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1. INTRODUCTION

Methods of operator algebra and noncommutative geometry were applied to Mumford curves in
[5, 7—9], using graph C*-algebras associated to quotients of Bruhat-Tits trees by p-adic Schottky
groups and boundary algebras associated to the action of the p-adic Schottky group on its limit set
in the conformal boundary of the Bruhat-Tits tree. In particular, in [5], invariants of Mumford curves are
obtained via modular index theory on the graph C*-algebra of the quotient of the Bruhat-Tits tree by
a p-adic Schottky group. The modular index theory depends on the construction of KMS weights for
a suitable time evolution on the C*-algebra. These are obtained via a combinatorial equation defining
graph weights. The goal of this paper is to develop a similar theory of KMS weights for higher order
buildings.

We refer the reader to [1] and [27] for any background material and basic definitions from the theory
of higher rank buildings that we use in this paper.

We focus in particular on the case of rank 2 buildings. In the case of buildings of type Ay and their
quotients by type rotating automorphisms, a class of C*-algebras generalizing the graph C*-algebras
were constructed in [24, 25], as higher rank Cuntz-Krieger algebras, which generalize the usual Cuntz-

Krieger algebras [10]. For I' a group of type rotating automorphisms of an As-building B, which acts
freely on vertices with finitely many orbits, the buildings C*-algebra of [24, 25] has the very natural
property of being isomorphic to the boundary algebra C(9B) x I describing the action of the group on
the totally disconnected boundary at infinity 5. In more recent years, C*-algebras associated to higher
rank buildings, with particular attention to the construction of KMS states, were studied in [2, 12—14]
(see also references therein for a broader perspective on this research topic).

In this paper, by considering simple generalizations of the combinatorial equations defining graph
weights, we introduce other possible C*-algebras associated to rank 2 buildings, which generalize the
Cuntz-Krieger (CK) relations of graph C*-algebras. We first recall some facts about graph weights and
we give a cohomological interpretation of the graph weight equation. We then consider two-dimensional
analogs of graph weights.

Our construction applies to an arbitrary finite CW complex (in particular this includes the case
of spherical buildings and of certain quotients of affine buildings). The algebra we associate to 2-
dimensional CW complex B is just the tensor product of two graph algebras, respectively associated

to the 1-skeleton B™) of B and to a suitably defined boundary complex By, which, respectively, account
for the incidence relations in codimension one and two. Under suitable conditions on the graphs, these
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are also higher rank Cuntz-Krieger algebras, although of a simpler kind than those considered in[24, 25].
We introduce a suitable notion of weights, the 2D CW weights, on 2-dimensional CW complexes that
generalize the graph weights. We construct such weights on the resulting C*-algebras and we show
that they are KMS weights with respect to a natural time evolution.

We compare the construction of KMS weights on the algebras of 2-dimensional CW complexes with

possible constructions of KMS weights on the higher rank CK algebras of affine A, buildings of [24, 25].
We present explicit examples illustrating the general constructions.

We then discuss the case of spherical buildings of rank at least three, where a crucial result of Tits
shows that such a building B is entirely determined by its foundation Eq(C), where C' is a chamber
of B, which is an amalgam of rank two buildings. This result is the key to the classification of spherical
buildings [31, 33]. Higher rank affine buildings can in turn be classified in terms of their spherical building
at infinity, [34].

We then describe a splicing construction for graph weights and we show that it can be applied to the
2D CW weights. We show that this splicing construction applied to 2D CW weights on the generalized
m;;-gons ¥;; in the blueprint of a higher rank spherical building can be spliced to obtain a 2D CW
weight on the entire foundation E5(C).

The question of extending the results of [5] from (quotients of) Bruhat-Tits trees to higher rank
buildings was posed to the second author by Ludmil Katzarkov, in relation to the recent work [15]. While
at the moment we do not see a direct connection between the operator algebraic approach described here
and the construction of [ 15], the present work is motivated by this longer term goal.

2. GRAPH C*-ALGEBRAS, GRAPH WEIGHTS, AND KMS WEIGHTS

In this section we recall some essential aspects of the construction of graph weights and KMS
weights on graph C*-algebras, as obtained in [5]. We also give a more geometric description of the
combinatorial graph weight equation, in terms of a cohomological condition.

2.1. Graph C*-Algebras

We associate to any directed graph E = (EY, E',s,7) the C*-algebra C*(E) generated by the
projections { P,|v € E°} and the partial isometries {S.|e € E'}, with the following properties

e The projections P, are mutually orthogonal, P, P,, = 0 for v # w.

e The partial isometries S, satisfy S¥Se = 0 for e # ¢’ and
S:Se = Pre) (2.1)
and S¢S} C Py, foralle € E'.

e Foreveryv € E® such that {e € E' | s(e) = v} is finite and non-empty,

Py= )" S.S:. (2.2)
s(e)=v

We refer the reader to [16, 22, 32] for a survey of graph C*-algebras.

In particular, it is known [17] that the graph C*-algebra C*(FE) of a directed finite graph E with no
sources and no sinks is a Cuntz-Krieger algebra, as defined in [10]. These are algebras generated by
partial isometries S, for an element a € 2 of a finite alphabet 2, with relations

SiSa =Y A SpS5, > S.S;=1, (2.3)
b a
where A = (Agp) is an #2A x #A-matrix with entries in {0, 1}.
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2.2. States, Weights, and Time Evolutions

We recall the notion of states and weights on C*-algebras, time evolutions, and the KMS condition
for equilibrium states. There are several slight variants of the definition of KMS state in the literature.
Here we adopt the following convention, see §V.1 of [11].

Definition 2.1. A state on a unital C*-algebra A is a continuous linear functional ¢ : A — C
satisfying normalization p(1) = 1 and positivity ¢(z*x) > 0 for all x € A. Let o : R — Aut(A)
be a continuous 1-parameter family of automorphisms (a time evolution). A state ¢ is a KMSg
state, for some 8 € Ry, if for all z,y € A there exists a [unction F, , that is analytic on the strip
I ={2 € C|0 < Q(z) < B} and continuous on the boundary 0Zg, satisfying F, ,(t) = p(o¢(x)y)
and Fy ,(t +18) = p(yor(x)).

For details on the properties of KMS states, we refer the reader to the extensive treatment in [4].
An equivalent formulation of the KMS condition is obtained by requiring the existence of a dense
subalgebra A,, C A of analytic elements, invariant under the time evolution, where the identity p(zy) =
@(yoig(x)) holds for all z,y € Agy,.

Weights on C*-algebras are defined as follows, see [6]. As in the case of states, there is a GNS
representation associated to weights on C*-algebras.

Definition 2.2. A weight on a C*-algebra A is a function v : AT — [0,00], such that ¥ (z +y) =
v(x) +(y) forall z,y € AT and »(Ax) = Mp(z) for all X € Ry and all x € A*. A weight extends
to a unique linear functional ¢ : My, — C, where My, is the span of all elements a € AT with
YP(x) < oo. Theweight is densely defined if My, is dense in A. The weight is lower semi-continuous
if the set {x € AT |(z) < A} is closed, for all X € Ry. A non-zero weight is proper if it is both
densely defined and lower semi-continuous.

Let Ny = {z € A|¢(z"z) < oo}, so that My, = NNy Suppose given a continuous 1-parameter
family o, of automorphisms of A. A proper weight ¢) on A is a KMS weight, with respect to the time
evolution oy if ¥ is an equilibrium weight, ¢ o oy = 9, and, for all z,y € Nw ﬂ/\/,z, there is a function
F, , that is analytic on the strip Z; = {z € C|0 < 3(2) < 1} and continuous on the boundary 07y,
satisfying F ,(t) = ¥(oy(x)y) and F, ,(t + i) = ¥(yo¢(x)). Notice how this definition matches the
KMS; condition for states discussed above.

A different way of defining the KMS condition for weights would be by requiring that ) o oy = 1) and
that, for all z in the domain of o; and 2y € My, one has ¢ (zy) = ¢ (yo;(x)). If the weight is faithful, the
time evolution o is uniquely determined by 1 and the KMS condition and is referred to as the modular
group of 1.

See [6] and [18] for more details on KMS weights and for the equivalence of various different
definitions. For recent results on KMS weights on graph C*-algebras, see also [29].

2.3. Graph Weights and KMS Weights on Graph Algebras

In [5] a construction of KMS weights on graph C*-algebras is obtained in terms of a combinatorial
notion of graph weights and the construction of explicit solutions to the corresponding graph weight
equation.

Let E be a finite graph, E° = {v1,...,v,} with v,41,..., v, the sinks. As usual, let 5,7 : B — E°
be the source and range maps. For any vertex v € E°, we define the edge bundle at v to be the set
B, = {e € E'|s(e) = v}.

Definition 2.3. A generalized graph weight on E is a pair of R-valued functions (g, \) on E° and
EY, respectively, satisfying

g(w) = > Me)g(r(e)) (2.4)

eGBv

for eachv € EY that is not a sink. A generalized graph weight (g, \) is called
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(i) faithiulif g is never zero and
(ii) special if X is constant.

The word “generalized” is dropped and (g, ) is simply called a graph weight if g and X are
nonnegative.

Let o = pq - - - p, denote a sequence of oriented edges in E' with s(u;11) = r(p;). The linear span of
elements of the form S, S}, for oriented paths 1 and v with r(u) = r(v), is dense in the graph C*-algebra
C*(E), see[16].

As shown in Theorem 4.5 of [5], there is a one-to-one correspondence between faithful graph weights
on a locally finite directed graph E and faithiul proper weights on C*(E), with span{S,,S;} C M, that
are invariant under the gauge action defined by 7, (S.) = 2Se, for z € U(1). For the reader’s convenience,
we sketch below both directions of the implication, and also the KMS condition satisfied by these
weights.

Let (g, A) be a faithful graph weight on E. Consider the linear functional
Vg span{ S, Syt — C, ) (SuSy) = 60 AW) g(r(v)), (2.5)

where for a path v = vy ... v, we set \(v) := A(v1) - - - A(vy). It follows from Proposition 4.4 of [5] that
this 1y ) is a KMS weight on C*(E), with respect to the time evolution defined on the generators as

01(Se) = Me)™ S.. (2.6)
The KMS condition follows from the graph weight equation, the relations (2.1), (2.2), and

o1(S,S7) = (ig’:;)t S,

Conversely, if ¢ : span{S,,S;;} — C s a proper faithful gauge invariant weight, then setting

¥(S8eS?)

ow) = U(R), and A(e) = o

determines a faithful graph weight.

Thus, the question of constructing KMS weights with respect to suitable time evolutions, is phrased
in [5] in terms of the following combinatorial questions. The second question is especially interesting in
view of the cases studied in [5].

Question 2.4. Does there exist a faithful special graph weight on E? Can one construct such
special graph weights with a constant A € (0,1)?

In [5] a method for constructing solutions is presented, which is adapted to the type of graphs that
occur as quotients of Bruhat-Tits trees by p-adic Schottky groups, namely graphs that consist of a finite
graph (the dual graph of the special fiber of the Mumford curve) with infinite trees attached to (some of)
its vertices, [20]. We discuss here a cohomological method of addressing the same question.

2.4. Graph Weights: Cohomological Approach

The approach is as follows. Fix A € R (or restrict to (0, 1) if preferred). Construct a chain complex
and dual cochain complex, whose O-cocycles are precisely the special generalized graph weights
with parameter . The existence of nontrivial special generalized graph weights is equivalent to the

nontriviality of the 0-cohomology group, H°. We then inspect the boundary map to check whether such
nontrivial special generalized graph weights are faithful special graph weights.

Let the O-chains be
Co = @ Rov

veEY
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the n-dimensional R-vector space with the vertices as a basis. Let the 1-chains be

Cy = EB RB,

veED

the n-dimensional R-vector space with the edge bundles as a basis. We have a chain complex

O—>Cli>00—>0

8(B,) = {0 ii B, =

AY eep, T(e) —v  otherwise.

where

Now dualize to obtain the cochain complex
0 Ct > '«

Lemma 2.5. The elements of the subspace Z° = ker(8) < C° are the special generalized graph
weights.

Proof. 1t is easy to see that the 0-cocycles (the subspace Z° = ker(§) < C?) are precisely the special
generalized graph weights, because for allv € E*

0 iiB, =10
AD een, 9(r(e)) —g(v) otherwise

gives the relation in Equation 2.4 in the case where v is not a sink and X\ is constant. When v is a sink
(2.7)imposes no additional constraint on g(v) (compare this, for instance, with Lemma 4.6 of [5]).

0= 59(30) = g(an) = { (27)

Proposition 2.6. There are nontrivial special generalized graph weights if and only if H® # 0.
This happens if and only if det(9) = 0.

Proof. We always have the trivial special graph weight with g = 0. There are nontrivial special general-
ized graph weights if and only if H? = Z° is nontrivial if and only if Hy is nontrivial if and only if @ is not
surjective (or equivalently not injective). This is the case if and only if det(9) = 0.

With respect to the ordered bases {B,,,...,B,,} for C; and {vy,...,v,} for Cp, the matrix
representation of 0 is

M = ()\mm-) — (Ir (o2 On—r) (28)
where m; ; is the number of edges from v; to v;.

Now suppose (z;) € ker(9). Then g € C° defined by g(v;) = x; is in fact a cocycle and hence a
special generalized graph weight. Conversely, if g € Z°, then (g(v;)) € ker(9). In particular, there exists
a faithful special graph weight with parameter X if and only if

ker(M)NRY, #0

or, equivalently, I is an eigenvalue of M + I that has an eigenvector with strictly positive components.
This second equivalence is precisely the statement of Lemma 4.6 from [5].

Remark 2.7. This reasoning is easily generalized to (not necessarily special) graph weights. The matrix
M simply becomes

M=1 > Me)|—L®0,,) (2.9)
s(e)=w;,
r(e)=vj
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3. 2-DIMENSIONAL CW COMPLEXES

In this section we consider a first approach to generalizing the previous construction from graphs
to higher dimensional combinatorial objects, with particular focus on the 2-dimensional case. Here we
consider the general setting of a 2-dimensional CW complex. We introduce a generalization of graph
weights, which combine a graph weight on the 1-skeleton of the CW complex, with a graph weight on
a “boundary graph" of the 2-dimensional complex. We then discuss a construction of a C*-algebra of
the 2-dimensional complex, which combines the graph C*-algebras of the 1-skeleton and the boundary
graph. We consider finite 2-dimensional CW complexes, oriented in the following sense.

Definition 3.1. Let B be a finite 2-dimensional CW complex. We say B is oriented if its I-skeleton,
BW, is a directed graph with range and source maps r,s : B* — B and there is a map

v:B? - |7| (ﬁzsl) /Y

where v, < S, is the subgroup of cyclic permutations, i.e. generated by (12...n). We further
require ifv(o) = (e1,...,e,), thenr(e;) = s(e;y1),1 € Z/nZ.

Now to any finite 2-dimensional CW complex, we associate a notion of a boundary graph.

Definition 3.2. Let B = (B°, B, B%,r,s,v) be an oriented finite 2-dimensional CW complex. Define
the boundary graph of B to be the directed graph By with BY = B! and an edge [rom e, to ey for

each instance that es follows eq over all v(c),o € B2. The corresponding range and source maps
are denoted Or, 0s, respectively.

An example of 2-dimensional CW complex with the associated boundary graph is given in Figures 1
and 2 below.

3.1. Rank 2 Graph Weights and 2D CW Weights

We now propose some notions of 2D CW weights, for finite 2-dimensional CW complex, which
generalize the notion of graph weights recalled above.

The idea is to consider, separately, graph weight equations for the 1-skeleton B of the 2-
dimensional CW complex and for the boundary graph By, and then impose a relation between the edge
function X of the graph weight of BM) and the vertex function X of the graph weight for Bj.

Definition 3.3. Lef B ?e an oriented finite 2-dimensional CW complex. A quadruple of nonnega-
tive real functions (g, A\, \,n) on BY, BY, B and B? respectively, is a rank 2 graph weight on B if they
satisfy

gw) = Y Me)g(r(e)) (3.1)
s(e)=v

Ae)= Y nlo)A(e) (3.2)
v(o)de

forallv € B® and e € B' where the first sum is taken over all e € B* with s(e) = v and the second
sum is taken over all o € B? and all appearances of e in v(c) and €' is the edge following that
appearance of e in v(o).

Remark 3.4. Note that Condition 3.2 is precisely Condition 3.1 for By. This gives us an alternate
formulation of a rank 2 graph weight.

Definition 3.5. A rank 2 graph weight on thg oriented finite 2-dimensional CW corzzplex Bisa
quadruple of nonnegative real functions (g, A\, \,n) on (B°,B', B, B%) such that (g,\) is a graph
weight on the I-skeleton BY) and (\,n) is a graph weight on Bs.
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In Definitions 3.3 and 3.5, we have not imposed any relation between the solutions of Condition 3.1

and 3.2. However, it is natural to require that the functions A(e) and A(e) on B* are related. We consider
two possible choices of relations between these functions.

Definition 3.6. Let B be an oriented finite 2-dimensional CW complex. A tight 2D CW weight on B
is a rank 2 graph weight, as in Definition 3.3 where \(e) = \(e) for all e € B*. A 2D CW weight on
Bis a rank 2 graph weight where \(e) = \e)g(r(e)), for all e € B,

We can then refer to a 2D CW weight (or tight 2D CW weight) as a triple of functions (g, A\,7) on
(B°, B!, B?). In analogy to the graph case we make the following definition.

Definition 3.7. A 2D CW weight (or tight 2D CW weight) (g, \,n) on an oriented finite 2-
dimensional CW complex B is called

(i) faithiulif g, A, and n are never zero and

(ii) special if nis constant.

If we loosen the definition of a (tight) 2D CW weight and we only require that (g,\,n) is a
(possibly negative) triple of real functions, we say (g, \,n) is a generalized (tight) 2D CW weight
on B.

Examples of (tight) 2D CW weights are presented in §3.2 below, so as to illustrate more precisely the
difference between the notions introduced in the preceding definitions in the case of a very simple explicit
2-dimensional CW complex.

The strategy for constructing faithful special 2D CW weights (or tight 2D CW weights) is then
summarized as follows. Let B be a finite 2-dimensional CW complex. Starting at the top dimension and
moving down, we obtain a similar result as Lemma 4.6 in [5]. We are interested in determining whether
B admits a faithful special (tight) 2D CW weight. Inspired by Definition 3.5, we first want to determine
whether the graph By admits a special graph weight. By §2.4 | we have a bijective correspondence
between the space of faithful special graph weights (X, 7) on By and ker(Mp,) N R’} where Mg, is the
matrix from 2.8 corresponding to Bj.

Remark 3.8. If every edge in B! belongs to a face in B2, then there are no sinks in By, hence det(Mpg,)
is a polynomial in  and each generalized faithful special graph weight (up to scalar multiples of A) on By
corresponds to a root of this polynomial, of which there are finitely many. The unique generalized faithiul
graph weights are parameterized by the elements of the set

{(ehiymi)|1 <i < k,ceR}.

Since we are interested only in faithful special graph weights, we do not consider any pairs with n; <0
or cA; not everywhere positive.

This gives a list (finite up to positive scalar multiplication of A) of graph weights on By. We may then
use Remark 2.7 to check which of these assignments of \ extends to a graph weight on B(). Here we
use either the condition that the function A(e) itself has to be the edge function of a graph weight on B()
(tight 2D CW weight) or the condition that there should be a nowhere vanishing vertex function g(v)

such that, A(e)/g(r(e)) should be the edge function of a graph weight on B with vertex function g(v)
(2D CW weight). The assignments that do satisfy these conditions are, respectively, the tight 2D CW
weights and the 2D CW weights on B.

p-ADIC NUMBERS, ULTRAMETRIC ANALYSIS AND APPLICATIONS Vol.8 No.1 2016



52 MARCINEK, MARCOLLI

Fig. 1. The rank 2 building B.

Fig. 2. The boundary graph By of the rank 2 building 5.

3.2. Examples of 2D CW Weights and Tight 2D CW Weights

We now provide a simple example to illustrate the construction described above. Consider the
oriented finite 2-dimensional CW complex B given in Figure 1. This oriented 2-complex B has B° =
{u,v,z,y, 2}, B = {a,b,c,d, e, f}, and B?> = {a, B} with range and source maps as shown in Figure 1.
The two chambers «, 3 in B2 have, respectively, v(a) = (a, b, c,d) and v(8) = (d, e, f). The boundary
graph By is given in Figure 2. It has B) = {a,b,c.d, e, f} = B! with range and source maps as shown
in the figure.

Lemma 3.9. The faithful special graph weights on the boundary graph By of Figure 2 are pairs
(\,n) wheren is the unique positive root of the polynomial p(n) = 1 —n* —n* and A\ = C)g, for an
arbitrary C € RY and Xy is the function

Xo:(a,b,e,d e, ) — (n3,0%n0,1,0%,n). (3.3)

Proof. 1f (\,n) is a special graph weight on By, then Condition 2.4 gives the following linear system of
equations

Ala) = nA(b)
A(b) =nA(e)
A(e) = nA(d)
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A(d) = nA(a) +1A(e)
Ale) =nA(f)
A(f) =nAd)

which has a nontrivial solution in A if and only if

1 -, 0 0 O
0 1 -,y 0 O
0 0 1 —m O
-n 0 0 1 —n
0 0 0 0 1 —q
0 0 0 —m 0 1

0 = det =1-—n3—n*=p(n). (3.4)

One can easily check that the polynomial p has only one positive root 79 € (0, 1) so we have n = 1. Now
A must be a scalar multiple of the function (3.3), say A = CAg, C' € R*..

When we consider the condition for 2D CW weights, we look for pairs of functions (g, A) satisfying

the graph weight equation on the 1-skeleton B(!), with the relation X(e)g(r(e)) = A(e). We obtain the
following result.

Proposition 3.10. The faithful special 2D CW weights on the finite 2-dimensional CW complex of
Figure I are quadruples (g, A\, \,n) with n = ny the positive root of p(n) =1 —n> —n* =0,

9 (2,9, 2,u,0) = (C?,Cn, Cn, Cy ™', C) (3.5)
X:(a,b,e.de, f) = (O, Cn?,Cn, C,Ci, C) (3.6)
and with X the function constant equal to n = ny on all edges.

Proof. By Definition 3.6, in order to obtain a faithful special 2D CW weight from a graph weight (A, 7)

on By, we look for a faithiul graph weight (g, A) on BY) with X(e)g(r(e)) = A(e). The latter condition
gives equations

Na) g(z) = Cn’
A(b) gly) = Cn?
A(e) g(v) = Cn
A(d) g(u) = C
Ae)g(z) = Cn?
A(f) g(v) = Cn,
while the graph weight requirement gives the equations

g(v) = A(d) g(u)

g(u) = Xa) g(z) + A(e) g(2)

g(x) = A(b) g(y)

9(y) = Mc) g(v)

9(2) = \(f) g(v)

These have solutions
Aa) = A(b) = M) = Ae) = A(f) =n, Ad) =" +n*)~"
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g(z) = Cn?, g(y) =Cn, g(z) =Cn, glu)=CHn*+n?), gv) =C.

Since i = 1 is a root of p(n) = 0, it satisfies n® + n? = 5!, hence we obtain the statement.

Similarly, we find that the solutions above fit into a larger 2-parameter family of faithful 2D CW
weights that have possibly different values (o) # n(o2) for the two faces of Figure 1.

Corollary 3.11. The Jaithful 2D CW weights are quadruples of functions (g, \, \,n) withn(o1) = m
and n(og) = na, where n1,m2 € RY satisfy nt +n3 = 1 and with

9 (@,y,2,u,0) = (Cni, Cnr, Cn, C(} +n3), C) (3.7)
5‘ : (CL, b7 ¢, daeaf) = (771777177717 (77% + 77%)_177727772) (38)
X:(a,bye,d e, ) = (i, ms 1g,ma). (3.9)

Proof. The argument is exactly as before with graph weight equations on By giving

A(b) = n(o1) Ac)
Ale) = n(o1) A(d)
A(d) = n(o1) Aa) + n(o2) Ae)
Ale) = n(o2) A(f)
A(f) = nloz) A(d)
which has a nontrivial solution in A if and only if
1 —n(o1) 0 0 0 0
0 1 —n(o1) 0 0 0
0 = det 0 0 ! —nle) 0 0 =1—n(02)® — (o)™ (3.10)
—n(o1) 0 0 1 —n(o2) 0
0 0 0 0 1 —n(o9)
0 0 0 —n(o2) 0 1

The solutions are multiples A = C'\g of the function
)‘0:(a7bvc7dvevf)H(nin%vnl)lvngﬂh)’ (311)
where 11 = n(o1) and g = n(o2), satisfying n{ + n3 = 1. We then consider the system of equations

Aa) g(z) = Cn}

A(b) g(y) = Ot
Me) g(v) = Ci
Md) g(u) = C
Me) g(z) = Cs
A(f) g(v) = Crp,
which express the condition A(e)g(r(e)) = A(e) of the 2D CW weights, as well as the condition
9(v) = Md) g(u)
g(u) = XMa) g(z) + Xe) g(2)
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that (g, 5\) is a graph weight on B These have solutions as in (3.7) and (3.8). This gives a 2-parameter
family of solutions depending on C, n1, 12 € R with the relation nt+mn3 = 1.

In the case of tight 2D CW weights, we consider solutions (CAg, ) of the faithiul special graph
weight equation on By, as in Lemma 3.9, and we impose the condition that the same function A = C'\g

extends to a graph weight (g, \) on the 1-skeleton B, Thus, we can characterize the faithful special
tight 2D CW weights as follows.

Proposition 3.12. The faithful special tight 2D CW weights on the finite 2-dimensional CW
complex of Figure I are of the form (g, C)\g,n), withn the unique positive root of p(n) = 1 —n% —n?,
the function \g as in (3.3), C is a positive root of ¢(C) = 1 — C3n3 — C*nb and g(v) is a solution of

g(u) = Cn? g(z) + Cn* g(2)

g(z) = Cn* g(y)
9(y) = Cng(v)
g(v) = C g(u)
9(z) = Cng(v)

Proof. Condition 2.4 on the 1-skeleton B(}) gives the system of equations above. These have a
nontrivial solution in g if and only if

1 —-Cn® 0 0 —Cn?

0
O=det| o o0 1 —Cnp 0 =1-C3%3 — '’ = q(O). (3.12)
0
1

0 0 0 —Cn

Since n > 0, g has a positive root. Positive roots are the values of C for which there is a nontrivial faithful
special tight 2D CW weight (g, C' Ao, m0)-

3.3. C*-Algebras for Finite 2-Dimensional CW Complexes

We consider here a class of C*-algebras C*(B) of 2-dimensional CW complexes B, obtained as
products of graph C*-algebras for the 1-skeleton and the boundary graph of B.

Definition 3.13. Let B be an oriented finite 2-dimensional CW complex. Let C*(BM) and C*(By)

be the graph C*-algebras associated to the 1-skeleton B and the boundary graph By. Let
C*(B) = C*(BW) @ C*(By).

In terms of generators and relations, the algebra C*(B) is then generated by two independent

and commuting CK families, {P,, S.} for the graph B(Y) and {P., S, .} for the boundary graph By,
respectively, satisfying the relations

SiSe =Py, Po= Y S5, (3.13)

e:s(e)=v
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when v is not a sink,

SieSoe="Po, Po= Y S,.5., (3.14)

o:ecv(o)
where €’ follows e in v(o). This construction immediately suggests a natural extension to higher ranks.

Remark 3.14. If the finite graphs B and By have neither sources nor sinks, the algebras C*(B()) and

C*(By) are Cuntz-Krieger algebras. In that case C*(B) = C*(BM) ® C*(By) is a higher rank Cuntz-
Krieger algebras (in the sense of [24]) of rank two.

Definition 3.15. Let Mp be the linear span of elements of C*(B) of the form S,,S;;Sa S}, for a pair
of multi-indices (u,v) consisting of two paths of oriented edges in BY) with r(u) = r(v) and a
pair of multi-induces (2, A) consisting of two paths of oriented edges in By with r(Q2) = r(A).

Lemma 3.16. The subspace Mg is dense in C*(B).

Proof. 1tis known that, for a graph algebra C*(E), the span of the elements S, S}, associated to paths
of oriented edges with r(u) = r(v), is dense in C*(E). In the case of a product of two graph algebras, we
similarly have a dense span of products S5} Sq S}, with (11, ) and (€2, A) respectively given by oriented
paths in the two graphs.

Lemma 3.17. LetNB be an oriented [inite 2—a’imefzsi0nal CW complex. Suppose given functions
n:B2—=RY and X: B' — R, Setting o,(Se) = AMe)"Se and 04(Sye) = n(0)" Sy determines a
time evolution on the C*-algebra C*(B).

Proof. The time evolution acts on elements S,,S;; by

Ut(SuS:) = <§§M)> SuS:a

v

M\ . o
n(A)> Safi,

where (i) := A(e1) --- A(e,) for an oriented path p=e;---e, and n(Q) =n(oy)---n(oyn) for an
oriented path Q = (01,€1) - - - (on, €5,). This extends continuously to a time evolution on the C*-algebra,
as can be seen by arguing as in the proof of Theorem 4.5 of [5], using Theorem 2.1 of [3], applied to the

graph algebras C*(B™M) and C*(By).

ou(5a5) = (

Proposition 3.18. Lef (g, 2, n) be a rank 2 graph weight (as in Definition 3.3) which is faithful
(the functions g, A\, A\, n are nowhere vanishing). Set

D(SuS35058) = dupdan Aer) -+~ Men)g(r(en)) n(on) - nlom)Aar,), (3.15)

where p=ey1---e, and Q = (o1,a1) - (om,am) with a, following a, in v(oy,). This uniquely
defines a weight ) : Mp — C thatis gaugeinvariant and satisfies the KMS condition with respect
to the time evolution determined by o4(S.) = A(e)S. and ¢(Sy..) = n(0)" S, .. Conversely, given
a faithful gauge invariant weight ) : Mg — C, with the property that the ratio ¥(S; S5 .) /Y (Pe)
only depends on o and not on the chosen edge e in v(o), setting

P(SeS7)
P(5¢5e)

determines a faithful rank 2 graph weight.

P(S0.55.¢)

gv) =p(Py), Ae) = (8% Soe)

» AMe) =v(Fe), nlo) =
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Proof. In particular we have 1)(S.5*) = A(e)g(r(e)) and V(80,655 ) = n(o)A(e’), with ¢’ following e
inv(o). The KMS condition implies that /(S5 . S5.c) = g(r(e)) = ¥(P()). The graph weight equation
9(W) =X s(0)=0 Me)g(r(e)) makes this compatible with the CK relation (3.13). Similarly for the CK
relation (3.14) and the graph weight equation A(e) = > ¢, () n(o)A(e’). Note that the weight (3.15) is
a product 1) = 1, ® 1hy of KMS weights on the graph algebras C*(BM) and C*(By), respectively. The

argument is then analogous to the case of graph weights discussed in Proposition 4.4 and Theorem 4.5
of [5].

3.4. A Comment on 2D CW Weights and Algebras

In the construction of the algebra C*(B) and the KMS weights associated to rank 2 graph weights,
there are no relations between the projectors P, of (3.14) and the projectors in (3.13), hence the resulting
algebra C*(B) is just a product of two independent CK algebras, the graph algebras C*(B(1)) and
C*(By). Similarly, at the level of weights, we considered the general form of rank 2 graph weights, with
no a priori relation between the functions X and A. It would seem more natural to require, in addition to
the CK relations (3.14) and (3.13), that the projectors P, associated to the edges in the boundary graph
By are related to the projections S,S* in the graph B(Y). For example, a relation of the form P, = S, S
would reflect, at the level of KMS states, the 2D CW weight relation A(e)g(r(e)) = 1(S.S¥) = A(e) =
¥ (P.). However, in general it is not possible to impose additional relations on the algebra C*(B). In fact,
doing so would correspond to taking a quotient of C*(B) with respect to a two-sided ideal Z generated by
the additional relations. However, it is not always possible to have nontrivial quotients of C*(B). Indeed,
let F be a graph without sinks, satisfying the following conditions:

1. every loop in E has an exit

2. given any vertex v € EY and any infinite path ~, there is a k € N such that there is an oriented
path from the vertex v to the vertex s(+x) (cofinality).

Then it is known that graph C*-algebras C*(E) is simple, see Theorem 1.23 of [32]. The C*-tensor
product of simple C*-algebras with identity is again a simple C*-algebra (Theorem 1.22.6 of [28]).
Thus, if both graphs B and By satisfy the two conditions above, the algebra C*(13) does not have
any nontrivial two-sided ideals. One should therefore regard the special cases of 2D CW weights and
tight 2D CW weights discussed above simply as arising from KMS weights for some special choices of
time evolutions on C*(B) where the phase factors A(e) that rotate the isometries S, are related to the
values ¢¥(P.) = A(e).

4. C*-ALGEBRAS AND WEIGHTS FOR A,-BUILDINGS
The construction described in the previous section is very simple and quite general, and it applies

to arbitrary finite 2-dimensional CW complexes. In the present section, we consider the case of As-
buildings, for which a different construction of a C*-algebra, which is a rank two generalization of graph
algebras, exists [24], see also [12]. We discuss how one can construct KMS weights compatible with the

algebras of [24]. We refer the reader to §9 of [27]for a general description of the affine A,,_; buildings.

Let B be a locally finite thick affine rank 2 building of type Ay. In order to move to the realm of finite
buildings, we wish to consider quotients of B by finite index Ay groups.

Such a building B is a rank 2 chamber system whose chambers are triangles. The apartments of B
are the subcomplexes isomorphic to the Euclidean plane tesselated by triangles. The Weyl chambers are
the 7 /3-angled sectors composed of the chambers in some apartment. We define an equivalence relation
on the sectors of B. We say sectors A and B are equivalent and write A B if and only if AN B is a sector.

The boundary Q2 of B is defined to be the set of equivalence classes of sectors in B. Fix some vertex
O in B of type 0. For each w € Q there is a unique sector [O,w) € w with vertex O, see [27], Theorem
9.6. We endow 2 with the topology with the collection indexed by vertices v in B

Q) ={weQ|ve[O,w)} (4.1)
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as a base for the topology. In this topology, €2 is a totally disconnected compact Hausdorff space.

Let I" be a group of type rotating automorphisms of B that acts freely with finitely many orbits on BY.
There is a natural action of I' on Q. As with the graph case, where the C*-algebra C*(FE) is Morita
equivalent to C(OF) x m(E), we have a C*-algebra C*(B/I") associated to B/I', which is Morita
equivalent to the crossed-product algebra C(€2) x I". The latter is shown to be a higher rank Cuntz-
Krieger algebra, [24]. We first recall the construction of this algebra, from §1 of [24].

4.1. Higher Rank Cuntz-Krieger Algebras of Ay Buildings

Consider a Coxeter complex of type Ay, isomorphic to the apartments in B. Each vertex is assigned
a type in Z/3. Fix a vertex of type 0 as the origin and coordinatize the vertices by Z? with the axes being
two of the three walls meeting at (0, 0). Let t be the model ti/e and p,,, the model parallelogram of shape
m = (m1,mz) based at (0,0). That is, p,, is the parallelogram spanned by (0, ms + 1) and (my + 1,0)
and t = p(070).

Now let 9B,,, be the set of type rotating isometries p,,, — B. Then let

1. Wy =T\ B,
2. B = Up By,
3. W = UpWh.

In the special case of t, we call these sets

1. T =), the set of type rotating isometries t — B,

2. A=T\T.

For any shape m € Z2 , we have two maps t,0 : B,,, — Z by t(p)(l) = p(m + 1) and o(p) = p .
Next we consider two {0, 1} matrices with entries indexed by A. Fora,b € A, let

1 if 3p € B, such that a =To(p),b =TI't(p)

(4.2)
0 otherwise.

Mi(a, b) = {

We then follow the construction of the C*-algebra A from §1 of [24] with respect to the alphabet A
and transition matrices My and Ms. It is shown in [24] that the words W,,, correspond to W,,, and the
decorated words W, correspond to W,,. Now recall the corresponding C*-algebra is generated by the
partial isometries {S,.,, | u,v € W and t(u) = t(v)} subject to the relations

*
I S5, =Spun
2. Su,vSv,w = Pu,ws

3. Su,v = Z Suw,vwa for 1 < J <r
weW;o(w)=e;,o(w)=t(u)=t(v)

4. SuuSvps = 0foru #v e Wy.
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4.2. Weights on A, Buildings and Their Quotients

We now look for suitable generalizations of the graph weights equations, similar to the general case of
2-dimensional CW complexes considered in the previous section, but adapted to the relations of the rank
2 Cuntz-Krieger C*-algebra A of [24] recalled above. We show that there is a very simple construction
of KMS weights for the algebra A that closely resembles the case of graph weights on trees.

The partial isometries generating A are now parameterized by pairs of words corresponding to type
rotating isometries of parallelograms into B. Following the graph case, we define a state in the C*-
algebra first on the span of elements of the form ST* where S and T are partial isometries from the
usual generating set, i.e. of the form S, 4, u,w € W. Following the graph case further, we would
like ¢(SuwS, ) = 0 unless (u,w) = (v, ) in which case S, .,S; , = Sy, by our initial projection. We
therefore first look for weights satislying g(u) = ¢(Sy,). We now have two final projections inducing
two relations on these weights:

gy = > gluw) (4.3)
weW;o(w)=e;,
o(w)=t(u)
for bothi =1, 2.

Notice that, unlike the case of the 2D CW weights considered in the previous section, these two
relations do not involve cells in different dimensions. They simply show how different partial isometry
weights relate as the embedded parallelogram is expanded to a new row of chambers in each of the two
directions. In the higher rank case of affine A4,, buildings one similarly expects the relations to explain how
embedded n-parallelepiped weights relate as the n-parallelepiped is expanded in each of the n possible
directions.

When I'\B is compact, B is uniformly locally finite, hence there is some ¢ > 2 such that any edge

of B lies in at most ¢ 4 1 triangles, and exactly ¢ + 1 for a A building, since the link of a vertex is a
generalized 3-gon, see §3.2 of [27] and §2 of [23].

Proposition 4.1. The positive cone of the #A-dimensional real space parameterized by {g(v) €
Ry |v € A} determines solutions of (4.3) of the form

glu) = ¢~MF)g(o(w)), (4.4)
where (my, mg) = o(u), with q as abouve.

Proof. We construct two graphs, G and G, that have vertex set W and an edge from u to uw for each
o(w) = e; with o(w) = t(u). Using the transition matrices M;, we already know how to find solutions
for graph weights. To search for g, we then can simply take the intersection of the space of graph weights
with all edge weights equal to 1 on G and on G, respectively. As mentioned above (see §3.2 of [27]),
there are exactly g + 1 faces adjacent to any given edge. Thus, each vertex (word of shape m = (my,m2))
is the source of exactly ¢ edges with distinct ranges in Gj, all of which are words of shape m + e;. In
other words, each G is the union of directed trees of valence ¢2. Since the edge weights are all set to
be equal to one, we would expect the weights to decay exponentially with factor g=2. Graph weights on
trees are very easy to construct and to match up between G; and Gs. For example, one can take

(m14+m2)

9(u) =q~
or more generally, any function of the form (4.4).

This case, as is clear from the fact that it is constructed using graph weights on trees with edge
weights equal to one, corresponds to a trivial time evolution on the algebra A. In order to see more
interesting and more general cases that correspond to non-trivial time evolutions, it is convenient to
reformulate the construction of the algebra A as in §3.4 of [26].

We consider triangle buildings where the group I' acts simply transitively on the vertex set in a
type rotating way. A projective plane P of order ¢ = p™, for some prime p, has ¢> + ¢ + 1 points, and
q> + q + 1 lines L, with each point lying on ¢ + 1 lines, and each line containing ¢ + 1 points. As shown
in §3.3 of [26], the incidence relations of (P, L) determine a triangle presentation of a groupI" = {a,, = €
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Fig. 3. Sectors defining the sets A;tfl,b

P|agaya, = 1}, with the relations occurring whenever the points (z,y, z) satisly y € A(z), where X
is a bijection between the set of points and the set of lines in P. There is a corresponding triangle
building B, whose vertices and edges are the Cayley graph Cayley(I') and whose chambers correspond
to (g, gaz !, ga,) with g € T'and (z,y, 2) with y € A(z), as above.

As shown in §3.4 of [26], the algebra A can be equivalently described as generated by two families of

partial isometries si,1 > Where the pairs (a,b) range over generators a,b € P with b € A(a). There are
(g + 1)(g* + g + 1) such elements. Let AJZ1  denote the set of elements (¢, d) obtained in the following
way: there are (¢ + ¢+ 1) — (¢ + 1) = ¢* choices of an element d ¢ A\(b); for each such d there is then
a unique c satisfying = € A(c) and d € A(c) with a, b, ¢,d, x in a sector as in the first diagram of Figure 3.

The set A", b s similarly defined for a sector as in the second diagram of Figure 3, with a ¢ A(c). In
both cases #A L= = q>.
Let p,—14 denote the projection on C'(§2) x I' determined by the characteristic function xq(,-14) of

the clopen subset Q(a=!,b) C Q. The partial isometries s;t_l’b respectively satisfy the Cuntz-Krieger

relations
8+_1b8+ ~1p =Pg-1p and st bs alp = Zs_lds 1. (4.5)
with the sum ranging over pairs (¢, d) € A" ot @ and
— —k — —
S4-1355 a=1p = Pa=1p and s, b5ty Zs = s (4.6)

- - _ ok +
summed over pairs (¢, d) € Aa,17b. We also use the notation qa*l,b =5Ta-1p 5,11y

Using this presentation of the algebra A, we can reduce the construction of KMS weights for A to the
construction of graph weights. Given a triangle building B constructed as above, we construct graphs

Gfg with set of vertices and edges
V(G%) ={(a,b) € P : b€ \a)},

+ +
E(Gp) = U(a7b)€V(GjB:)Aa—17b'
The graphs have (g + 1)(¢> + ¢ + 1) and ¢? edges out of each vertex.

Proposition 4.2. Let {(g+, A1)} be the set of faithful graph weights on the graphs G;f. Then pairs
of solutions (g+, Ay ) satisfying

)‘+(a_17 b) 9+ (a_la b) = )‘—(a_la b) g- (a_17 b)? (47)

for all (a,b) € V(G;), determine a KMS weight on the algebra A, with respect to the time
evolution determined by

O't('s;t—lj,) = >\:|:(a_17 b)Zt Si—l

ptie (4.8)
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Proof. Set¢(q=, ,) = g+(a™',b). Condition (4.7) ensures that setting
'(z}(pa*l,b) = )\+(CL—1, b) g+ (a_lv b)
is well defined. Equivalently, this means

w(pa—l,b)
Qp(q[il,b)

By construction, ¢ determines a KMS weight on the CK algebras A* generated, respectively, by the
partial isometries sai_l »» With respect to the time evolution (4.8), as discussed in §2.3 . Condition (4.7)

)‘i(a_la b) =

ensures that the weight ¢ and the time evolution (4.8) extend compatibly to the algebra A. We extend v
linearly to A by setting

U(555°)) = uwba,s Aay (ar ' 01) - Ao (071, 00) g, (a7 )

on monomials of the form sfjsﬁl*, for multi-indices p = p1, ..., ppn, v =1v1,..., vy with u; = (a;, b;),
vj = (¢j,d;), as above, and with multi-indices a, 5 with oy, 5; € {£}.

4.3. Triangular 2D CW Weights

Another possible construction of weights generalizing graph weights to rank 2 buildings of type A,
can be obtained by adapting the idea of 2D CW weights discussed in §3 to the triangular structure of

Ay-buildings.

Definition 4.3. A triangular 2D CW weight is a 5-uple of functions (g, A, X\, 14, ng), with g defines
on the set of vertices, \, \ on the set of edges, na,np on the set of Jaces, satisfying

g(v) = Y Me)g(r(e)), (4.9)
s(e)=v
Me)= D mal@A) = > ns(@)Ae), (4.10)
o:ecv(o) o:ecv(o)

where €' is the edge preceding e in v(o) and €” is the edge following e in v(o). A tight triangular

2D CW weight is as above, with A = X and na = ng. A triangular 2D CW weight is faithful i all
the functions take strictly positive values and special if n = na = np is a constant.

We show this construction in one sufficiently simple illustrative example.
Proposition 4.4. The group
I' = (23,0 < i < 6| zoroTe, ToT2T3, T1T2L6, T1L3T5, T1T5L4, T2T4T5, TIT4LE) (4.11)

determines an Ay-building with 7 egdes e;, 7 faces o, and 1 vertex v. Then the set of all possible
special faithful tight triangular 2D CW weights on this building is a one-parameter family given

by {g(v) =g € RY, Ne;) = 1/7,n(0;) = 1/3}.

Proof. The group I of (4.11)is an Ay group of order ¢ = 2, hence it has ¢? + ¢ + 1 = 7 generators. Now
consider the I'-action on Cayley(I'). Two triangles lie in the same I'-orbit if and only if they have the
same edge labels. Let B = Cayley(I") /T". The building B has exactly 7 edges {zg,...,z¢} and 7 faces
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given by the relations in the presentation of I'. Equation (4.10) for a triangular 2D CW weight consists
of two sets of seven linear relations. A nontrivial solution in A exists if and only if

-4 0 —ma 0 O 0 —na
0 I —na —na 0 —-nma O
0 0 1 —na-—ma 0 —na
O=det| —py 0 0 1 —na —ma O

0O —ma 0 0 1 —ma —na
0O —ma-na 0 —-nma 1 O

-na —ma 0 —-ma O 0 1
= (=1 +3n4) (1 +na +203)* (=1 + 2n3).

The matrix for np is just the transpose, so one obtains the same equation. Both give possible positive
values {1/3,1/+/2} for n4 and . By adding rows one obtains the relations

6 6 6
D Awi) =304 M) =30 > A=),
=0 =0 =0

Thus, the only case that gives rise to faithful weights is n4 = np = 1/3. Any constant function \(e;) =
A > 0 is then a solution. In fact, since the matrix has rank 6, these are the only solutions. For the
one vertex, (4.9) gives g(v) = >, A(z;)g(v), so this fixes the choice of X to be A(z;) = XA = 1/7 for all

i =0,...,6, while any arbitrary g(v) = g € R will be a solution.

These are tight 2D CW weights in the sense discussed in §3, hence they correspond to KMS weights
for time evolutions on the algebra C*(B(M) @ C*(By) as in §3.

5. HIGHER RANK BUILDINGS, RESIDUES, AND FOUNDATIONS

We now consider cases of buildings for rank greater than two. A classification of spherical buildings
of rank at least three was given in [30]. A simpler proof based on the classification of Moufang Polygons,
[31], is given in [33].

One associates to a spherical building B an edge-colored graph G, whose vertex set V.=V (Gp) is
the set of chambers of B, with two chambers connected by an edge whenever they have a common panel
(codimension one faces of chambers). The set Z of types is the set of edge coloring. If a panel has type
Z ~ {i}, then the corresponding edge in E = E(Gp) is labelled with the color ¢ € Z. Spherical buildings
have finite apartments. Moreover, the building is thick if every panel is a face of at least three chambers.
The rank of B is the cardinality of Z. See [27] and [33] for more details.

A spherical building of rank two corresponds in this way to a generalized n-gon Gp, namely a
connected bipartite graph with diameter n and girth 2n, where the diameter is the maximum distance
between two vertices and the girth is the length of a shortest circuit. In the thick case, vertices of the
same type have the same valence and if n is odd all vertices have the same valence. Moreover, for thick
spherical buildings, n is constrained to take values in the set {2, 3,4, 6,8}, and the valencies are also
constraints, see §3.2 of [27] for a detailed account.

5.1. Foundations, Residues, and Amalgams

More generally, a rank N spherical building B determines an N-partite graph Gp, where the
neighborhood of any vertex is the graph of a rank N — 1 spherical building. Via this reduction process,
the fundamental blocks that determine the structure of rank N buildings are identified with certain
rank 2 cases, which are special types of rank two incidence geometries (generalized n-gons): the
Moufang polygons. More precisely, given a subset J C Z, the J-residue G 7 = Resz(Gg) of G is
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the (multi-connected) graph obtained from G by removing all edges whose color label is not in 7.
Panels correspond to J -residues of G with #J = 1. The residues G, in turn correspond to buildings
B = Resj(B). Given a chamber C' € B, that is, a vertex v € V(Gpg), the subgraph E»(C) C G given
by the union of the rank two residues containing C' is called the foundation of B. It is known that for
thick spherical buildings of rank at least three, B is uniquely determined by Es(C'). The foundation
E5(C) is an amalgam of buildings of rank two, and can be decomposed into a gluing of Moufang
Polygons. This reduces the classification to a (difficult, but known) classification of Moufang Polygons,
obtained in [31]. This provides a quick sketch of the main idea in how one obtains a classification of
spherical buildings, [33]. This also suggests that, in order to construct C*-algebras, quantum statistical
mechanical systems, and KMS weights, associated to the geometry of higher rank spherical buildings,
for rank at least three, it would suffice to have a suitable construction of such objects associated to the
Moufang Polygons.

We proceed by constructing a C*-algebra, obtained as described in §3, associated to the foundation
E5(C) of a spherical building B. We identify E5(C') with the 2-dimensional CW-complex determined by
the incidence relation of chambers, codimension one panels and codimension two panels of B. We then
construct KMS weights on the C*-algebra C*(FE,(C')) obtained in this way, by assembling tight 2D
CW weights (in the sense of §3) associated to the rank two buildings given by the residues of B, whose
amalgam gives Fo(C).

5.2. Amalgams of Rank Two Buildings

Let B be a spherical building of rank at least three. As we recalled above, by a theorem of Tits, B is
completely determined by its foundation E5(C') which is obtained as an amalgam of rank 2 buildings,
given by the union of the residues of rank two containing the chamber C'.

A blueprint for a spherical building B over Z, with rank N = #Z, consists of data {3;, ¥;;}; jez,
where {3; }iez is a labeling system, namely a system that parameterizes the i-residues of B. This means
that, for each residue Res;(B) there is a bijection

¢i . Zi E) Resz-(B).
The {X;;}: jer are a collection of generalized n;;-gons with labelling by (S;, S;), [27] §7.1.

In general, an amalgam of rank two buildings is given by data {¥;,3;;}; jez as above such that there
is a system of bijections

¢ij + Bi — Res;(Ty) (5.1)
onto the i-th residue of X;;, see §7.3 of [27].

The amalgam ¥ = I1; ;3;; is obtained by gluing the generalized n;;-gons ¥;; along the identifica-
tions

bij (Li) = i (X4), (5.2)

that implement the i-adjacency relation. The foundation Ey(C) is the amalgam of the data {3;, £;;}4 jez
of the blueprint.

5.3. Splicing Graph Weights

We first discuss a construction of graph weights that reflects the operation of splicing together two
directed graphs along a common directed subgraph.

Proposition 5.1. Let 'y and I'y be directed graphs, and let T be a directed graph with embeddings
fi: T =1y, fori=1,2, as a directed subgraph. Suppose given faithful graph weights (g;, \;) on
the graphs I';. Consider the graph I'y Ur I's obtained by gluing together the I'; along the common
subgraph . Then setting

g1(v) ve V() V()
9(v) =S ga(v) ve V() V() (5.3)
91(v) + g2(v) v e V(T)
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Ai(e) ec EI'1\T),r(e) e V(I'y \T)
a2 (e) ec ETa\T), r(e) e V(I's\ 1)
A(e)gi(r(e))
M) =4 a(r() + ga(r(e)) ¢ EMN D, e Vi) (5.4)
A2(e)g2(r(e))
n(r(e)) + ga(r(e)) e€ E(Ty\T), r(e) € V(I')
A(€)gi(r(e)) + Aa(e)ga(r(e))

ee E()

g91(r(e)) + g2(r(e))
determines a faithful graph weight (g, \) on the graph I'y Up T's.

Proof. Since the (g;, ;) are faithful graph weights on the I';, at a vertex v € V(I') we have
9(v) = g1(v) + g2(v) = > Ai(e)gi(r(e))

ecE(I'1\I'):s(e)=v

+ > A2(e)g2(r(e))

e€E(I'a\TI'):s(e)=v

+ Z (A1(e)g1(r(e)) + Aa(e)ga(r(e)).

ecE(T):s(e)=v

The first sum, in turn, splits as two sums
> Ai(e)gi(r(e)) + > A(e)gi(r(e)).
ecE(I'1~\I'):s(e)=v,r(e)eV(I'1\I") ecE(T'1\I"):s(e)=v,r(e)eV(T)
The first of these two sums is equal to
> Ale)g(r(e))

ecE(I'1\I):s(e)=v,r(e)eV(['1\I)

while the second is equal to

A(e)gi(r(e
> e atrle)) = > Aea(r(e)).
ecE(T'1\I"):s(e)=v,r(e)eV(T) g1 g2 ecE(T'1\I"):s(e)=v,r(e)eV(T)
The case of the sumovere € E(I's \I') : s(e) = v is similar. The last sum is
Y. M@alrE) +@gr@) = D> Me)gi(r(e) + ga(r(e)).
ecE(T):s(e)=v ecE(T):s(e)=v
Since, if e € E(T") then also r(e) € V(I') the latter is also
> AMeg(r(e)).
ecE(T):s(e)=v

Thus, the graph weight equation for the pair (g, A) defined as in (5.3), (5.4) is satisfied at all vertices
v e V(). Foravertexv € V(I'y ~\T') we have

9(v) = g1(v) = > Ai(e)gi(r(e)) + > Ai(e)gi(r(e))-
ecE(T'1\I"),s(e)=v,r(e)eV(T) ecE(I'1\I"),s(e)=v,r(e)eV(I'1\T)
The first sum is clearly equal to

> Ae)g(r(e))

ecE(T'1\TI'),s(e)=v,r(e)eV(T)
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and the second sum is also equal to
Ai(e)gi(r(e
> U (e = > AE(r(c).
e€E(T1~T),s(e)=v,r(e)€V (T1~T) 71 2 e€ E(T1~T),s(e)=v,r(e)€V (I'1 T

The case of a vertex in V' (I's \. T') is analogous.

5.4. Algebras and KMS Weights

Following the construction described in §3, we can assign to a foundation E5(C') of the building B a
C*-algebra C*(E9(C)), given by the higher rank Cuntz-Krieger C*-algebra

C*(Ea(C)) = C*(Ea(C)V) @ C*(Ea(C)a),
where we identify Ey(C) with a 2-dimensional CW complex and we take E»(C)™) to be the 1-
skeleton, and E5(C)g to be the boundary complex as in §3. These are, respectively, amalgams of the
22(]1-) and the ¥;; o, with respect to the residues X; and the identifications (5.2), where the residues
¢ij(X;) = Res;(X;5) of (5.1) are seen as subcomplexes of ES-)
Xij o

. They also induce subcomplexes of the

Proposition 5.2. Let X;; be the rank two residues in the blueprint {3;,%;;}; jer of a spherical
building B. Let (gij, \ij, mi;) be faithful 2D CW weights constructed on the complexes ¥;;5 as in §3.
Then the following functions determines a [aithful 2D CW weight on the foundation Es(C) of B:

9i(v) v e V(SH) N V(g5 (0)

9(v) =4 gin(v) v e VED) N V(gin(S)) (5.5)
95 (V) + gir.(v) v € V(i (X)) = V(din(Xs))
)\ij(e) e c V(Ez],a) AN E((bZ](El))

Ae) =9 Ni(e) e € V(Zia) ~ E(dw (i) (5.6)

where V(X5 9) = E(ES)) and V(X 0) = E(EE,?) and
1i(0) (e,0,€") € E(Zij0 \ ¢ij(Xi)a),
e € V(Zij0\ ¢ij(Xi)a)

1ij () Aij (€) / (S
Xij(€) + Nir(€) (€:7:¢) € Bio 65(%)o)
e e V(ij(Xi)o = ¢ir(3i)a)
(o) = (5.7)
Nik () Nk (€”) )
Aij(€) 4+ Air(€) (6:,€) € E(lmo $u(i)o),
e e V(gij(2i)o = dir(Xi)a)

nij (o) Nij(€") + nix(o) Nir(e’)

Aij(€) + Air(€’) (e,0,¢') € E(¢j(Xi)a = ¢ix(Xi)a),

e e V(pij(3i)o = dir(Zi)a)-

p-ADIC NUMBERS, ULTRAMETRIC ANALYSIS AND APPLICATIONS Vol.8 No.1 2016



66 MARCINEK, MARCOLLI

Proof. The result follows directly by applying the splicing construction of Proposition 5.1 for graph
weights to the pairs (g5, S\Z'j) and (Ai;,7;), which are, respectively, faithful graph weights on the 1-
skeleta 2(1-) and on the boundary complexes ¥;; 5, spliced together along the residues ¥; via the identi-
fications 0f(5 1), (5.2). More precisely, recall that a 2D CW weight on E»(C) consists of data (g, A, A, 1),
where A(e) = A(e)g(r(e)) and the pairs (g, A) and (\,n) are, respectively, graph weights on the 1-
skeleton E5(C')™ and on the boundary complex E(C)s. On the 2-dimensional complex determined by
each generalized m;;-gon 3;; we have a 2D CW weight, which means data (g;;, S\ij, Aij,mij) satisfying
Aij(e) = Nij(€)gij(r(e)), and such that (gi;, \i;) is a faithful graph weight on 25]” and (Xij, ;) is a
faithiul graph weight on ¥;; 5. We apply the splicing construction to the gluing of the 25]” and of the
Yij, 0 along the ¢;;(3;) = ¢ (2;). This gives, respectively, functions of the form (5.5) and

5\ij(e) €c E(E§] ~ ¢Z]( i),

r(e) € V(S N ¢35(Z2))
e € B(SY) N ¢35(%1)),

~ r(e) € V(i (X)) = dir(X))
Ae) = | (5.8)
e € B(SY) ~ oi(3i),

r(e) € V(¢ij (%) = dir(Xi))

ec E(@](Ez) = oi(24)),

r(e) € VI(¢ij(%i) = ¢iw(X4))

and functions of the form (5.6) and (5.7). It remains to check that the compatibility condition \(e) =
Ae)g(r(e)) is satisfied, knowing that \;;(e) = Aij(e)gi;(r(e)) on each ¥;;. This means checking that,
given g and A as in (5.5) and (5.8), the function A(e)g(r(e)) satisfies

i Xij(€)gis (r(c)) e € DS~ 04(%)
Ag(r(e) = Ar(e)gix(r(e)) e € By N 6a(%1) (59)
Xij(€)gi5 (r(€)) + Ain(©)gin(r(e) e € B(6y5(51)) = B(din(5:)

This is indeed the case, by direct inspection, combining (5.6) and (5.7).

Remark 5.3. The splicing construction of Proposition 5.2 works for 2D CW weights, but would not
work for tight 2D CW weight, because the different splicing conditions (5.6) and (5.8) would not allow

for the tight matching condition A(e) = A(e).
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