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Abstract—We consider an integral equation on half-line with Chebyshev polynomial nonlinearity,
arising in dynamic theory of universe and p-adic string theory. We prove existence of the positive and
monotonically increasing continuous solution in class of essentially bounded functions on half-line.
We also found two sided estimates for obtained solution, as well as the limit of solution at infinity
(Theorem 2.1). We prove uniqueness of a solution in the certain class of functions (Theorem 2.2).
We generalize the results for more general integral equation with “double” nonlinearity (Theorem
2.3). At the end we give some examples of functions, describing nonlinearity. Using suggested
constructive solution method, we present some results of numerical calculations, having direct
application in cosmology.
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1. INTRODUCTION

We consider the following nonlinear integral equation on positive half-line:

Pn(f(a;)):/[K(az—t)—Ko(m—i—t)]f(t)dt, zeRT (1.1)
0

with respect to unknown measurable function f(z) belonging to the class:
M={px): R, —1<p(z) <1} (1.2)

where n > 1, n € N. The kernel K (x) defined on (—o0, +00) is the measurable function, satisiying the
following conditions:

+o0o
K(x) >0, z eR, /K(az)dazzl. (1.3)

The kernel Ko(z) is defined on (0, +00) and satisfies the conditions:
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ON SOLVABILITY OF ONE INTEGRAL EQUATION 229

0< Ko(x+t) < K(x —t), Vo,t € RT and

(1.4)
Ko(t) | by 7 on RT.

P,(z) = cos(n arccosz)— is the Chebyshev polynomial.

In the case when n =1, Ky = 0, the equation (1.1) is transformed into well known in literature
homogeneous conservative Winer-Hopf integral equation, the study of which are devoted numerous
works by local and foreign authors (see [1—5] and references therein).

In the case when n = 3, the integral equation (1.1) can be written in the form

4F3(2) — 3f(x) = /[K(a: — 1)~ Ko(w + O)]f(B)dt, =€ RT (1.5)
0

The equation (1.5) has direct applications in cosmology. In particular the equation (1.5) arises in
dynamic theory of universe and p-adic string theory (see [6—8]).

Further we will construct positive, continuous monotonically increasing and bounded solution of
equation (1.1) for each n > 1 in class of functions 9 (see Theorem 2.1). We also will prove the
uniqueness of solution in the certain class of functions (Theorem 2.2).

The results of Theorem 2.1 are generalized for the following integral equation with “double” nonlin-
earity:

Pu(f(x)) = / K(z —t) - Ko(x + DIG(f(1)dt, = € R, (16)
0

Imposing certain conditions on function G(x) describing nonlinearity we will prove existence of positive
monotonically increasing and bounded solution, as well as will find limit of solution at infinity (see
Theorem 2.3). At the end we will give some examples of functions G(x), and some results of numerical
calculations having direct applications in p-adic string theory.

2. BASIC RESULTS
We consider the Chebyshev polynomial on interval [cos 27;, 1} .
Note that
P,(z) 1 in z on interval {00327;,1] . (2.1)
Actually the derivative of this function is nonnegative

nsin(n arccosz)
V1— 22
Therefore the statement (2.1) is approved.
We prove that the unit is the unique solution of equation

/ _ . ™
P.(z) = >0if z € [608271’ 1) . (2.2)

. T
P,(z) = z on interval [cos%,l} . (2.3)
Indeed, if we denote by
™
t =arccosz, z € [cos o’ 1} (2.4)

then due to monotonicity of function arccosz the equation (2.3) takes the following form in respect to
variable ¢

cosnt = cost, t € [0, T ] . (2.5)
2n
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230 KHACHATRYAN et al.

[t is easy to check that unique solution of equation (2.5) on interval [O, 27;] is zero. Therefore, taking

into consideration (2.4) we obtain z = 1.
We introduce the following special iteration

cos(n arccos fp+1(x)) = /[K(m —t) — Ko(x 4+ )] fm(t)dt, x>0,
0 (2.6)
fo(x) 260827:1’ m=20,1,2,..., n>1, neN.
Below, by means of induction, we prove that
a) fm(z) T inm (2.7)
b) fm(r) <1, m=0,1,2,..., z € RT (2.8)
¢) fm(xz) 1 in z on RT, (2.9)
First we prove the statements a) and b). From (2.6) taking into account (1.3), (1.4) we have
cos(narccosfi(x)) > 0 = cos <n arccoscos > , (2.10)
2n
cos(narccosfi(zx)) < /[K(a: —t) — Ko(z +t)]dt < /K x—t)d
0 0
< / K(7)dr =1 = cos(narccosl). (2.11)
Due to continuity and monotonicity P, (z) on interval [cos 27;, 1} from (2.10),
it follows that
T
< <1 .
cos, < filz) <1 (2.12)

We assume that f,,(z) > fm_1(z) and f,(z) <1, x € RT, for some m € N. Consequently, since
P,(z) 1 in z on [cos g ,1} and P, € C [cos g ,1] , then from inequalities
2n 2n

oo

cos(n arccos fm41(x)) > /[K(a: —t) — Ko(z +t)] frm—1(t)dt
0
= cos(n arccos f(x)) (2.13)
and
cos(n arccos fm11(x / (x —t) — Ko(x + t)]dt <1 = cos(narccosl) (2.14)
0

it follows

Fs1(2) > fn(2) and fn(e) <1, o € RY, (2.15)

Thus we proved that sequence of functions { f,,(z)}5°_, possesses the properties a) and b). Therefore,
sequence of functions { f,, () }2°_, has pointwise limit when m — +oo.

T fn() = /() (2.16)
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ON SOLVABILITY OF ONE INTEGRAL EQUATION 231
and in addition for the limit function two-sided estimates take place
00527r < f(x) <1, zeRT. (2.17)
n

Due to continuity P, (z) and taking into consideration B. Levi theorem from (2.6) we conclude that f(x)
is the solution of equation (1.1).

Now let us prove that

m f(z) = (2.18)
First, we prove that for each m € NU {0}
fm(z) 1 in z on RT. (2.19)

Let 1,29 € RT, 21 > w5 be arbitrary numbers. In the case when m = 0 the statement (2.19)is obvious.
Assume that

fm(x1) > fm(z2) for some m € N. (2.20)

The iteration (2.6) can be written as:

cos(narccos fmi1(x /K Vfm(x —T dT—/KO (x + 1) frm(t)dt
(2.21)

fo(a:):cosg, m=0,1,2,..., n>1, neN.
n

We consider the difference

cos(narccos f+1(x1)) — cos(n arccos f+1(x2)) / K(7)fm(x1 — 7)dr

—/Kmmurﬂm—/mmﬁwMMﬁ+/m@ﬁwmmw

0

/K [fm(z1 —7) — fn(xo — 7)] 7‘+/K0 x9 + 1) — Ko(z1 + )] fn(t)dt > 0.
0

Hence

cos(n arccos fy+1(x1)) > cos(narccos fr+1(x2)).

Since P,(z) T in z on [cos 27;, 1] , then taking into consideration statements a) and b) we conclude
that
Sma1(@1) 2 frmg1(@2)-
Thus the statement (2.19) is proved.
In (2.20) tending m — +o00 we obtain that f(z1) > f(x2). Therefore f(x) 1 in z on RY.

Taking into account the above mentioned we can state that there exists

lim f(z)=-c. (2.22)

T—00

We verify that ¢ = 1. First from(2.17) it follows that

cos T <c<l1. (2.23)
2n
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From the chain of inequalities
0< /Ko(a: +t)f(t)dt < /Ko(y)dy
0 T

it follows that

[e.e]

lim [ Ko(z +t)f(t)dt = 0. (2.24)

T—00
0

Substituting the constructed solution f(z) into the equation (1.1), taking into account (2.24) and
tending © — +o0 due to continuity P, (z) we obtain

oo

cos(narccosc) = lim [ K(x —t)f(t)dt. (2.25)

T—00
0

Since f(z) 1 ¢ when x — 400 and kernel K (x) possesses property (1.3), due to well known limit
relation for convolution operation (see[9, 10])

00 +00
tim [ K - 0)f(t)dt = / K(z)da - lim f(z)=c
0 —00
from (2.25)we have
cos(n arccosc) = c. (2.26)

On the other hand we have proved that equation (2.3) on interval [cos 27;, 1] has unique solution z = 1,
therefore ¢ = 1.

[t is known that convolution of bounded and integrable functions presents continuous function (see,
[4]). Dueto P,(2) € C [60827;, 1] and P,(z) 1 in z on |:COS27;, 1] it follows that constructed solution
is continuous function on [0, +-00).

Thus the following theorem holds.

Theorem 2.1. Let kernels K (x) and Ko(x) satisfy conditions (1.3), (1.4)and n > 1, n € N. Then
equation (1.1) has positive continuous monotonically increasing and bounded solution [(x).
Moreover,

e lim f(x)=1
Tr—r00
™ +
e cos. < f(r)<1l, zeR".
2n

Now let us prove uniqueness of a solution of equation (1.1) in the certain class of functions. We prove
by means of contradicting assumption. We assume that equation (1.1) has two different measurable
solutions, o1 (x) and go(x),

m
01,02 € P = {p(x): cos,, . <px) <1, zeR}L
We denote
(2) = wi(@) € o, | (z) = us(z) € [0, | (227)
arccospy (z) = ui(z s |0 arccospa(w) = uz(z Com ] :

[t is easy to check that
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ON SOLVABILITY OF ONE INTEGRAL EQUATION 233

Au Ul — ug T T U + U2 T
_ _ > . :
2 2 [ 4n’4n}’ 2 [0,2n],n_2,n6N (2.28)
From (1.1) and (2.27) we have
o (@) — () nfen(z) +ua ()
2 2
_ / Kz — 1) — Ko(z + )] sin 1) 5 uz(t) g, ) ‘; uz(t) gy
0
. Ul + u2 T . Ul +ug . n(u1 + UQ)
> >
Since 5 € [O, Zn] then sin 5 > 0 and sin 5 >0,
hence
i M0 () — () | () + ()
2 2
< sup |sin wn(t) +uz(t) | nu(t) = us(t)) | /[K(:L‘ —t) — Ko(x + t)]dt
>0 2 2 )
< sup a0 F 50 3 (1) 70D |
>0 2 2
We show that

(2.29)

A
|Sinn2u |>| sinAu |, Au € [— T w}

2n’ 2n
Let Au e [0, 27;} | naw

2
A
Sinn2 Y >0, sinAu > 0.

A
€ [O, ﬂ and since n2u > Au,y=sint T in t on [O, 721 hence

If Au € [— 27;,0] , —Au € [O, 27;] then we have:

nAu . n(—Au) .
5 |=| —sin |=| sin

2
So inequality (2.29) holds.
Given (2.29), we obtain

n(—Au)

| sin |>| sin(—Au) |=| sinAu | .

2| SmAu(az) N COSAu(m) | Smn(ul(z) + ua(z))
2 2 2
< sup |sin ur(t) +ua(t) | sin Aut) [l - (2.30)
>0 2 2
[t is easy to see that
cos Au(z) > cos " ’ Smn(ul(az) + uz(z)) > smul(m) + ug(az)
2 4dn 2 2
Hence
T . Au(z) | . u(x) +ug(x)
2
cos , | sin 5 | sin 5
< sup |sin ui(t) +ua(t) | sin Ault) - (2.31)
£>0 2
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From (2.31) it follows that

t t Ault
[2003 T 1} supsz’nul( )+ uz(t) | sin u(t) |<0. (2.32)
4n t>0 2
. T 7T T T
Since 0 < in < 5 and cosx | on [0, 2] then 2cos4n —1>0.
t t Au(t
Hence from (2.32) it follows that sinul( )—;—ug( ) | sin u(t) |= 0.

+ 'LLQ(t)

Note that sz’nul(t) ) uy(t) + uz(t)

# 0. Indeed if sin =0, then u; + ug = 27k, k € NU{0}.

Since uq,us € [O, 27T ] , u1 = ug = 0. From (2.27) it follows 1 = 9 = 1. This is impossible, because
n

1 and ¢ are the solutions of initial equation (1.1), in addition, it is easy to check that p(z) = 1 does
not satisfy equation (1.1).

Thus sz’nAu(x) =0, Au=2mm, m € NU{0}. On the other hand, Au € [— T ) T } ,thenm =
2 . 2n" 2n
0,i.e. ui(z) = ug(x) on R*. Due to arccosz | on {cos o’ 1} from (2.27) we obtain ¢1(z) = ¢a(z).
Thus the following theorem is true:

Theorem 2.2. et the conditions (1.3) and (1.4) are fulfilled. Then if n > 2 the equation (1.1) has
a unique solution on R in the following class of measurable functions

P = {p(z): 60827; <p(z) <1, zeRT}

The result of the Theorem 2.1 can be applied for the following more general equation with “double”
nonlinearity

cos(narccosf(x)) = /[K(a: —t) — Ko(z + t)]G(f(t))dt, zeRT, (2.33)
0
where
GeC [00327;,1} , GT on [00327;,1} , G(2) >0, z€ |:COS27;,1] , G(1) =1. (2.34)

The following theorem is true.

Theorem 2.3. Let the conditions (1.3),(1.4),(2.34) are fulfilled. Then equation (2.33) in casen > 1,
possesses positive, monotonically increasing and bounded solution f(x) and,in addition,

T
< <1, z€R".
cos2n < f(z) < T

Moreover, if unity is the first positive root of the equation
G(z) = cos(narccosz), (2.35)
then limit of the solution of equation (2.33) at infinity is equal to 1, i.e.
mh_)rrolo flz)=1.
The proof of the Theorem 2.3 is done similarly to the proof of Theorem 2.1, simply we have to take
into account that since f,,, | in m, fp,(z) > cos 27;, therefore first iteration should start from the unit,
i.e. fo =1.

Remark 1. [t is easy to see that if the order of the polynomial is enough large then the range of the
constructed solution is sufficiently narrow.
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Remark 2. It should be noted if n = 2k + 1, k € Nand G(0) = 0, then equation (2.33) in addition
to trivial solution (f(x) = 0), has also nontrivial solution.
Below are particular examples of functions G(x):

o G(x)=1a?

1
o G(z)=x+  sin’rx
T

o G(z) =€t

o G(x) = \/zcos(narccosz).

[t is easy to check that all examples of the function G(x) satisfy conditions (2.34). In the case of last
example the solution of equation (2.33) has also unit limit at infinity.

3. APPENDIX
As a kernels K () and Ky(x) we take
1 —X
Ko(z) = K(z) = p g (3.1)

The kernel of the type (3.1) arises in p-adic string theory and dynamic theory of universe (see [6—8]) and
satisfies the conditions (1.3),(1.4).
From (1.1) we have

ifn=2
2f%(z) —1 = \/171 O/ [e_(x_t)Q - e_(x+t)2] ft)dt, >0, n=2 (3.2)
ifn=3
43(z) — 3f(x) = \/1% O/ [e—@—t)z - e—<w+t>2] FO)dt, >0, n=3 (3.3)
ifn=14
8f4(z) — 8f%(z) + 1 = jﬁ / [e-@—ﬂz - e-<x+t>2] FO)dt, >0, n=4. (3.4)
0

Instead of equations (3.2)-(3.4) we consider the following auxiliary equation:

1 ) ) 1
Flr) — —(z=t)* _ —(a+t) F =2,3,4
(x) \/ﬂ/[e e }cos , 4T Ccos (t) ) dt, n=2,3, (3.5)
0
where

F(x) = cos(arccosf(x))

f(z) = cos (;arccosF(:r)> .
The equation (3.5) can be solved by simple iteration
Foi(r) = L /Oo[e—(ﬂﬁ—t)2 - e—($+t)2} cos <1arccosFm(t)> dt,
VT ) n (3.6)

Fo=0, m=0,1,2,..., n=2,34.
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Fig. 1. Solutions of equation (1.1) at different values n .

We have already proved the convergence of iteration in the previous section.

In fig.1 the graphs of the unique solution f(z) of equation (1.1)at n = 2,3, 4 are presented .

We also consider the integral equation (2.33) with “double” nonlinearity in case when

G(z) = "1, G(z) = Vacos(narccost)

atn = 2.
We have
17 . .
2(0) =1 = —(z=t)? _ o—(=+t)?| (D)
2f%(x) — 1 e\/W/[e e ]e dt,
0
2f%(x) —1 = \/1 / [6_(”0_”2 - e_(xH)Q} V[ (t)cos(n arccosf(t))dt.
™
0

Instead of the equations (3.7), (3.8) we consider the following iterations:

1 7 Fm (t)+1
Fopir(z) = e\/ﬂ/ [e—(r—t)2 _ e—(z+t)2] YA dt,
0

Fy=1 m=0,12,...,

(e}

Fir(z) = \/17T / [e—(r—t)2 _ e—(z+t)2] \/\/Fm(f;) + 1Fm(t)dt,

0
Fy=1 m=0,1,2,...

(3.7)

(3.8)

(3.9)

(3.10)
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— G(x)=e""'
- - - - G(X)=(xcos(narccosx))

06

04

024

00 ’ , . , . , . .
00 05 10 15 20

Fig. 2. Solutions of equation (2.33) .

In fig. 2 the solutions f(z) = \/F(a;; 1 of equation (2.33) with “double” nonlinearity are plotted,
(r) = !

which correspond ton = 2, G(x , G(x) = \/z cos(narccosz).

ACKNOWLEDGMENTS

This work was supported by State Committee of Science of MES RA in frame of the research project
No SCS 13YR-1A0003.

REFERENCES

. D. V. Lindley, “The theory of queue whith a single sever,” Proc. Cambridge Phil. Soc. 48, 277—289 (1952).
. F Spitzer, “The Wiener-Hopf equation whose kernel is probability density,” Duke Math. J. 24 (1), 367—372
(1957).
3. M. G. Krein, Linear Equations in Banach Space (Nauka, Moscow, 1971).
4. L. G. Arabadzhyan and N. B. Engibaryan, “Convolution equations and nonlinear functional equations,” Itogi
Nauki i Tekh. Ser. Mat. Anal. 22, 175—244 (1984).
5. N. B. Engibaryan and A. Kh. Khachatryan, “Some convolution type integral equations in kinetic theory,”
Comp. Math. Math. Phys. 38 (3), 452—467 (1998).
6. L. Ya. Aref’eva and 1. V. Volovich, “On nonlocal cosmological equations on hali-line,” Vestn. Samar. Gos.
Tekh. Univ.: Ser. Fiz.-Mat. Nauki 1(22), 16—27 (2011).
7. 1. Ya. Aref’eva and 1. V. Volovich, “Cosmological daemon,” JHEP 1108, 102 (2011).
8. L. V. Joukovskaya, “Iterative method for solving nonlinear integral equations describing rolling solutions in
string theory,” Theor. Math. Phys. 146 (3), 335—342 (2006).
9. L. C. Gohberg and I. A. Feldman, textitConvolution Equations and Projection Methods for Their Solution,
Transl. Math. Monographs 41 (1974).
10. W. Feller, An Introduction to Probability Theory and Its Applications (1968).

N —

p-ADIC NUMBERS, ULTRAMETRIC ANALYSIS AND APPLICATIONS Vol.7 No.3 2015



