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Abstract—K denotes a complete, non-trivially valued, non-archimedean field. Infinite matrices,
sequences and series have entries in K. In this paper, we prove an interesting result, which gives an
equivalent formulation of summability by weighted mean methods. Incidentally this result includes
the non-archimedean analogue of a theorem proved by Móricz and Rhoades (see [2], Theorem MR,
p.188).
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1. INTRODUCTION

Throughout this short note, K denotes a complete, non-trivially valued, non-archimedean field.
Infinite matrices, sequences and series have entries in K.

Given an infinite matrix A = (ank), n, k = 0, 1, 2, . . . and a sequence x = {xk}, k = 0, 1, 2, . . . , by
the A-transform of x = {xk}, we mean the sequence Ax = {(Ax)n},

(Ax)n =
∞∑

k=0

ankxk, n = 0, 1, 2, . . . ,

where we suppose that the series on the right converge. If lim
n→∞

(Ax)n = �, we say that x = {xk} is A-

summable or summable A to �. If lim
n→∞

(Ax)n = � whenever lim
k→∞

xk = �, we say that A is regular. The

following result, which gives necessary and sufficient conditions for an infinite matrix A = (ank) to be
regular in terms of its entries, is well-known (see [1]).

Theorem 1. A = (ank) is regular if and only if

(i) sup
n,k

|ank| < ∞;

(ii) lim
n→∞

ank = 0, k = 0, 1, 2, . . . ; and

(iii) lim
n→∞

∞∑

k=0

ank = 1.

An infinite series
∞∑

k=0

xk is said to be A-summable to � if {sn} is A-summable to �, where sn =
∑n

k=0 xk, n = 0, 1, 2, . . . .

∗The text was submitted by the author in English.
**E-mail: pinnangudinatarajan@gmail.com
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2. WEIGHTED MEANS AND THE MAIN RESULT

In developing summability methods in non-archimedean fields, Srinivasan [4] defined the analogue of
the classical weighted means (N̄ , pn) under the assumption that the sequence {pn} of weights satisfies
the conditions: |p0| < |p1| < |p2| < · · · < |pn| < . . . ; and limn→∞ |pn| = ∞. However, it turned out
that these weighted means were equivalent to convergence. Natarajan remedied the situation with the
following definition (see [3]).

Definition 6. The weighted mean method in K, denoted by (N̄ , pn), is defined by the infinite matrix
(ank), where

ank =

{
pk
Pn

, k ≤ n;
0, k > n,

pn �= 0, n = 0, 1, 2, . . . and |pi| ≤ |Pj |, i = 0, 1, 2, . . . , j; j = 0, 1, 2, . . . , Pn =
n∑

k=0

pk, n = 0, 1, 2, . . . .

An example of such an (N̄ , pn) method corresponds to

pn =

{
pn, if n is odd;
1
pn , if n is even,

where K = Qp, the p-adic field for a prime p. We need, in the sequel, the following result.

Theorem 2. ([3], Theorem 1, p. 194) (N̄ , pn) is regular if and only if limn→∞ |Pn| = ∞.

We now prove the main result which gives an equivalent formulation of summability by weighted
mean methods. Incidentally we note that this result includes the non-archimedean analogue of a theorem
proved by Móricz and Rhoades (see [2], Theorem MR, p. 188).

Theorem 3. Let (N̄ , pn), (N̄ , qn) be two regular weighted mean methods. Let
∞∑

n=0

bn converge to �,

where

bn = qn

∞∑

k=n

xk

Qk
, n = 0, 1, 2, . . . .

Then
∞∑

n=0

xn is (N̄ , pn) summable to � if and only if

sup
n,k

∣∣∣∣
pkQk+1

Pnqk+1

∣∣∣∣ < ∞.

Proof. Let Bn =
n∑

k=0

bk → �, n → ∞. Now,

bn

qn
− bn+1

qn+1
=

∞∑

k=n

xk

Qk
−

∞∑

k=n+1

xk

Qk
=

xn

Qn
,

so that

xn = Qn

(
bn

qn
− bn+1

qn+1

)
, n = 0, 1, 2, . . . .
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Consequently

sm =
m∑

k=0

xk =
m∑

k=0

Qk

(
bk

qk
− bk+1

qk+1

)
=

m∑

k=0

Qk · bk

qk
−

m+1∑

k=1

Qk−1 ·
bk

qk

= Q0 ·
b0

q0
+

m∑

k=1

(Qk − Qk−1)
bk

qk
− Qm · bm+1

qm+1
= b0 +

m∑

k=1

qk ·
bk

qk
− Qm · bm+1

qm+1

= b0 +
m∑

k=1

bk − Qm · bm+1

qm+1
=

m∑

k=0

bk − Qm · bm+1

qm+1
= Bm − Qm · bm+1

qm+1
. (2.1)

By hypothesis,
∞∑

k=0

xk

Qk
converges so that bn

qn
=

∑∞
k=n

xk
Qk

→ 0, n → ∞. Now,

sm

Qm
=

Bm

Qm
− bm+1

qm+1
, using (2.1).

Since {Bn} converges, it is bounded so that for some M > 0, |Bn| ≤ M , n = 0, 1, 2, . . . . As (N̄ , qn) is
regular, |Qn| → ∞, n → ∞ so that

∣∣∣∣
Bm

Qm

∣∣∣∣ ≤
M

|Qm| → 0, m → ∞.

Thus sm
Qm

→ 0, m → ∞. For n = 0, 1, 2, . . . ,

bn = qn

∞∑

k=n

xk

Qk
= qn lim

m→∞

m∑

k=n

sk − sk−1

Qk
(where s−1 = 0) = qn lim

m→∞

{
m∑

k=n

sk

Qk
−

m−1∑

k=n−1

sk

Qk+1

}

= qn lim
m→∞

{
m−1∑

k=n

sk

Qk
+

sm

Qm
−

m−1∑

k=n

sk

Qk+1
− sn−1

Qn

}

= qn lim
m→∞

{
m−1∑

k=n

(
1

Qk
− 1

Qk+1

)
sk +

sm

Qm
− sn−1

Qn

}

= −qn
sn−1

Qn
+ qn

∞∑

k=n

(
1

Qk
− 1

Qk+1

)
sk, (since lim

m→∞
sm

Qm
= 0)

= −qn
sn−1

Qn
+ qn

∞∑

k=n

uksk, where uk =
1

Qk
− 1

Qk+1
. (2.2)

Now,

Bn =
n−1∑

k=0

bk + bn =
n−1∑

k=0

bk

qk
qk + bn =

n−1∑

k=0

qk

( ∞∑

u=k

xu

Qu

)
+ bn

= q0

∞∑

u=0

xu

Qu
+ q1

∞∑

u=1

xu

Qu
+ q2

∞∑

u=2

xu

Qu
+ · · · + qn−1

∞∑

u=n−1

xu

Qu
+ bn

= (q0 + q1 + · · · + qn−1)
∞∑

u=n−1

xu

Qu
+ q0

n−2∑

u=0

xu

Qu
+ q1

n−2∑

u=1

xu

Qu
+ q2

n−2∑

u=2

xu

Qu
+ · · · + qn−2

xn−2

Qn−2
+ bn

= Qn−1

∞∑

u=n−1

xu

Qu
+ bn +

xn−2

Qn−2
Qn−2 +

xn−3

Qn−3
Qn−3 + · · · + x0

Q0
Q0
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= Qn−1

∞∑

u=n−1

xu

Qu
+ bn +

n−2∑

k=0

xk = sn−2 + bn + Qn−1

∞∑

u=n−1

xu

Qu

= sn−2 + qn

∞∑

u=n

xu

Qu
+ Qn−1

∞∑

u=n−1

xu

Qu

= sn−2 + (Qn − Qn−1)
∞∑

u=n

xu

Qu
+ Qn−1

∞∑

u=n−1

xu

Qu

= sn−2 + Qn

∞∑

u=n

xu

Qu
+ Qn−1

xn−1

Qn−1
= sn−1 + Qn

∞∑

u=n

xu

Qu

= sn−1 + Qn
bn

qn
= sn−1 + Qn

[
−sn−1

Qn
+

∞∑

k=n

uksk

]
, using (2.2)

= Qn

∞∑

k=n

uksk,

so that Bn
Qn

=
∑∞

k=n uksk. Consequently

unsn =
Bn

Qn
− Bn+1

Qn+1
, n = 0, 1, 2, . . . . (2.3)

Let {Tn} be the (N̄ , pn) transform of {sk} so that

Tn =
1
Pn

n∑

k=0

pksk =
1
Pn

n∑

k=0

pk
1
uk

{
Bk

Qk
− Bk+1

Qk+1

}
, using (2.3)

=
1
Pn

[
p0

u0

B0

Q0
+

n∑

k=1

{
pk

uk
− pk−1

uk−1

}
Bk

Qk
− pn

un

Bn+1

Qn+1

]
=

∞∑

k=0

ankBk,

where

ank =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

1
Pn

p0

u0Q0
, k = 0;

1
Pn

{
pk
uk

− pk−1

uk−1

}
1

Qk
, 1 ≤ k ≤ n;

− 1
Pn

pn

unQn+1
, k = n + 1;

0, k ≥ n + 2.

It is clear that lim
n→∞

ank = 0, k = 0, 1, 2, . . . . Also,

∞∑

k=0

ank =
n+1∑

k=0

ank =
1
Pn

[
p0

u0Q0
+

n∑

k=1

{
pk

uk
− pk−1

uk−1

}
1

Qk
− pn

unQn+1

]

=
1
Pn

[
p0

u0Q0
+

(
p1

u1
− p0

u0

)
1

Q1
+

(
p2

u2
− p1

u1

)
1

Q2
+ · · · +

(
pn

un
− pn−1

un−1

)
1

Qn
− pn

unQn+1

]

=
1
Pn

[
p0

u0

(
1

Q0
− 1

Q1

)
+

p1

u1

(
1

Q1
− 1

Q2

)
+

p2

u2

(
1

Q2
− 1

Q3

)
+ · · · + pn

un

(
1

Qn
− 1

Qn+1

)]

=
1
Pn

[
p0

u0
u0 +

p1

u1
u1 + · · · + pn

un
un

]
=

1
Pn

Pn = 1, n = 0, 1, 2, . . . ,

so that limn→∞
∑∞

k=0 ank = 1. By hypothesis, Bk → �, k → ∞. Using Theorem 1, Tn → �, n → ∞. i.e.,
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∞∑

n=0

xn is (N̄ , pn) summable to � if and only if

sup
n

1
|Pn|

[
1

|Q0|

∣∣∣∣
p0

u0

∣∣∣∣ , max
1≤k≤n

1
|Qk|

{∣∣∣∣
pk

uk
− pk−1

uk−1

∣∣∣∣

}
,

1
|Qn+1|

∣∣∣∣
pn

un

∣∣∣∣

]
< ∞,

i.e., if and only if

sup
n

1
|Pn|

[
max

1≤k≤n

∣∣∣∣
pkQk+1

qk+1
− pk−1Qk−1

qk

∣∣∣∣ ,

∣∣∣∣
pnQn

qn+1

∣∣∣∣

]
< ∞,

which is equivalent to

sup
n

1
|Pn|

[
max

1≤k≤n

∣∣∣∣
pkQk+1

qk+1
− pk−1Qk−1

qk

∣∣∣∣

]
< ∞

(here we use the fact that |Pn| ≤ |Pn+1|, |Qn| ≤ |Qn+1|, n = 0, 1, 2, . . . ).
This completes the proof of the theorem.
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