under such initial wave density disturbances when nine wavelengths, which
was the number of planets of the solar system including the asteroid belt, could fit in the distance equal to
the width of the protoplanetary disk. A wave of gravitational instability is observed in a homogeneous
medium in the form of a harmonic wave; thus, this estimation can give only an averaged value of the crit-
ical density of the solar protoplanetary disk, which is, apparently, of interest even in this approximation.
The critical density ( ) was estimated using Jeans’ expression for the critical wavelength, from which it
follows that [7]

(21)

where R is the gas constant, erg K–1 mol–1; T is the temperature of the gaseous medium of a protoplanetary
disk, K; μ is the molecular weight of a disk gaseous medium, g/mol; γ is the Cp/  ratio for a disk gaseous
medium (the adiabatic index); and G is the gravitational constant, cm3/(g s2).

If the weight proportion of dust particles is about 1.5% of a substance of the solar composition, the
molecular weight for such a medium is 2.53 g/mol and the adiabatic index is 1.43 [33]. According to the
current ideas, the temperature of a gaseous medium, e.g., for the Earth’s zone in the initial phase of the
protoplanetary disk evolution was T ~ 300 K and the density was ~3 × 10–9 g/cm3 [11]. The average tem-
perature of a disk in its equatorial plane calculated by averaging the data on the temperatures of all the
zones is ≈150 K. In the calculations made within the present study, nine wavelengths (the number of plan-
ets in the solar system, including the asteroid belt) could fit in the distance equal to the protoplanetary disk
width. Thus,  = 1/9. For the critical density estimation, it is assumed that

(22)

T ≈ 150 K, γ = 1.43, μ = 2.53 g/mol, G = 6.673 × 10–8 cm3/(g s2),  = 0.591 × 1015 cm, and R = 8.31434 ×
107 erg K–1 mol–1.

Substituting the values of the variables and the parameters in (21), find the critical density:

(23)

This critical density value is about an order of magnitude higher than in [7]. This is explained by the
fact that, in this work, the estimated λJ value is about a quarter of the λJ value in [7] taken equal to the
halfwidth of the solar protoplanetary disk.

A comparison of the critical density of a disk in accordance with the model of large-scale instabilities
[2–4] with the results of the theory of the planet formation by the accumulation of solid bodies and par-
ticles [10, 11] is of crucial importance. The critical density (23) under which a large-scale gravitational
instability occurs is about four orders of magnitude lower than the critical density (  ≈  g/cm3)
calculated in accordance with the theory [10, 11] and two orders of magnitude lower than the density (~3
× 10–9 g/cm3) of a gaseous medium in the Earth zone [11].

Hence, based on the presented estimation of the critical density, it can be claimed that when consid-
ering the gravitational instability of the solar protoplanetary disk, the possible development of large-scale
instabilities as instabilities initiated under the lowest critical density of all possible ones should be consid-
ered. The wavelength of large-scale instabilities can be comparable to the distance between planets.
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CONCLUSIONS
The work is focused on the gravitational instability of an infinite homogeneous isotropic gaseous

medium. Both the gravitational instabilities in the form of waves and single gravitational instabilities were
studied using the numerical modeling.

The waves of gravitational instability in this medium are described by Jeans’ theory [26]. The formation
of the gravitational instabilities of this type in a homogeneous isotropic medium makes it possible to
assume that such structures can also occur in gravitating media of a more complex configuration. In fact,
e.g., the emergence of protoplanetary rings in protoplanetary disks was predicted [3, 7–9, 18, 37, 38],
which can be interpreted as the result of the gravitational instability in the form of a wave in a protoplan-
etary disk [18, 19].

In the research of the dynamics of single initial density disturbances, it was established that single
instabilities that occur in a homogeneous medium at a finite temperature cannot be described by Jeans’
model [26] because the region of unstable initial disturbances expands to the region λ < λJ. The typical
spatial dimensions of single-density disturbances do not change in time in a cold homogeneous medium
and increase in time in a medium at a finite temperature.

The propagation of sound density oscillations through a homogeneous gravitating medium at a finite
temperature was studied. The sound suppression by gravitational instabilities in the region λ > λJ was
established.

Based on the calculation results, the critical density of the solar protoplanetary disk was estimated. In
the considered approximation (without consideration of the rotation), it was shown that the critical den-
sity (23) of the solar protoplanetary disk, under which a large-scale gravitational instability occurs, is
about four orders of magnitude lower than the critical density (  g/cm3) calculated in accor-
dance with the theory [10, 11].

In the process of the work, the numerical modeling methods were also elaborated with the purpose of
using them for gravitating media of more complex configurations.
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