
89

ISSN 2070-0482, Mathematical Models and Computer Simulations, 2018, Vol. 10, No. 1, pp. 89–98. © Pleiades Publishing, Ltd., 2018.
Original Russian Text © A.A. Aganin, L.A. Kosolapova, V.G. Malakhov, 2017, published in Matematicheskoe Modelirovanie, 2017, Vol. 29, No. 7, pp. 15–28.

Numerical Simulation of the Evolution of a Gas Bubble
in a Liquid Near a Wall

A. A. Aganin*, L. A. Kosolapova, and V. G. Malakhov
Institute of Mechanics and Engineering, Kazan Science Center, Russian Academy of Sciences (IME KazSC RAS), 

Kazan, Russia
*e-mail: aganin54@mail.ru

Received March 9, 2016

Abstract—A numerical technique based on the application of the boundary element method is pro-
posed for studying the axially symmetric dynamics of a bubble in a liquid near a solid wall. It is
assumed that the liquid is ideally incompressible and its f low is potential. The process of expansion
and contraction of a spheroidal bubble is considered, including the toroidal phase of its movement.
The velocity and pressure fields in the liquid surrounding the bubble are evaluated along with the shape
of the bubble surface and the velocity of its displacement. The numerical convergence of the algorithm
with an increase in the number of boundary elements and a refinement of the time step is shown, and
comparison with the experimental and numerical results of other authors is performed. The capabili-
ties of the technique are illustrated by solving a problem of collapse of a spheroidal bubble in water.
The bublle is located a short distance from the wall.
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1. INTRODUCTION
Studying the dynamics of bubbles near a wall is important for understanding the impact of cavitation

on the surface of solid bodies. Despite the existence of analytical dependences for estimating such an
impact [1], the complexity of the phenomenon requires applying more precise models for describing it
and effective numerical approaches. Using the method of finite differences, work [2] was the first to
describe the formation of a cumulative liquid jet on the surface of a bubble directed towards the surface of
a wall, which was predicted in [3]. Such jets are considered the main mechanisms of cavitation erosion.

Currently, the dynamics of bubbles near a wall are studied using various numerical methods [4–6]. The
most widespread numerical techniques for regimes with a small influence of the compressibility and vis-
cosity of liquid are the ones based on the boundary element method (BEM), which reduces the boundary
problem for the Laplace equation for the potential of liquid velocity to an integral equation along the
domain boundary. Work [7] proposes the numerical approach based on BEM, which was later applied in
[8] to investigate the axisymmetric deformation of an empty spheroidal cavity near a solid wall. For appli-
cation to problems of the axisymmetric dynamics of a bubble, BEM was developed in [9] where it was gen-
eralized to the case of the dynamics of a vapor bubble in a liquid f lux moving at a given velocity. In [10,
11] BEM was adapted to spatial problems of bubble dynamics.

In those and some other works, computations were continued until the moment when the cumulative
jet hit the opposite side of the bubble surface. The next step in developing a technique using BEM was its
extension to the toroidal phase of motion, which causes the circulation of a liquid f low around a doubly
connected domain of a bubble [12–17]. In order to account for f low rotation a cut is introduced within the
jet in [12], representing a moving material surface and connecting the symmetry axis with the bubble sur-
face. This cut makes the jet domain simply connected and allows one to use BEM in the same way as
before the moment of impact. In [13] a similar approach is used without the assumption [12] about the
constancy of the potential jump along the cut. In [15] the f low rotation is accounted for by representing
the velocity potential as the sum of the potentials of a vortex ring and unambiguously defined residual
potential, which satisfies the Laplace equation and is determined by BEM.

This work presents a realization of the numerical technique for investigating the evolution of a bubble
near a wall based on the approach described in [17] and representing a simplified methodology [12]. The
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rotation of a liquid f low is taken into consideration by the introduction of an artificial f lat cut perpendic-
ular to the symmetry axis. In contrast to the authors of other works [15, 18], we use a smoothing cubical
spline in order to eliminate the numerical instability appearing during the realization of the methodology.
Before the moment of the formation of a toroidal bubble, the technique of this work follows the algorithm
realized by the authors in [19]. The main results obtained using this algorithm are described in [19–21].
They are devoted to studying the influence of the initial nonsphericity of the bubble and the initial dis-
tance from the bubble to the wall during the process of its collapse, as well as the dynamics of two bubbles
appearing during the collapse of a f lattened spheroidal bubble.

The possibilities of the technique described in this work are demonstrated on the problem about the
expansion and the subsequent contraction of a spheroidal bubble near a wall.

2. PROBLEM STATEMENT
The axisymmetric dynamics of a cavitation bubble in a liquid near a solid wall is studied. It is assumed

that the liquid surrounding the bubble is ideal and incompressible; and its motion is potential and is
described by the equations

(1)

(2)

where t is time, p and p∞ are the liquid pressure at an arbitrary point and at infinity,  is the liquid density,
and Φ is the velocity potential.

It is assumed that vapor in a cavitation bubble behaves as a van der Waals gas with uniform pressure
distribution

(3)

where ,  is the initial gas pressure in the bubble, V0 and V are the initial and cur-
rent volumes of the bubble, κ is the adiabatic exponent, and a and b are gas constants.

The dynamic

(4)

and kinematic

(5)

boundary conditions are fulfilled on the surface of the bubble. In (4) and (5) p+ is the pressure on the liquid
side of the surface, σ is the surface tension coefficient, H is the average curvature at a point of the bubble
surface, and  are the radius-vector and velocity of the surface point.

The impermeability condition is posed on a solid wall as

(6)

where z is the coordinate along the rotation axis.

3. NUMERICAL SOLUTION METHOD
The evolution of a bubble can be split into two phases (Fig. 1). The first one corresponds to the forma-

tion of a cumulative jet on the bubble surface. It ends at the moment tc, when the jet hits part of bubble
surface nearest the wall. The second phase corresponds to the motion of a toroidal bubble formed as a
result of this impact. Taking this into account, the algorithm of the numerical solution is split into two
steps, corresponding to the computation of the first and second phases of the bubble’s dynamics.

The motion and deformation of the bubble surface in time are defined by a step-by-step method based
on the kinematic and dynamic boundary conditions (4) and (5); the liquid’s velocity in the profile and the
velocity potential at some moment of time are computed using BEM.
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At the first phase of motion, the velocity potential Φ and its normal derivative ∂Φ/∂n on the surface are
connected by the boundary integral equation (BIE) [22]

(7)

where x, y ∈ S are the points of observation and integration,  is the vector of the normal directed inside
the bubble, G(x, y) is the fundamental solution (Green’s function), which is denoted as follows for a half-
space in Neumann’s condition:

(8)

In (8) r = |x − y| is the distance between points x and y and r* = |x* − y| is the distance between point x*,
symmetrical to point x relative to the wall, and point y. Parameter c(x) in (7) is assumed to be 0.5 in the
case of a smooth boundary at point x, and β/(2π), for an angular point of boundary x with angle β at the
vertex. For known values of potential Φ on the surface S, BIE (7) allows defining the values of the normal
derivative ∂Φ/∂n.

For an axisymmetric problem, Eq. (7) in a cylindrically symmetric coordinate system will be denoted
as

(9)

where

(ρ, z) are the coordinates of the observation point x, (ρ0, z0) are the coordinates of the integration point y,
and s0 is the angular coordinate of the profile,
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and K(m) and E(m) are the complete elliptic integrals of type I and II.
Equations (9) are solved using BEM. At the same time, the bubble surface profile is approximated by

a polygonal line consisting of N elements. Within the limits of an element, functions  and
 are assumed to be linear.

The algorithm for solving problem (1)–(6) is realized as follows. Assume that at the moment t(m), the
geometry of the bubble profile, the distribution of potential Φ(m) on it, and the pressure in the bubble are
known.

1. At the profile points, derivative ∂Φ/∂s is computed by the values of the potential on the profile.
2. ∂Φ/∂n on profile at the moment t(m) is defined from the solution of BIE.
3. The radial vρ and axial vz components of velocity are computed by ∂Φ/∂s and ∂Φ/∂n, taking the

expressions for the components of the normal  and  into account:

4. The position of the profile points at the moment  is defined by the formulas

5. The new volume of the bubble at the moment  is determined and the current pressure in it is
computed from condition (3).

6. The value of the potential on the new profile is computed for 

Derivative  is defined using the Cauchy-Lagrange integral (2) on the bubble surface at the
moment t (m), taking the dynamic condition (4) and the adiabatic law of the change in pressure (3) into
account.

The stability of the algorithm is provided by condition [23]

m = 0, 1, …, (10)

where а is the maximal linear size of a bubble,  are the maximal values of v and H on the
profile, and С is the dimensionless parameter, usually 0.001 < С < 0.02, defined by the numerical exper-
iment.

After defining the position of the profile and distribution of the potential on it, the computation pass to point
1. For the initial moment t(0) it is taken that Φ(0) = 0.

Instability in the form of “sawtooth” high-frequency distortions of the profile shape may take place
during the realization of the described step-by-step algorithm. In this work we suggest a way to smoothen
the distortions using a cubical spline, when the function f set by its values fk at the partitioning nodes of its
changing interval is approximated by spline S3, which is a solution of the variation problem

(11)

where wk are the settable weight coefficients. Spline S3 is defined unambiguously by setting two boundary
conditions on the ends of the interval. The splines are built at each time step in order to smoothen func-
tions ρ(s), z(s), and Φ(s) using the boundary conditions

ρ′(s1) = 1, ρ′(sN + 1) = −1, z′(s1) = 0, z′(sN + 1) = 0, Φ′(s1) = 0, Φ′(sN + 1) = 0. (12)

Note that for excessively large values of the smoothening parameters wi in (11), the numerical solution of
the problem may turn out to be significantly distorted. Thus, computation is performed by decreasing val-
ues wi until solutions for two sequential sets of wi are sufficiently close. The computations show that we
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should select values wi from the interval 10−10 ≤ wi /Vmax ≤ 10−6, where Vmax is the maximal volume of the
bubble.

Application of the described algorithm may lead to a strong nonuniformity of the distribution of the
profile’s partitioning grid nodes. This defect can be eliminated by periodically restructuring the net.

A toroidal bubble is formed at the initial moment of the second motion phase as a result of the impact
of the jet. The method of the numerical transition from a simply connected to a doubly connected toroidal
bubble surface is described in [17]. At the same time, the velocity potential is defined ambiguously. In
order to eliminate this ambiguousness, it is necessary to introduce an infinitely thin linear cut perpendic-
ular to the symmetry axis that connects any point of the torus cross section with the axis (Fig. 1, the cut is
shown by the dashed lines on the right). It is assumed that the velocity potential along the cut is subjected
to a discontinuity, whose value is constant along the cut and equals the difference ΔΦ of the potentials of
the end of the jet and a point on the symmetry axis on the opposite side of the bubble surface. The value
ΔΦ is defined by these values at the end of the first motion phase. In this way, the f low domain again
becomes simply connected and the methodology used in the first motion phase of bubble is applied in the
second phase, with the difference that a new term appears in BEI, containing an integral over the cut. At
that, the integral equation takes the form [17]

(13)

where S is the toroidal surface apart from the cut and T+ is the upper surface of the cut. Since the normal
at the point of intersection of the profile and the cut is undefined, then integral equation (13) in it is not
used and the derivative along the normal ∂Φ/∂n at this point is defined by linear interpolation through the
values at the two neighboring points of a discrete profile partition. At that, the interpolation formula closes
the set of linear equations defining the values of ∂Φ/∂n at the profile points.

The position of the cut at each time step can be selected arbitrarily. In this work, the cut was selected
at the level z = zс, where zс is the axial coordinate of the gravity center of a toroidal bubble. Then the posi-
tion of the cut was not changed on z if the displacement of the gravity center of the torus cross section in
the following steps did not exceed 1/16 of its size along the rotation axis. For larger displacements of the
gravity center along the symmetry axis, the position of the cut is changed. At that, the values of the poten-
tial on the profile are redefined by the addition or subtraction of ΔΦ so that the potential jump would
occur on the new position of the cut.

Similarly to the first motion phase of the bubble, smoothening is here applied to functions ρ(s), z(s),
and Φ(s) using a spline, where instead of conditions (12), functions ρ(s) and z(s) are subjected to period-
icity conditions while Φ(s) are subjected to Φ′′(s1) = 0, Φ′′(sN + 1) = 0.

The numerical technique also includes computing fields of velocity and pressure in the liquid sur-
rounding the bubble. At that, potential Φ is determined by Eqs. (7) or (13), where с = 1. The velocity com-
ponents are computed using finite difference formulas of the second order of accuracy. The pressure in
the liquid is computed by Eq. (2), where ∂Φ/∂t is also defined by the finite difference formulas.

The results are described using the dimensionless quantities

where R0 is the initial radius of the bubble, d is the distance from its center to the wall, and Rm is the max-
imal radius of the bubble achieved during its spherical expansion without taking the wall into account.

4. TESTING
4.1. The “practical convergence” of the algorithm was studied on the solution of the problem on the

contraction of a slightly flattened spheroidal bubble in water which is in contact with a wall. The ratio of the
spheroid’s semiaxes e = 0.9 and the initial bubble volume equals that of a sphere of radius R0 = 1 mm. The pres-
sure at “infinity” is constant: p∞ = 1 bar. The pressure of the vapor in the bubble at the beginning of con-

traction  equals the saturation pressure for water at room temperature.
For the first phase of the motion, where the bubble remains simply connected, Fig. 2 shows the results

of the numerical experiments performed for different numbers of the bubble profile’s partitioning ele-
ments N and various values of parameter C in (10), which characterizes the initial time step. The depen-
dences of the velocity of the cumulative jet end on time are presented for various values of N (Fig. 2a), as
well as the dependences of the relative error of fulfillment of the condition of total energy constancy
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 on C (Fig. 2b) and N (Fig. 2c). Here Ek and Ep are the kinetic and potential
energies

For zero initial velocity, ΔE must be zero in the considered time interval. It can be seen that convergence
by the velocity at the end of the jet and by the total energy of the system takes place. At that, convergence
of the first order by C is observed for ΔE (the distance between the curves at each moment of time
decreases proportionally to C) and by not less than the first order by N (Figs. 2b, 2c). Convergence by
velocity is slower and weakens on approaching moment tc (Fig. 2a).

4.2. The results were compared with the computed data from [24, 25] for expansion and further con-
traction of a spherical cavitation bubble near a wall, when the initial pressure in the bubble  is higher
than that of the surrounding liquid  and the bubble starts contracting with the formation of a cumulative
jet. The computations were performed for the following data:

Figure 3 for γ = 2 shows the shapes of the bubble and the isolines of the pressure in the liquid at the end
of the first motion phase at the moment t* = 2.128 from the beginning of the process (Fig. 3a) and at the
moment t* = 2.136 in the second motion phase of the bubble (Fig. 3b). Figure 4 presents the shapes of a
bubble and the isolines of pressure for γ = 0.92 in the toroidal motion phase at the moment t* = 2.280.
The left parts of both figures show the results of the current work, and the right parts show the results of
works [24] (Fig. 3) and [25] (Fig. 4). The qualitative and quantitative correlation of the results can be
observed. The bubble profiles and pressure isobars of the current work are almost identical to the ones pre-
sented in [24, 25].

4.3. The results for the bubble induced by a laser pulse in water were compared with the experimental
data obtained in [26]. The following values of the initial quantities were taken for computation:

where the geometric quantities R0, Rm, and γ are taken from [26].
Figure 5а for γ = 0.9 shows the bubble profiles at four sequential moments of time, the last of which

coincides with moment tc, when the cumulative jet touches the opposite wall of the bubble. Figure 5b for
γ = 2 also presents the bubble profiles at four moments of time, the second of which coincides with the
end of the first motion phase tc. The upper rows of both Figs. 5а and 5b present the results of the current
work and the lower row present the experiment results [26].

Figure 5а shows a good qualitative and quantitative agreement of the results. A comparison of the
results in the toroidal motion phase (Fig. 5b, frames 3, 4) shows a good qualitative agreement of the bubble
shapes.

5. DEMONSTRATION OF APPLICATION
The possibilities of the algorithm were demonstrated on the solution of a problem on the expansion

and subsequent contraction of a spheroidal gas bubble in water at a certain distance from a wall. In partic-
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Fig. 2. (а) Dependence of jet end velocity on time for different number of bubble profile partitions N; (b) integral com-
putation error depending on parameter C for N = 100; (c) integral energy computation error depending on N for C = 0.005.
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ular, expansion and contraction are realized in the case of a cavitation bubble formed by a focused laser
pulse [26] or electric discharge [27] in a liquid, when a microbubble with a pressure much higher than that
of the surrounding liquid appears. As a result, the bubble expands strongly and at the maximal expansion,
the pressure in it is close to that of saturated vapor; then it usually contracts with the formation of a cumu-
lative jet. The experiment allows defining the shape of the bubble relatively easily, while the velocity of the
surrounding liquid is defined in a more complicated way. Numerical simulation allows estimating the
effect of liquid velocity at the moment of maximal expansion on the bubble’s dynamics at the subsequent
contraction stage.

For this purpose we compared the results of two computational variants for an initially slightly f lat-
tened spheroidal bubble (е = 0.8) in water for γ = 1.25, κ = 1.4, σ = 0,  = 0, , and p∞ = 1 bar. Variant
1 corresponds to the expansion and subsequent contraction of the bubble, whose initial volume equals the
volume of a spheroidal bubble of radius R* = 0.1, and the pressure in its cavity is 400 bar. Variant 2 con-

a 0b =

Fig. 3. Shapes of bubble and isolines of pressure (bar) at end of first motion phase (t* = 2.128) of bubble (а) and at moment
t* = 2.136 in toroidal phase (b). On left, results of current work, on right, result of work [24].
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siders only the contraction of a bubble. At that, the initial shape of the bubble and the pressure in it (0.027
bar) coincide with those obtained in variant 1 at the beginning of the contraction, and liquid velocity is
accepted to be zero.

The computational results are presented in Fig. 6, where Figs. 6а–6с correspond to variant 1 and
Figs. 6d and 6e correspond to variant 2. Figure 6а shows the shape of the bubble, as well as the fields of
the velocity and pressure of the liquid at the moment of its maximal expansion. It can be seen that the
shape of the bubble is close to spherical, the maximal liquid velocity near its surface is about 1 m/s, and
the pressure in the bubble corresponds to the saturation pressure. Figure 6b presents the shape of bubble,
as well as the fields of the velocity and pressure of the liquid at the moment tc. At this moment, the velocity
at the end of the jet is 89.2 m/s, the maximal pressure of 17 bar is observed near the base of the jet, and
pressure on the wall is approximately equal to the pressure inside the bubble (5 bar). In the toroidal phase
(Fig. 6с), the shape of the bubble, as well as the fields of velocity and pressure, is given at the moment of
time when the ratio between the current bubble volume V and its volume Vc at the moment tc is 0.6. At this
moment, the maximal pressure of about 55 bar is observed in the neighborhood of the part of the profile
with a large curvature; at that, the pressure on the wall near the symmetry axis is 21 bar and the maximal
liquid velocity on the symmetry axis is 95.4 m/s. Figure 6a shows the initial bubble shape and pressure field
for variant 2. It can be seen in Fig. 6d, which presents the shape of the bubble, as well as the fields of the
velocity and pressure of the liquid at the moment tc, that the liquid velocity, the pressure in the liquid, and
the pressure in the bubble are significantly higher than in variant 1. A similar picture is also observed in
the toroidal phase when the volume ratio V/Vc = 0.6 (Fig. 6е). Figure 6f shows the pressure profiles along
the radial coordinate for variants 1 and 2, when the ratio V/Vc = 0.6, on the wall (dashed lines), and at
levels z* = 0.36 (lines with black circles) and z* = 0.63 (solid lines). It can be seen that at all z* levels, the
pressure in variant 1 is significantly less than in variant 2. Note that the distribution of the pressure at the
levels close to the bubble surface is nonmonotonic and its maximum is observed at some distance from the
axis of symmetry.

Fig. 5. Comparison of results of current work with experiments of [26] at identical moments of time: (а) in first motion
phase for γ = 0.9 and (b) in first and second motion phases for γ = 2.0.
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Thus, the results presented in Fig. 6 show that neglecting the velocity field at the end of the bubble
expansion stage during the modeling of the process of expansion and subsequent contraction near the wall
may lead to significant errors in the description of the contraction stage.

6. CONCLUSIONS

A numerical technique for studying the dynamics of a gas bubble in a liquid near a solid wall based on
a step-by-step method in time and boundary elements method was developed. The technique consists of
two stages. The first stage is for computing the dynamics of the bubble until the moment when the cumu-
lative liquid jet formed during the contraction of the bubble on its surface hits part of the bubble surface
nearest the wall. At the second stage, the dynamics of the bubble in the toroidal phase of its motion are
calculated. The numerical instability against the functions defining the position of the bubble and the
potential of the liquid velocity on it is eliminated with the help of smoothening using a cubical spline. The
convergence of the algorithm with an increase in the number of bubble profile partitions and a refinement
of the time step was shown. Comparison with the numerical and experimental results of other authors
showed satisfactory agreement. The problem on expansion and subsequent contraction of the initially
slightly f lattened spheroidal bubble at a short distance from the wall was solved. It was shown that neglect-
ing the liquid’s motion at the end of the bubble expansion stage may lead to significant errors during the
contraction stage regarding the shape of the bubble, as well as the quantities characterizing its dynamics.
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Fig. 6. Shapes of bubble, fields of velocity and pressure: (а) at maximal expansion of bubble for variant 1; (b), (d) at
moment tc; c, e in toroidal motion phase, when V/Vc = 0.6 for variants 1, 2; (f) pressure profiles along radial coordinate
for V/Vc = 0.6 on wall z* = 0 (dashed lines), z* = 0.36 (lines with circles), and z* = 0.63 (solid lines).
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