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1. INTRODUCTION

Theories of functions and operators from @} into R or C play an important role in the p-adic quantum
mechanics, in p-adic analysis [6, 8, 22, 28, 29]. p-Adic analysis and non-Archimedean geometry can be
used not only for the description of geometry at small distances, but also for describing chaotic behavior
of complicated systems such as spin glasses and fractals in the framework of traditional theoretical and
mathematical physics (see[13, 19, 20, 28, 29] and the references therein). As far as we know, the studies
of the p-adic Hardy operators and p-adic Hausdorff operators are also useful for p-adic analysis [8—
10, 17, 27, 30, 31].

Let us give a brief history of results on these operators. In 1984, C. Carton-Lebrun and M. Fosset [3]
considered a Hausdorff operator of special kind, which is called the weighted Hardy operator Uy, such
as the following

1
Uwf(x):/f(tx)zz;(t)dt, T ER™ (1.1)
0

The authors showed the boundedness of Uy, on Lebesgue spaces and BMO(R™) space. In 2001, J. Xiao
[32] obtained that Uy, is bounded on LP(R™) if and only if

1

/t‘”/pw(t)dt < 0. (1.2)
0

Meanwhile, the corresponding operator norm was worked out. The result seems to be of interest as
it is related closely to the classical Hardy integral inequality. In addition, J. Xiao also obtained the
BMO(R™)-bounds of Uy, which sharpened and extended the main result of C. Carton-Lebrun and
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32 CHUONG et al.

M. Fosset in [3]. In 2006, K.S. Rim and J. Lee [27] proved analogue results of J. Xiao on p-adic fields.
They introduce the p-adic form of Uy as the following

Uy f(z) = /Z* [ (tx)(t)dt, r € Q. (1.3)

Here Q,, is the field of all p-adic numbers and Zy = {z € Q, : 0 <|[z], < 1}.

In2012, N. M. Chuong and H. D. Hung[11]introduced the weighted Hardy-Cesaro operator, a more
general form of Uy, in the real case as

Definition 1.1. Lef ) : [0,1] — [0,00), s : [0, 1] — R be measurable functions. The weighted Hardy-
Cesaro operator Uy s, associated to the parameter curve s(x,t) := s(t)x, is defined by

1
Uouf@) = [ f (st wit)ar (1.4)
for all measurable complex valued functions f on R™.

With certain conditions on functions s and w, the authors [11] proved Uy, ¢ is bounded on weighted
Lebesgue spaces and weighted BM O spaces. The corresponding operator norms are worked out, too.
The authors also give a necessary condition on the weight function 1, for the boundedness of the
commutators of operator Uy, ; on L{, (R™) with symbols in BMO,, (R").

Motivated from above, H. D. Hung [17] considered the form of Hardy-Cesaro operator in p-adic
analysis

Ugof(@) = - f(s(t)x) (), (1.5)

where s : Zy — Qp and ¢ : Zj; — [0; 00) are measurable functions. In[17], by applying the boundedness
of Uy, s on p-adic weighted Lebesgue spaces, the author gives an interesting relations between p-adic
Hardy operators and discrete Hardy inequalities on the real field.

For further informations on p-adic operators of Hardy type, we refer readers to [9, 11, 17, 27, 30, 31,
34, 36] and references therein. Notice that the classical Morrey spaces were introduced by C. B. Morrey
in [26] to investigate the local behavior of solutions to second order elliptic partial differential equations.
Moreover, it is well-known that Morrey spaces are useful to study the boundedness of Hardy-Littlewood
maximal operator, the fractional integral operator and singular integral operators in the Morrey spaces
(see [1, 5, 21]). The weighted Morrey spaces were firstly introduced by Y. Komori and S. Shirai with
applications in studying classical operators of harmonic analysis. In p-adic cases, recently, some authors
pay much attention to the (weighted) spaces of Morrey type in p-adic settings and use it to study the
boundedness of p-adic iractional integral operators, p-adic weighted Hardy operators Ui (for examples
see (7,17, 31, 36]). As pointed out in [17], the boundedness of p-adic weighted Hardy-Cesaro operator
has an interesting and important application in discrete Hardy inequalities, in this paper we study the
bounds of p-adic weighted Hardy-Cesaro operator on p-adic weighted spaces of Morrey type. More
concretely, we obtain the sharp bounds of those operators and their commutators on p-adic central
Morrey spaces and p-adic central BMO spaces. Specially, our results are able to have applications to
discrete Hardy inequalities.

Our paper is organized as followed. In Section 2 we give the notation and definitions that we shall

use in the sequel. We define the weighted Morrey spaces Lﬁ’;’\ (Qg), the weighted central Morrey spaces
B (Qp) and the p-adic weighted central BMO spaces C MO (Q). Some useful lemmas for the
proofs of main theorems are proved. In Section 3 we state the main results on the boundedness of Uiﬁ
on the above weighted spaces. We also work out the norms of Up7s on such spaces. We note here that,
our results generalize those obtained in [34, 36], where the authors proved such results only for Uf; but
without weights for functional spaces. In Section 4, by generalizing Lemma 15 of [36], we obtain the
sufficient and necessary results for the boundedness of commutator operators Ui:g with symbols in the

weighted central Morrey spaces and in weighted central BMO spaces. Those will generalize such results
obtained in [34, 36].
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BOUNDS OF p-ADIC WEIGHTED HARDY-CESARO OPERATORS 33
2. BASIC NOTIONS AND LEMMAS

Let p be a prime in Z and let r € Q*. Write r = p7§ where a and b are integers not divisible by p.
Define the p-adic absolute value | - |, on Q by |r|, = p~” and |0|, = 0. The absolute value | - |, gives a
metric on Q defined by dp(x,y) = |z — y|,. We denote by @, the completion of Q with respect to the
metric d. Q, with natural operations and topology induced by the metric d,, is a locally compact, non-
discrete, complete and totally disconnected field. A non-zero element = of Q,, is uniquely represented as

a canonical form z = p7 (zg + z1p + wop? + - -+ ) where z; € {0,1,...,p — 1} and z # 0. We then have
|z, = p~7. Define Z, = {x € Q, : 2], < 1} and Zy = Z, \ {0}.
Qy =Qp x -+ x Q, contains all n-tuples of Q,. The norm on Q7 is |z|[, = max |z, for z =
P P 1<k<n

(z1,...,7,) € Q. The space Qp is complete metric locally compact and totally disconnected space.
Foreacha € Q) and x = (z1,...,2,) € Q7, we denote ax = (ax1,...,ax,). Fory € Z, we denote B,
as a y-ball of Qp with center at 0, containing all = with |z|, <p?, and S, = B, \ B, its boundary.
Also, fora € Qp, B, (a) consists of all x with x — a € B, and S, (a) consists of all z with z —a € S,,.

Since Qj is a locally-compact commutative group with respect to addition, there exists the Haar
measure dz on the additive group of Q) normalized by fBo dz = 1. Then d(ax) = |a|ydx for all a € Q,
|B,(z)] = p"7 and [Sy () = p™7 (1 —p™™").

Let w be any weight function on Qp, that is a nonnegative, locally integrable function from Qj into
R. Let L, (Qg) (1 <7 < o0) be the space of complex-valued functions f on Qj so that

1/r
Hf”[,g;(@;z) = (/@n |f(x)|rw(x)d:r> < 0.

P

For further readings on p-adic analysis, see [29]. Here, some often used computational principles are
worth mentioning at the outset. Firstly, il f € L. (Q,) we can write

Q{f(x) daz—%g[f (21)

Secondly, we also often use the fact that

/f (ax)dx = ! /f(m)dx, (2.2)
lalp
Qp Qp
ifa e Qp\ {0} and f € L(Qp).

The weighted BMO spaces BMO,,(R™) was firstly introduced by B. Muckenhoupt and R. Wheeden
[24], where they proved that BMO,,(R™) is the dual of weighted Hardy spaces. The p-adic BMO type
spaces appeared in some recent papers (cf. [7, 9, 17, 27, 34, 36]), where they were used to study the
boundedness of p-adic operators of Hardy type. The p-adic weighted spaces BM O, (Qg) are defined as
the follows.

I sas0. (oz) = 509 / F(@) ~ frolo(a)dz < oo, (2:3)
where supremum is taken over all ball B of @Z. Here, w( fB x)dz, and fp,, is the mean value of
f on B with weight w:

oy
fx)w(x)dx. (24)
B [ e

In whole paper, to be simple we denote f, ., = fB, o
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34 CHUONG et al.

Lets: Z; — Qpand ¢ : Zy — Ry be measurable functions and w : Q) — R be a locally integrable
function. For a function f on Q7, we define the p-adic weighted Hardy-Cesaro operator U’i,s on Qy as

U fw) = | F(s(e)e) vty (25)

We shall consider the class of weights W,,, which consists of all nonnegative locally integrable function
w on Q so that w(tr) = [t[jw(z) forallz € Q) and ¢t € Q) and 0 < fs x)dx < oo. It is easy to see

that w(z) = |z} is in W, il and only if a > —n. It is given in [17] that, for any w € W, then Up
bounded on BMO,, (Q}}) if and only if fz;* t)dt is finite (see theorem 3.3 [17]). The following lemma

will be useful in the sequel.
Lemma 2.1. Let w € W,, a > —n. Then for any v € Z, we have
w(By) = p" T w(By) and  w(S,) = p" T w(Sy).
Since the proof of Lemma 2.1 is elementary, it will be omitted. The next lemma is proved in [17].

Lemma 2.2 ([17], Lemma 6.1). [fw belongs toW = |J Wa, thenlog|z|, € BMO,, (Q}).

a>—n

[t is well-known that Morrey spaces are useful to study the local behavior of solutions to second-
order elliptic partial differential equations and the boundedness of Hardy-Littlewood maximal operator,
the fractional integral operators, singular integral operators (see[1, 5, 21]). We notice that the weighted
Morrey spaces in Euclide settings were firstly introduced by Y. Komori and S. Shirai [21], where they
used them to study the boundedness of some important classical operators in harmonic analysis like
Hardy-Littlewood maximal operator, Calderon-Zygmund operators. Their p-adic versions are given as
follows.

Definition 2.3. Let w be a weight Junction on Qy, 1 < q < oo, and X be real numbers such that
1 < A\ < o0. The weighted p-adic Morrey space LE’;’\(QZ) is defined as the set of all functions

re L, 100(Q}) 50 that | fll g gy < o0, where

1 (11
7 ”L“<@n>‘i2§f§@3< (B ()" /Bm) ! (:”)'qw(x)dx) | oY

With the norm || - ||Lq Agp) L (Qp) becomes a Banach space. It is easy from Definition 2.3 that

T (Qz) =r7 (Qg). Here we restrict our consideration in case when A belongs to [—[11, oo) since

the fact that LG (Qg) = {0} forany \ < — é. For some recent developments of Morrey spaces and their
related function spaces on R"™, we refer the reader to [33]. One of useful example for functions from p-adic

weighted Morrey spaces is given in the following lemma.

Lemma 2.4. Let 1 <q<oo,—; <A<0and we W,, where > —n. If fo(x)= |zl (X then
7A n

fo € LEN(Qp) and HfOHqu,A(Qg) > 0.

Proof. Leta € Q) and v € Z, we put
1
Iy = | i@l
w (B () /B, (a)
Since fy(x) > 0 almost everywhere x € Q7, it is enough to prove I, < C, where C' is a positive
constant that does not depend on a,y. We consider two cases. First case if |a[, = p"" > p7. For each
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BOUNDS OF p-ADIC WEIGHTED HARDY-CESARO OPERATORS 35

x € By(a), then |z|, = max{|a|,, |z — al,} = |a|,. This implies B, (a) C S,/. As a consequence, we
have that I, , equals to

1 / n+a)\ —(n+a) A
| "M () da = (|al w (By (a))
w (By (@) /B, (a) (1 (@)

< (laly ™+ (57))

—(@(80)) ™ < ox.

Now we consider the left case, when |a|, < p?. In that case, B, (a) = B,. Similarly, we get
—\q B
loy < (p_(nJmhw(Bv)) = (w(Bo)) A

Thus, we obtain that I, < max {(w(So))_’\q, (w(BO))_)‘q} for any (a,v) € Q) x Z. This completes
the proof of the lemma.

In[2], J. Alvarez et al. studied the relationships between central BMO spaces and Morrey spaces.
Furthermore, they introduced A-central bounded mean oscillation spaces and central Morrey spaces,

respectively. Next, we introduce their p-adic versions. Here we shall consider their p-adic weighted
versions and we will prove that such spaces are useful to study the boundedness of Ui,g

Definition 2.5. Let A\, q be real numbers so that 1 < q < co. We define the p-adic weighted central
Morrey space B (QZ) by the set of all Junctions f on Qp which f € L! 10e(Qp) such that
||f||Bg),A(Qg) < 00, where

HfHBg,A(Qg)zsup< Sy If(w)lqw(w)dw> . (27)
WLy

YEZ -y

[t is clear that Lg,’)‘(QZ) is continuously embedded in B (Qy) forall 1 < g < oo, A € R. Moreover,
BI* (Qy) is a Banach space and reduce to zero when A < —é. We remark thatif 1 < ¢1 < g2 < oo, then
B2 Q) c BHA (Qp) for X € R. Indeed, this follows by applying Hélder's inequality. On the other
hand, while by(x) = log ||, € BMO,, (Q}), bo(z) & B (Qy) where X < 0. To see this, just note that
w(B’Y1)1+>\q wa |bo(2)|9w(x)dr ~ 7 and w (B’y)l—mq

In proving the boundedness of commutators, we will need the following lemma.

~ p )XY when v — 0.

Lemma2.6. Let 1 < q < oo, —(1] <A< 0andw € W,, a > —n. Then the function fo(z) = |x|z(,”+a)’\

belongs to BLIJ”\(QZ).

Proof. From Lemma 2.4, fy belongs to LI (Qp). Since L (Qp) is continuously included in
B (Qp), we get that fy € B Q).

The spaces of bounded central mean oscillation CMO? (R) appears naturally when considering the

dual spaces of the homogeneous Herz type Hardy spaces (see[2, 4, 15, 25]). The p-adic weighted central
BMO spaces are defined as follows.

Definition 2.7. Let \ < i and 1 < q < oo be two real numbers. The p-adic weighted space
CMO%? (Qy) is defined as the set of all function f € LY, (Qp) such that

w,loc

1 a
||f||CMOLqU’>\(Q’IF)L) = sup (w (B 14+\q / |f($) - fv,w|qw($)d$> < 0. (28)

YEZL ’Y) By
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It is clear that, C MO (Qg) becomes a Banach space if we identify functions that differ from a
constant. When A = 0, CMO%A (QZ) reduce to CMOY, (QZ) with corresponding norm is

1 y
HfHCMog(Qg) = ilég (w (B,y) /B7 |f(z) — f%w|qw(m)dm> .

On the other hand, it follows from Definition 2.7 that, B&* (QZ) are Banach spaces continuously
included in CMOY, (QF) spaces. By a simple argument one can see that CMO%* (QF) reduces to the
constant functions when A < — }]. In the sequel, we need the following result.

Lemma 2.8. Assume that w € W,, a > —n. Then, for any 1 < q < oo, there exists a positive
constant Cq such that

”f”CMOE,(Q;) < CquHBMow(Q;)- (2.9)

To prove the lemma, a usual way is to show that functions in BMO are locally exponentially
integrable. Since this fact is based on the theory of Calderon-Zygmund decompositions in p-adic
settings, which are systematically introduced in [9, 17, 18], we leave the proof of Lemma 2.8 to the
readers (also see [18]for a proof in case w = 1).

3. BOUNDS OF Ups ON WEIGHTED SPACES OF MORREY TYPE

This section will be devoted to state and prove results on the bounds of Up on p-adic weighted
spaces of Morrey type. Throughout the whole paper, s : Zy — Q, will denote a measurable function. By

w we will denote a weight from W, where o > —n. We also denote by 1) a nonnegative and measurable
function on Zy.

Theorem 3.1. Lef 1 < g < oo, —é < A <0 be real numbers. Let 1 be a nonnegative, measurable
function on Zj. Then, UfZ s is bounded on Lffj)‘((@g) if and only if

A= [ [s@)["TPy(t)dt < oo, (3.1)
z

Moreover, in that case, the operator norm of Up78 on Lg,’)‘((@g) equals to A.

Proof. Suppose that A is finite. Let f € Lgﬂ(@g). Using Minkowski’s inequality (see [16]) and p-adic
change of variable (2.2), we have:

|
<w (By ()" /B (a) Vo (x)|qw(m)dx)

=< B (o Lo [ st <t>dt|qw<x>dx>q
w(By (a S *

1

: a ’ (n+a)X
< /; (w(s(t)B,y (a)) /S(t)Bv(a) 1f(y)] w(y)dy) Is(t)[8 W(t)dt
< HfHL‘%YA(QIT’L)‘/Z* |S(t)|§;n+a))\-?[)(t)dt

< 0.

1
q

1
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BOUNDS OF p-ADIC WEIGHTED HARDY-CESARO OPERATORS 37
Thus, il A s finite then, Uy _ is bounded on LZI;’\(QZ) and

1050 @) @y < A (3.2)

On the other hand, assume that U}, , is bounded on LZIJ”\(QZ). Take fo(x) = |a:|§,"+a))‘, applying Lemma

2.4, we have fj € LZ;)‘(QQ) and ||f0||Lq,>\(Qn) > 0. Note that, Uiﬁfo(:r) = fo(x) - A. So it follows that

10, foll g gy = A+ Ifoll g )
P
S ||U 75||LZ,X(QZ,})_)L3},>\(Q;})-||f0||L3;A(Q,g).

Hence,

A<y (o g (3.3)

—LENQp)’
From (3.2) and (3.3), we deduce the desired result.

Theorem 3.2. Let 1 < q < o0, —(1] <\ <0. Then, Ui,s is bounded on BY* (Qp) if and only if A is
finite. Moreover,

HUp,sHBZJ’A(Qg)aBE;*(Qg) - A (34)

Proof. From the proof of Theorem 3.1, with a = 0, we obtain that

( (Bl)l+>\q/B ‘Ugsf(m)‘qw(x)dx) < A- HfHBg,A(Qn),
w Y Y p

for all f e BY* (Qy). This implies that Uiﬁ is bounded on BZ? (Qy) if Ais finite. The converse is

similar to the proof of Theorem 3.1 since fy € LG (Qp), implies that fo € B (Q), and the result
follows immediately.

We note here that Theorem 3.2 has a nice application to discrete Hardy inequalities. In fact when
A\ = —; then B (Qp) reduces to L (Q)), thus as pointed out in ([17]), Corollary 3.2 in [17] is a
corollary of this Theorem.

Theorem3.3. Let1 < q < o00,0< A< }. Then Uy, is bounded on CMQOIA (Qp) if and only if Ais
finite. Moreover,

|UP = A (3.5)

slleno (Qp)—~cMOL* (Qp

Proof. Suppose that A is finite, and f € CMOZL* (QR). Let  be any integer number. Using Fubini
theorem ( see [29]) and change of variable, for any f € CMO%A (Qg), we have

(02.) .= wisy ), ( . f(S(t)w)w(t)dt> w(z)da

W
= /Z* fs(t)B—y,wd)(t)dt'
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Applying Minkowski’s inequality, we get

1

(w (B’Y)H_)\q /B’Y
1

- (W (BV)HM /Bv

1 q
</ (w T . \f@)—fs(tw%w\qw(y)dy) SO (e)de

< HfHCMog;A(Qg)A

< oQ.

Therefore, U}, , is bounded on CMOZ* (Qr) and

UL S (@) = (U7,.1)

)

q :
w(a;)da;)

(f(s(t)x) = foym, w) (t)dt

Zy

‘ 2
w(a;)da;)

1

1P < A (3.6)

sllearog (Qp)—cMmOL N (Qp)

Conversely, if U} _ is bounded on CMOZ* (Qn). Take fo(x) = 120" then by Lemma 2.6, fo €
CMO%* (QF). On the other hand,
g 1
w(x)dx

e,
(w (B’Y)H_)\q B,
1

=< (Bl)lﬂq/B |f0($)—(f0)37,w|qw($)d$> A.
w v Rl

A, which implies immediately that

Uy ofo(x) — (Ufz,sfo>

By ,w

P —
Therefore, ||U, ,SfOHCMogJA(Q;L) - HfOHCMOfZ;A(Qg)

1y, )= A (3.7)

sllearog (Qr)—cMmoL*(Qp

Thus A is finite. From this together with (3.6) and (3.7), the proof of Theorem 3.3 will be completely
demonstrated.

4. CHARACTERIZATIONS OF WEIGHT FUNCTIONS FOR COMMUTATORS

More recently, a great attention was paid to the study on commutators of operators. A well-known
result of R. R. Coifman, R. Rochberg and G. Weiss [12] states that the commutator T, f = bT'f — T'(bf)
(where T' is a Calderon-Zygmund singular integral operator) is bounded on LP(R™), 1 < p < o0, if and
only if b € BMO(R™). Many results have been generalized to commutators of other operators, not only
Calderon-Zygmund singular integral operators. In p-adic settings, commutators of integral operators of
Hardy type were recently investigated in various papers (see e.g.[7, 17, 34—36] and references therein).
Recently, H. D. Hung[17] considered the commutator of Ui# as follows

PSS = bUpsf = Ups(bS). (4.1)

In[17], the author gave a necessary condition on % so that the Uii is bounded on weighted Lebesgue
spaces with symbols in BMO,,(Qy). In case s(t) = t, Ui:g reduce to Ui’b the commutator of Uy, which
is considered by Q. Y. Wu, Z. W. Fu and L. Mi [34—36] where they proved the boundedness of Ui’b on

p-adic central Morrey and BMO spaces. This section aims to extend known results in [34—36] to Up:l;
operator and in case of weighted spaces.
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BOUNDS OF p-ADIC WEIGHTED HARDY-CESARO OPERATORS 39

Theorem4.1. Let q, q1, g2 be real numbers such that1l < g < g1 < oo, ; = qll + q12 and — 1 <A <O.

Let s : Zy — Qp be a measurable function such that s(t) # 0 almost everywheret € Zj, We assume
thatb € CMOZ (QZ). If both A, B are finite then the commutator Up:l; is determined as a bounded
operator from B (Qp) to BY? (Qp). Conversely, if Ui’f; is bounded B& (Qp) to B2 Q)
then By is finite. Here and after,

B= /Z |s(0)] N log,, [s(t)],] - w(t)dt, 42)
and ’

B, = 5 [s(8)[ 0 - Tog, [s(8)], - (¢t - )
Moreover,

”foHBgA(Qg)

. b ’ < Up,b . )
||f0||Bq1,A(Qn) * || ||CM02)2 AZ(Q;) —|| 75||BE)1 A(@;})—)BEJA(Q;})
w P

< (24+p"t°B) - 10l carog (Qp)

We notice that log,, [s(t)], is integer for any ¢ € Zj. So if [s(t)[, # 1 almost everywhere on Zg, then
B > A. On the other hand, if [s(t)|, > 1 a.et € Zjy or [s(t)|, < 1 a.e t € Z; then B, = B. These imply
the following interesting corollary.

Corollary 4.2. Let q, q1, g2 be real numbers such that1 < g < 1 < oo, ; = qll + ql and — 1 <A <O.
Let s : Zyy — Qy be a measurable function such that |s(t)|, > 1 a.et € Zy or [s(t)], < 1 a et €Ly

We assume thatb € CMOX (QZ). Then the commutator Ui:g is determined as a bounded operator
from B3 (Qr) to BY? (Qp) if and only if B is finite.

We note here that A < oo does not imply B < oo. Indeed, we can find an easy counterexample as the

following: let s(t) = pt, ¥(t) = |1+(”+°‘>*1(1 o, 1)’ then (2.1)and (2.2) imply
D r
1 1
a= DO TS SR L
z; |ptly (logy, |pt|p k<0 Sk o (k=1)
and

—1) = 0.
/z* Iptlp\logplptlp Z/s ’“Ik‘ Zlk (p=1) =00

k<0 k<0

Proof. In order to prove Theorem 4.1, firstly we prove the following key lemma.

Lemma 4.3. Suppose that b is a function in CMOH (QZ) and v, are integer numbers. Here
AeRsothat A<}, 1< g<ooandw € W,, with a > —n. Then

n—+ao A
b, w — bwa‘ <p"t |y — 4| - max{w (Bw)A ,w (By)"}-ex 16/l cpros -
Here and after

1 if A=0
PR N i A0

‘ n+a)>\ 1|

N (n+a)lnp-
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Proof of Lemma 4.3. 1t is clear that is enough to prove the lemma for 4" > ~. Applying Hoélder’s
inequality, we have

|bBw+17W o bBwW‘ < w (B’y) /; |b(x) - bBw+17w| w(z)dz
v

< w(lBy) /B b(z) — bp. ., w| w(z)ds
q—1 1/‘1
< “ (fﬂ(/z}l,y)) ’ </B ‘b(:r) - bBHl’wa(x)dx)

A
=" w (By) - Bl casos (gp) -

Therefore,

n+o

|va+17w - bwa‘ <p ‘W (B“H-l))\ ’ HbHCMog;A(Qg) : (4-4)

Now we have

v -1
‘bBﬂ/,w - bBW,w‘ < Z 6By, 10 — bByw|
k=~

A
< pn+a||b||CMog;A(@;z) ) Z w (Bi+1)
k=

A — \j
_ pn+aHbHCMOZ’A(Q$) W (Bﬂ/,) D (nta)Aj

Therefore, it suffices to prove lemmain case A # 0. For the first case when A > 0, by using the elementary
inequality 1 — e~ <z incasex = (n + a)A (7' — 7) lnp, we obtain
(n+a)A

n+o ’
b » bBH,, ‘ <p . (n] g . (n + a))\ (’Y/ - ’Y) lnp”b”CMOZ’A(Qg) ) ( l)
n+o Z; w B A Q
=p . ")// ’)/‘ . maX{W( '\/)Aa ( Yl) } 2 ||b||CM( )g},k( g)

For the rest case when A < 0, the proof is similar, so we omit it.
Now we shall prove Theorem 4.1. We use the ideas of [12, 14, 17, 34, 36]. Let us assume that both A
and B are finite. By Minkowski’s inequality and change of variable, we have

< (L (/.
(ot
oy (L
oy (L
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q 1/q
(b(@) =b(s(®)2)]) |f (s(t)2)] w(t)dt> w(l’)dw>
1/q

IN

(b(2) - b5, u]) 1f (s(t)2)] w<t>dt> w(az)dw>

1/q

q
) (|68, w = bsyB, w]) | (s(t)z)] w(t)dt> w(w)dHC)
! q 1/q
(|b(s()2) = bytyB, w|) | (s(t))] w(t)dt> w(l’)dw>

*
P
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=0 + 1z + I3.

To estimate I; and I3, we use the fact that w (tB,) = [t[;"*w (B, ), and get by Minkowski’s inequality
and p-adic change of variable

1/q2
L <w(By) [b(x) = bp,w| ®w(@)dz | | [ 1f (5(0)2)|" w(z)da
* B B

P

1 1/q2
= (w (B'y)/B |b() —bwa|q2 w(a;)da;)

1/q1
: « (n+a)A
X/Zz< /S@BV"’C )l ”(y)dy) [s(8)]p" ()t

w (s(8)By)

1/q1

< Wlowor(es) W) [, 150K vt
Hence
I; < ||b||cMog2 (Qn) ||f||BglvA(@g) /Z; |8(t)|z(,”+a)>\1/1(t)dt. (4.5)
Similarly to estimate I, we can deduce that
1 < Wlowo (o) Wl apy [, O P00 (46)

For the term I, applying Holder’s inequality, we have

1/q
1
be /Z; (w (B,) /B / (S(t)x)‘q“(m)dm> b 0 = bogeypy o (D)
1 1/q
: /z;; (w (B, HAn /B7 |f (s(&)a)™ W(l’)dl’> |68, 0 = bsry B | D (E)d
< Il ggr (g /Z* [5(8)| TN b, 0 = bayB, ] - (E)dE.

From the hypothesis of the theorem it follows that, for almost everywhere ¢ € Z%, there exists an integer
~' such that [s(t)|, = p". Using Lemma 4.3 with A\ = 0, we get

168, w = bs(t)B, 0| = ‘an,,w —bp ., ,w‘
<p"try]- ”b”oMo}?(Qg)

Therefore we obtain
1 <0 Wl ) Iz (cp) [, 1901 oy sl vioat. @)
Combine (4.5), (4.6) and (4.7), we obtain that Iy + Is + I3 is not greater than
(2A+pn+alg) : ||b||CMOZ,2(Qg) : ||f||Bg)M(Q3)-
Thus, Ui:g is bounded from BZ (QZ) to BL (QZ). Moreover,
HUP’,I;\\Bgl»k(@;)%ggd(@;) < (2A4+p"™B) - 18l ear022 (qp)-
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Now we assume that Ui:g is bounded from B4 (Qp) to B (Qy). Take bo(x) = log, ||, then from

lemma 2.2 and lemma 2.8 imply by € CMO% (Q). Since ‘U”’f; fo(x)( — fo(x) - B, by Lemma 2.6 we
get

pb —
U s foll o () =Ioll gz () - B

HfO”Bq,A(Qn)
= “ P B, A
(fOBgl’A(QIT;) Hfo”Bw (Qp)

Therefore we obtain that B, is finite.

1_ 1 1 1 1 1 _
Theorem 4.4. let 1 < qg< q < o0, q—q1+q2,—q<)\<0,—q1<)\1<O,0<)\2<n and \ =

A1+ A2 Let s Zy — Qp be a measurable function such that s(t) # 0 almost everywhere. I C
is finite, then for any b € CMO®2? (Qp), the corresponding commutator Ui’z is bounded from

th)\l (Qz) to Bg’)‘((@;‘) and we have
b
UG el g2 @y s @y S @ P 00) - C IBllproma gy - 11l gmr gy

Here and after, C = [, max{1, |s(t)| T2 }|s(t)[S"T N . (log [s(t)[,] 1 (¢)dt.
p

Proof. Using the similar arguments in the proof of Theorem 4.1, for each v € Z, we will arrive at

1

1 a

<w (B,)'+M /B |U5:Zf(x)|qw(m)d$) < Iy + Iy + I3,
v ¥

where both I and I3 are not greater than
Plesom gy 1 g gy [ O w0yt
D

The estimate for I,

1 q !
I = (w(B’y)l—Mq ‘/B“/ (/Z; |(bst)B, o — bBw) [ (s())] qp(t)dt> w(m)dx>

1 :
< /Z; <w (Bﬂ{)l-i-)\q /B |f(8(t):r)|qw(:n)d:r> bs(t) B, — DB, w Y (t)dE

~
1 1

! 1 ql 1 a2
< /Z; (w (B’y)l-i-)\l(h /;Bw ‘f(S(t)fl’)‘q w(@dm) (w (B’y)l-i-)\zqz /BW w(a:)da;)

X |bs(t)B—Y,w - bB«,,wW}(t)dt

1
1 a
ZwB_M/ / FW)|"w(y)dy
) z <W(8(t)Bw)1“1q1 S(t)Bv| Wlfew)
< [s()|STOM by B w0 — b, wl(t)dt

- n+a)
< g gy B) 7 [ SO g~ 00
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For each ¢ € Zj such that s(t) # 0, there exists 7' = 7/(t) € Z so that [s(t)], = p?. From Lemma 4.3,
we get
) ]

|bBW,w - bs(t)Bﬂ,,w‘ = |bB'y7UJ —bp
< p"Ten Y110l

Y+

CM0327A2 (QZ) max {w(B’Y))\Z ’ w(B'Yl‘f"Y))\z}'

Thus,

12 S pn+ac)\2 ||b||CMOg)2vA2 (Qg) Hf”Bf}’Al(Qg)

x| max{1,p? R [s(1) [N [log, |s(8)],] v(¢)dt
Zy

< pn+ac>\2 ||b||CMOZ,2'A2 @p) ||f||Bgl>\1(Qg)

x| max{L, |s(6)[{F 2 s(0) |5 [log, [s(8)],] v (t)dt.
Z;

Hence, we obtain

L+ 1+ 1I5< (2 +pn+ac>\2)CHbHCMOZ,2’A2(Qg)HfHBf,l‘Al(Qg)’

So, we have proved that

b
”Up,sHBE;A(Q;) < (2 _|_pn+ac)\2) : ”b”CMOZ?’A2(Qg) -C- ”f”BE}’Al(Qg)'

This completes the proof of Theorem 4.4.
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