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SHORT COMMUNICATIONS

A Theorem on Weighted Means in Non-Archimedean Fields*
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Abstract—K denotes a complete, non-trivially valued, non-archimedean field. Infinite matrices,
sequences and series have entries in K. In this paper, we prove an interesting result, which gives an
equivalent formulation of summability by weighted mean methods. Incidentally this result includes
the non-archimedean analogue of a theorem proved by Moricz and Rhoades (see [2], Theorem MR,
p.188).
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1. INTRODUCTION

Throughout this short note, K denotes a complete, non-trivially valued, non-archimedean field.
Infinite matrices, sequences and series have entries in K.

Given an infinite matrix A = (anx), n,k =0,1,2,... and a sequence x = {xx}, k=0,1,2,..., by
the A-transform of x = {x}}, we mean the sequence Az = {(Ax),},

¢]
(Az)n = Zankxk, n=20,1,2,...,
k=0

where we suppose that the series on the right converge. If lim (Ax), = ¢, we say that x = {z} is A-
summable or summable A to £. If lim (Ax),, = ¢ whenever klim xr = £, we say that A is regular. The
following result, which gives necessary and sufficient conditions for an infinite matrix A = (a,x) to be
regular in terms of its entries, is well-known (see [1]).

Theorem 1. A = (ayy) is regular if and only if

(i) sup|ank| < oo;

n,k

(ii) lim an,=0,k=0,1,2,...;and

o0
(iii) nan;OkZ_()ank =1

An infinite series Zazk is said to be A-summable to ¢ if {s,} is A-summable to ¢, where s, =
k=0
ZZ:Owkan: 0,1,2,... .

*The text was submitted by the author in English.
“E-mail: pinnangudinatarajan@gmail.com
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2. WEIGHTED MEANS AND THE MAIN RESULT

In developing summability methods in non-archimedean fields, Srinivasan [4] defined the analogue of
the classical weighted means (N, p,,) under the assumption that the sequence {p, } of weights satisfies
the conditions: |pg| < |p1] < |p2| < -+ < |pn| < ...; and lim,_, |p,| = co. However, it turned out
that these weighted means were equivalent to convergence. Natarajan remedied the situation with the
following definition (see [3]).

Definition 6. The weighted mean method in K, denoted by (NN, p,), is defined by the infinite matrix

(ank), Where
Pk k <n:
) - )
Ank = {P"

0, k> n,

n
pn#0,n =012 and|p)| < |P|,i=0,1,2,...,5:=0,1,2,...., P, =Y pon=012,....

An example of such an (NN, p,,) method corresponds to

p", ifnisodd;
Pn = 1 . .
o if n is even,

where K = @), the p-adic field for a prime p. We need, in the sequel, the following result.
Theorem 2. ([3], Theorem I, p. 194) (N, p,) is regular if and only if lim,, .. | P,| = oo

We now prove the main result which gives an equivalent formulation of summability by weighted
mean methods. Incidentally we note that this result includes the non-archimedean analogue of a theorem
proved by Moricz and Rhoades (see [2], Theorem MR, p. 188).

Theorem 3. Let (N,p,), (N, q,) be two regular weighted mean methods. Let Z by, converge to ¢,

n=0
where
> x
k
by :anz:;Qk,nzo,l,Z,....

Then Z X 1S ( n) summable to L if and only if

sup PEQk+1 < o0,

n,k Prqri1

Proof. Let B, = b, — £,n — c0. Now,
k=0

n_n+1 In
a- X hea

Adn dn+1 e k

so that
b, b,
$n:Qn< - +1>, n=0,1,2....

qn dn+1
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Consequently

m m b b m m+1
smzzxk:zm('f— k“):zczk ZQM
=0 =0 9k 9k+1 P
ZQO'bO-Fzm:(Qk—Qk 1)bk—Q m+1—b +ZQk - 'bmﬂ
w0 = ar " g Gm+1
- bm+1 - m+1 m+1
+ bkz_Qm = bkz_Qm :Bm_Qm' . (21)

; dm+1 k:z:O dm+1 qm+1

By hypothesis, Z Q converges so that b" => . xk — 0, n — oco.Now,

Sm Bm bm+1 .
= — , using(2.1).
Qm Qm  Gm+1 gD

Since {B,} converges, it is bounded so that for some M > 0, |B,| < M,n=0,1,2,.... As (N, q,) is
regular, |@,| — oo, n — oo so that

m‘ M
<
Qm|~ |Qml

Thusgﬂ; —0, m—oo.Forn=0,1,2,...,

m m—1
Sk_sk 1 . Sk Sk
bn = qn = @n lim where s_1 = 0) = ¢, lim -
ZQ m—oc Z ( 1=0) = o, kz_:@k Z_ Qi1
: Sn—l
=g, lim
mAE s a6
m—1
. 1 1 Sm  Sp—1
= @, lim < - >8 + —
AT (0ol )wr a5

— 0, m — oo.

[ee]
Sp—1 1 1 Sm
= —q +q < — > Sk, (since lim =0
" Qn " kz:% ka Qk’-i—l g ( m—oo Qm )
Sn—1 1 1
= —q +q ugSk, Whereuy = — . 2.2
g, T FT o Qo (22)

k=n
Now,

n—1

n—1 0
n_zbk+bn_zb U o (zgu)m
k=0 =k Y

o0
ZQOZZZ%-QZZZ%—@ZZZ "t Gn-1 Z

unl

— (@o+ a1+ +Gn1) Z 0 +qoZQ +qle +q2ZQ g

u=n—1

Zo
S Quos++ Qo

= Qn—l QO

u=n—1

X
u+b Qn 2+
2

Q Qn Qn 3
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_Q”IZ +b +Z$k—3n 2+ by +inz

unl unl

= Sn— 2+QnZQ +Qn 1 Z

unl

:Sn—2+(Qn_Qn—1)Zg +Q” 1 Z

unl

(o] o0
Ty Tp—1 Ly
=5,_0+Q + Qn-1 =551+ @Q

b
= Sp—1+ Qn qn = Sp—1+ Qn

n

%
= Qn Z UE Sk,
k=n

so that gz = 72, upsk. Consequently

_5” ! —I—Zuksk] . using (2.2)
k=n

Bn . Bn+1
Qn Qn+1 7
Let {7,} be the (IV, p,) transform of {s;} so that

1 & 1< 1 [ By Bk+1} .
T, = S5 = ,using (2.3
P, kzzopk 8= p, Py, {Qk Quyr 75829

" k=0
Po Bo+ ~[pe P2\ B pnBup
Uk

n=0,1,2,.... (2.3)

UpSn =

1
— ank By,
Py |uoQo = up—1) Qr  un Qnit Z "
where
(1 po _ N
Pp u0Qo” k= 0;
1 Pt _ Pk-1 1 .
ank = P”I{“k “k—l}Qk’ lsksm;
Pn _ .
_PnunQrH-l’ k_n+1’
0, k>n+2.
[t is clear that lim a,; =0,k =0,1,2,.... Also,
n—oo
n+1

Do “(pr pee1) 1 Dn
Apk = an + — —
Z b Z b uoQo Z{Uk Uk—l} Qr unQn—i—l]
1 [ po (pl p0> 1 <p2 p1> 1 (pn pn_1> 1 Pn ]
+ (- + o (T -
P, LuoQo uy  ug) Q1 u Q2 Uy  Upn-1) Qn  UnQni1
1_p0<1 1> p1<1 1> p2<1 1> pn<1 1>}
P, lup \Qo @1 up \@Q1 @2 us \@Q2 Q3 Up \@Qn  Qnyt
i

1
= pouo—i—plul—i—u'—i—p"un = _P,=1 n=0,1,2,...,
Pn L Uo U1 Unp Pn

so thatlim,, oo Do ank = 1. By hypothesis, By, — ¢, k — oo. Using Theorem 1, T,, — ¢,n — 0. i.e.,
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Z x, is (N, p,) summable to £ if and only if
n=0

sup L [1 po| .1 {pk_pk—l} 1 pn}<oo
n |Pal [1Qol [uo| 1<k<n |Qp| ur  up—1|) " |Qns1l [un ’
i.e., if and only if
[ PkQr+1  Pe-1Qk-1| |[PnQn ]
sup max - , < 00,
n |Pn| I1<k<n| (qg+1 gk dn+1
which is equivalent to
1 [ PrQr+1 pk—le—1:|
sup max - < 0
n |Pal [1<k<n| qri1 i

(here we use the fact that |P,| < |Pot1], |Qn] < |Qn+1l,n=0,1,2,...).
This completes the proof of the theorem.
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