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1. INTRODUCTION

In recent years, the theory of Volterra (Fredholm) integral and integro-differential equations
have become as an interesting and popular field of research, because of their applications in many
engineering and scientific disciplines, such as: mechanical phenomena, control technology, electrical
engineering, models of population growth and fluid dynamics. See for details [1-7].

For this reason, a lot of works have been developed for studding a different kinds of integral
equations. For example, we list some types of these equations with only two references to each
one: Linear and nonlinear Volterra and Fredholm equations [8, 9]; integro-differential equations
[10, 11]; integral equations in the complex plane [12, 13]; equations with weakly singular kernels
[14, 15]; equations with Toeplitz plus Hankel Kernels [16, 17]; integral equations involving constant
delay [18, 19]; equations in two-dimensional space [20, 21]; Chandrasekhar integral equation [22,
23]; Abel’s integral equation [24, 25]; fuzzy integral equations [26, 27]; fractional integral equations
[28, 29]; etc.

In this study, we are interested in a new kind of Volterra equation, which have a nonlinear
convolution kernel that involves the first and second derivatives of solution. This equation is
presented in the following form:

u(t) = / gt — 8)p(t, s, u(s),u'(s),u" (s))ds + f(t), Vt €T =a,b],

where f € C*(Z), g € C*(Z?), g(0) =0, 0;g(0) = XA € R, and ¢ € C?(Z? x R?) are given functions
and u is the unknown to be found in the space C2(Z).

“Corresponding author. E-mails: lem.samir@gmail.com;samir.lemitaCuniv-tebessa.dz
“E-mail: aamineb567980gmail. com

245



246 LEMITA, GUESSOUMI

On the other hand, we mention that the unknown function w and its derivatives appear
nonlinearly under the integral operator. Therefore, in order to control the solution of the proposed
equation and its derivatives, we need to derive both sides of equation twice. Which allows us to
convert our equation after doing some simple calculus to the following system:

u(t) = [ gt = )t s,ule). 0/ (s), 0" ()ds + £(0). Ve T, ()

/ atg t—s)o(t,s,u(s),u'(s),u”(s)) + g(t — 8)0pp(t, s, u(s),u(s), u"(s))) ds

+f'(t), Vtel, (2)
t

u’(t) = Mp(t,t,u(t), o' (t),u" (1)) + / (2019(t — 5)0up(t, s, u(s), /' (s),u"(s))

+ 8?9(15 - 5)90(t7 S, ’U,(S), u,(8)7 u"(s)) + g(t - S)atzso(t? S, u(5)7 ul(5)7 ’U,N(S))) ds

+f"(t), Vvtel. (3)

Furthermore, Eqgs. (1)-(3) of this system will serve an important role throughout the study.

The paper is structured as follows: In Section 2, we prove the existence of solution to the proposed
problem by means of fixed point theorem of Schauder. Section 3, contains the uniqueness results of
problem’s solution. In Section 4, we discuss the Nystrom method to give an approximate solution
of our equation. In the last section, we present some illustrative examples.

2. EXISTENCE RESULTS VIA SCHAUDER’S FIXED POINT THEOREM

In this section, we present the existence results of solution of the proposed Eq. (1) by using
Schauder fixed point theorem. Before proving the main result, we need to make the following
assumptions:

(A1): let ¢ (t,s,2,7,2) be a function belongs to C?(Z? x R3) and there exists a constant M; > 0
such that Vt,s € Z, Vx,y,z € R

max (|90(t7 5T,Y, Z)|7 |at90(t7 5T,Y, Z)|7 |at290(t7 5T, Y, Z)D < Ml;

(A2): let g (t,s) be a function belongs to C*(Z?) that satisfies g(0) = 0,8;g(0) = A, and there exists
a constant My > 0 such that V¢, s € 7

max (gt — s, 10k (t — 5), [9Pg(t — )[) < M.

Theorem 1. Let (A1) and (Az) be verified. Then the Volterra equation (1) has at least one solution
in the space C*(T).

Proof. Let ® : C?(Z) — C?(Z) be an integral operator defined by the following form: V¢ € C%(T),
VieTl

/gt—s (£,5,£ (5),€ (), € (5))) ds + F(t).
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It’s clear that Eq. (1) has at least one solution in the space C?(Z), if and only if the operator ® has
a fixed point. Which we will prove by using the Schauder fixed point theorem.

First, we can see easily that ® is continuous from C?(Z) to it self. Consider the subset F' C C?(Z)
defined by the following way:

(@) = (o), €(0) = (o),
£0) — F)] < MM (b — ).

€/0) — S0 < 2001005 (b — ).

€0 - 01 < sy (40 -0+ 1),
Ve >0, 30 >0, Vi, to €I, |t — ta]| < O,

then |£"(t1) — " (t2)| < €

F =4 V¢ € C*(T) such that

Before applying the Schauder fixed point theorem, the subset F' must be nonempty, convex
and closed. Obviously, F' is nonempty and convex, we just prove that is closed. Let (&,)nen be

a sequence in F'; assume that it converges to some £~ € C%(T) in the norm of the space C%(Z) as
follows:

lén = &l = (l1gn = Elloo + 165 = &lloc + I1gr = €"lloc ) = 0, where [|€]loc = sup [¢(¢)]
tel

Then, we need to verify that 5 € F, in order to confirm the closedness of F.

It is clear that the convergence in the space C%(Z) means simultaneously uniform convergence
of functions, of their derivatives and of their second derivatives, which permits us to write

Vn €N &n(a) = fla) = lim &,(a) = f(a) = &(a) = f(a),

n—o0

¥neN ¢, (a) = f'(a) = lim &,(a) = f'(a) = &(a) = ['(a).

n—oo

Also,

neN |&(t) = f(O)] < Miby (b—a) = lim g (t) = f(8)] < MiMo (b—a)
= | lim &(t) = F()] < MM (b - )
= |&(t) — f()] < MiMs (b—a).

Similarly, we obtain:

80~ 0|20 0-a) md €0 - 0100 (10-0+ ).

Now, from the last condition of F', it is clear that Ve > 0, 3, > 0, Vt1,t0 € Z, |t; — to| < I,

&0 (t1) = & (t2)| < ; Vn € N.
On the other hand, we have
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— E0(t1) + En(tr) — Enlta) + Enlta) — € (L2)]

1" (1) — " (t2)] = |€"(t)
< |€7(t) = ELt)| + |€n(t) — Ep(ta)| + |€nlta) — €' (t2)]-

Also, as £/ converges uniformly to £, we write:

€

if Ve >0, AN. €N, Vt € Z, ¥n > N., then |/ (t)—£"(t) |< .

By passing to infinity limit (i.e., n > N,), the previous inequality gives us:

) — (¢ €L
() =" (t)| < g+ 5+, =
Thus £~ satisfies all conditions of subset F. Which means that F' is closed.
We pass now to proving that ® is completely continuous on the subset F.
First, from (1) and (2) we get directly ®(&)(a) = f(a) and ®(§)'(a) = f'(a). Now for all £ € F
and all ¢t € Z, we have

[@(E)(t) = f(t)] = / g(t = s)¢ (t,5,6(5),€ (5),8" (5)) ds

S M1M2 (b—a).

Also,

2(&)'(t) — f'(1)] < /atg(t—8)30(128,5(8)75’(8),5"(8))%

4 / ot — $)0p(t, 5,€(5),€(5), €"(5)) ds

< 2M My (b —a).

In the same way:

[2(8)"(t) = f'(1)] < ‘/\90(?5,t7§(t),€’(t),€"(t))+/ 2009(t — 5)0p(t, 5, £(5),8'(5),€"(5)) ds

_l’_

/ R(t — s)p(t, 5,6(s), £/(s), £ (s))ds

+

/ g(t — 8)@2@(1&, 8’5(8)’5/(3),5”(8))ds

a

< MiMa4(b —a) + [A|My < My M (4(5 —a)+ JQ' > :
2

Now we want to verify that if Ve >0, 3. > 0, Vti,to € Z with [t; — to| < de then |®(£)"(t1) —
<I>(£)”(t2)| <e Forti,to €, t; <ty we have

[2(8)" (t1) —2()"(t2)]
< ‘)‘Qo(thtlaé(tl)?f/(tl)a6//(t1)) - )‘Qo(t27t27€(t2)7§/(t2)75//(t2))‘ + ‘f”(tl) - f//(t2)‘

t1 1)

atg(tl —8)61590(251, S, 5(8)7 5,(8)7 gﬁ(s))ds_ 8tg(t2 —3)5t80(t2, S, 5(8)7 5,(8)7 gﬁ(s))ds

a a

+2
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t1 1)

8§g(t1_8)¢(t17 S, 6(5)7 6/(3)7 6”(3))618_ at2.g(t2_5)90(t27 S, 6(8)7 6,(8)7 5”(8))d5

a a

/ oty — )02 (b1, 5,€(s),€(5), € () ds— / o(ta— )02 (b, 5,€(5), (5, €"(5)) ds|.

_l’_

_l’_

By subdividing the integration interval we obtain:
|D(&)" (t1) — (&) (t2)|
< Ae(trt, E(6), € (1), €7 (1)) — Ap(to, b2, E(t2), & (t2), & (t2)) | + | /" (t1) — [ (t2)]
t1
+2 atg(tl - 8) (8t§0(t17 S, 6(5)7 6/(3)7 6//(3)) - 8t§0(t27 5, 6(5)7 6/(8)7 6//(5)))d5

a

+2 / 1 Orp(ta,5,£(s5), € (5),6"(s)) (Dug(ts — 5) — Drg(ta — s))ds

+| C0ug(ts — $)0p(ta, 5,£(5), €(5), €"(5)) ds
+ 1 a}?g(tl - 5) (QO(tl, S, 6(8)7 5,(3)7 6”(3)) - Qo(t% S, 6(8)7 5,(3)7 6”(5)))(18

a

+ / (2, 5,€(5),€/(5), €"(5)) (9Rg(tr — 5) — ORg(ts — 5))ds

+ [ 0Fglta — s)¢(ta,5,(5), € (5),6"(s))ds

t1

+ / 1 g(tl - S) (81?90(151757£(8)7£/(8)7£”(8)) - 813290(t27375(8)75/(8)75//(8)))d8

+ / Loty 5,6(5),£/(5), €'(5)) (9(t1 — ) — g(ts — $))ds

# [ atts = )38 (t2, 5,601, (9,9
1
The application of the mean value theorem on functions ¢, 9y, g, and 0,g, respectively gives us:
|D(8)"(t1) — ®(€)"(t2)| < (IAIMy + 4Mi My + 6M1 Mo (b — a))|ty — to
H @)~ )]+ [ [0Ro(t — 5) ~ SRales — olas
+M2/at1|8390(t1,875(8),5’(8)@”(8))— 0 o(t2,5,€(5), € (), " (5)) | ds.

Let € > 0. If we took | t; — to |< &1, where 6! = A(IN Ma+4M; My+6Mi M (b—a))» Clearly we get

[9€)" (1) ~ (&) (1] < |+ |£"(00) = 1) + My [ [Rgltr — 5) = BFgla — 5)|ds

+M2/ 1|813290(t17 S, 5(8)7 5/(8)7 5//(8)) _8390(1527 S, 5(8)7 g/(8)7 5//(8)) ‘ds

Moreover, since f”, 0?g and 97y are uniformly continuous as functions of ¢ over the interval Z,
then there exist 62 >0, 62 > 0, and 62 > 0, respectively, where Vt1,t € T, with |t; —t5 |< 62,

th —ta |< 53, and | t1 — 19 |< 54. We have
€ €
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€

[0 = 0] < |,

|02g(t1 — 5) — Bglts — )| ‘

S AMy(b—a)’
|at2§0(t17 S, 6(8)7 f/(S), 6//(3)) - 813290(t27 S, 6(8)7 f/(S), f”(S))‘ <

€
4M2(b — CL) '

By choosing 6. = min{d!, 62, 63, 02}, we get Vt1,to € T, with | t; —to |< I,

€

Z Z € € h € "
|B(€)" (1) — ()" (t2)] < 4+4+M1/a 4M1(b_a)ds+M2/a ho—a®
€ €

T D
Tty T

So, we conclude that ®(F) C F. Now to prove that operator ® is compact, it is enough to prove
that I is a compact subset. In order to show that F' is compact, it is necessary to prove that F is
uniformly bounded and equicontinuous. The uniform boundedness is evident according to the form
of subset F' which gives us:

£ < MMy (b a) + max| (5)],

1€'(®))

IN

2M: My (b - a) + max|f'(s)| = o1,

€7 (t)]

IN

Al e
My My <4(b a) + My -I—T?EELIXV (s)| = o2.

We verify now the uniform equicontinuity. From the last property of subset F', from the boundedness

of & and &” described above and by applying the mean value theorem, directly we get: V¢ € F,
Ve > 0,35, = min{;, c 56} >0, Vi1, ts € T with |t1 — to] < 0.,

E(t1) —&(t2)l <&, [€(t) =& (k) <€ [§"(t) —&"(B2)] <e

Which means that F' is uniformly equicontinuous. Hence along with the Arzela—Ascoli theorem
[9] we confirm the compactness of subset F. So, we conclude that ® is completely continuous.
Finally, the application of Schauder’s theorem shows that ® has a fixed point £ = ®(§) in F, which
represents a solution of the Volterra equation (1), as well as, its derivatives verify the Egs. (2) and
(3), respectively. O

3. UNIQUENESS RESULTS

Clearly, using Schauder fixed point theorem, only the existence of solution of the previous
equation (1) have been guaranteed. So, to prove the uniqueness of this solution, we need the
following auxiliary lemma.

Lemma. Let y(t) be a continuous and positive function on [a,b], which satisfies:

t
AL >0, ~(t) < L/ ~(s)ds,

a

then v(t) =0, Vt € [a, b].
Proof. See [30]. O
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On the other hand, we need also to introduce the following assumption:

(A3): There exist constants A, B,C, A, B,C, A, B,C > 0 such that Vt,s € Z, Va,y, z, 2,9, 2 € R,

|90(t787x7yaz)_w(tasvmayaz)‘ < A‘IL'—.T‘—FB‘y—y‘—FC‘Z—ZL
|at90(t>87$7y7z)_8t90(t787$7y7z)| < A|a:—:r|—|—B|y—y|+C’|z—z|,
\8?90(t,s,x,y,z)—8,52g0(t,3,m,y,z)\ < /Nl\m—x\—ké\y—y\—i—é\z—d

Theorem 2. Let (A1)-(A3) be verified. In addition, we assume that:

IA|C <1,
then the Volterra equation (1) has a unique solution in the space C*(T).
Proof. Suppose that u(t),v(t) € C?(Z) are two solutions of Eq. (1). Let ~(t) be a positive function
defined by
v () = lu(t) = v@)] + /() = @) + [u" () = "(#)].

Going now to prove that 7 (¢) = 0 based on the previous lemma. Which means that u(t) = v(t),
W (t) =v'(t), and u”(t) = v ().
First, we put

0 = Msmax(A, B,C), 6= M;max(A,B,C), §:M2max(g,§,6).

For all t € 7, we have

u(t) —v(t)] = / gt = s) (p(t, s,u(s), u'(s),u"(s)) — ¢(t,s,v(s),v'(s),0"(s))) ds

< M, / (Alu(s) — v(s)| + Bl (s) — v/(5)] + Clu"(s) — v"(5)]) ds

< Mymax(A, B, C) / (Ju(s) — v(s)| + [ (s) — v/(5)] + [u"(s) — v"(s)])ds

a

— 9 / " (s)ds. ()

In the same way, we obtain:

lu'(t) — ' (t)| < / Org(t — S)(gp(t, s,u(s),u'(s),u"(s)) - go(t, s,v(s),v’(s),v"(s)))ds

+ / g(t — s) (atgo(t, s,u(s),u’(s),u"(s)) — atgo(t, s,v(s),v’(s),v"(s))) ds

< M, / (Alu(s) — v(s)| + Bl (s) — v/(5)| + Clu"(s) — v"(5)]) ds
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+M2/ (Alu(s) — v(s)| + Blu/(s) — v'(s)| + C|u"(s) — v"(s)]) ds
< My max(A, B,C) / (lu(s) = v(s)| +[u'(s) = v'(s)] + [u" (s) = v"(s)])ds
+Msmax(A, B, C’)/ (|u(s) —(s)] + [ (s) — V' (s)] + |[u"(s) — v"(s)|)ds

= (6+96) /t’y(s)ds. (5)

Then similar as before, we get:

[u"(t) =" ()] < M| (@(t, t,ult), o' (t),u" (t) — @(t, t,v(t),v'(t),v" (1)) |

+ /28tg(t—s) (Oep(t, s, u(s),u(s),u"(s) —Opp(t, s,0(s),0'(s),v"(s))) ds

+ / 8fg(t —s) (gp(t, s,u(s),u'(s), u"(s)) — go(t, s,0(s),(s), v"(s))) ds

+ / g(t —s) (9Fp(t,s,u(s),u/(s),u"(s)) — Ofp(t, s,0(s),v'(s),v"(s))) ds

a

< (A (Alu(t) = v(®)] + Blu'(t) — v'(t)| + Clu"(t) — v" (t)])

+oM, / (Afus) — v(s)| + Bl (s) v/ ()| + Clal"(s) — "(s)]) ds
+M2/ (Alu(s) — v(s)| + Blu'(s) = v'(s)| + Clu" (s) — v (s)]) ds

s [ (Au(s) — v(s)| + Blul () — o/ (5)] + Clu"(s) = " (5)]) .

u”(t) = v"(t)] < [MAJu(t) —v(t)] + [ABJ/(t) — ' (£)] + [ACu” () — v" ()]
+2M, max (A, B, C’)/ (Ju(s) —v(s)| + [u/(s) = V'(s)] + | (s) —v"(s)]) ds

+M;max(A, B, C’)/ (Ju(s) — v(s)| + [u/(s) = V'(s)] + |[u"(s) —v"(s)]) ds
+ My max(A, B, O) / (Ju(s) — v(s)] + [t (5) — /()] + | (s) — o"(5)]) ds
= |)\|A|u(t)—v(t)|—|—|>\|B|u/(t)—v/(t)|—|—|)\|C|u”(t)—v”(t)|+(29+9+§)/7(s)d8.

We obtain from inequalities (4) and (5) the fact that:

" () — o (1)| < IN|C|(t) — o' (8)] + (\)\\AO FINBO +0) +20+ 6 + 5) / ~ (s) ds.

By the property | A | C' < 1 we find:
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!wﬁ»—wang(”MM**MBf?§€“MB+”+9>/fmgﬁ. 0

Furthermore, according to inequalities (4), (5), and (6), we confirm that there exists a positive
parameter L which fulfils:

wwSL/v@Ma

where L is given by:

L= (29 gy OUMATINB +1) +0(AIB +2) + 9) |

1- e

Thanks to the lemma, we obtain v(¢) = 0, which implies that Eq. (1) has a unique solution in the
space C%(T). O

4. NUMERICAL STUDY

In the previous sections, under the assumptions (A;)-(As), we have shown that Eq. (1) has a

unique solution in C?(Z). As a matter of fact, this solution cannot be found exactly. For this
reason, one must approach this solution by considering some numerical methods. In this section, we
will use the Nystrom method described in [9], which enables us to obtain an approximate solution
of Eq. (1). First, we start by recalling Nystrom’s method. For N € N, and by considering the

discretization step h = b]_v“, we define an equidistant subdivision of interval Z as follows:

sj=a+jh, 0<j<N,

then, the Nystrom method is a technique seeks the approximate solution of an integral equation by
replacing the integral with a chosen quadrature formula such as

b N
/ﬁ(s)ds o~ thjE(sj),
a J=0

where w; are real weights such that: Jax, | wj |[< w < 0.
<j<

Now, by collocating Egs. (1), (2), and (3) at the following grid points ¢; = a +ih, 0 <i < N,
then by applying the Nystrém method, we obtain the following algebraic system:
for ¢ = 0: (initial values)

Uy = f(a)7 Vo = f/(a)7 Wy = f”(a) + )\QD(CL, a, Uy, %7W0); (7)
for1<i<N
Ui = f(ti) + 0 wiglti — t))p(ti t, Uy, Vi, Wy), (8)
=0

Vi=f(t:) + b > w;(Og(ts — t)e(ti, t;, Up, Vi, W) + gt — t) (i t, Uy, Vi W5)), - (9)
=0
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Wi = f"(t:) + Aplts, i, Ui, Vi, Wi) + 1Y 2w;0hg(ti — t5)0pp(tis t5, U, Vi, W)
i=0

i

§=0
where U;, V;, and W, represent the approximate values at the grid points of u(t;), v/ (¢;), and u” (;),
respectively.

Finally, we can see that the arising system is nonlinear. So, in practice, we must use a computing
environment like MATLAB software, in order to get the roots of this system. Which means that
we have found the approximate solution of Eq. (1).

On the other hand, an important question remains: Are the previous assumptions (A;)—(.As3)
sufficient to ensure the existence and uniqueness of solution of the system (7)—(10)? This is what
we will see in the next subsection.

4.1. System Study

In general, the hypotheses that confirm the existence and uniqueness of the solution of an equation
in infinite dimensional space, do not remain the same hypotheses in a finite dimensional space.
Therefrom, in the next theorem we add the necessary conditions in order to ensure that the arising
system (7)—(10) has a unique solution.

Theorem 3. Let (A1)-(A3) be verified. In addition, we assume that

IA|C <1, |[AA<]1l, |AXN|B<I1,
and for all sufficiently small h, then the system (7)—(10) has a unique solution.

Proof. First, it is obvious that Eq. (7) has a unique solution Wy in view of the condition | A | C' < 1.
Now, consider the Euclidean space R3 having the following standard norm:

X X
Vv | eR?, Y[ =l XI+IY[+]2].
Z Z

1

For technical reasons, we define the application ¥; : R — R3, for all 1 <4 < N, by the following

X T(X,Y,Z)
Uiy | =|rax,v,2) |
Z T3(X,Y, Z)
where
i-1
Y1(X,Y,Z) = f(ti) + hwig(ts — t)p(ti i, X, Y, Z) + h Y wig(ti — t5)p(ti, b5, Uj, Vi, W)
=0

i—1
=0
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Yo(X,Y,Z) = f'(t;) + hwiOrg(ti — t;)p(ti ti, X, Y, Z) + hw;g(t; — t;)0p(ti, i, X, Y, Z)

i1

+ thj (Oeg(ts — t5)p(ti, ty, Uy, Vi, W) + g(ti — t)Oep(ti, t5, Uz, Vi, Wi))
=0

= f'(ti) + Mwiho(ti, ti, X, Y, Z) + 07

with
1—1
1912 = hz wj (&gg(ti — tj)go(ti, tj, Uj, Vj, Wj) + g(ti — tj)atgo(ti, tj, Uj, Vj, W])) .
=0
And

Y3(X,Y,Z) = f"(t;) + Mo(tits, X, Y, Z) + 2hw;0yg(t; — t;)0pp(ti, ti, X, Y, Z)
+hw;07g(t; — ti)p(ti, ti, X, Y, Z) + hwig(t; — ;)07 p(ti, t:, X, Y, Z) + 97,
= f"(t;) + Xo(ti, ti, X, Y, Z) + 2h w;Opp(ti, ti, X, Y, Z)
+hw;07 g(0)p(ti ti, X, Y, Z) + 03,

where

i—1
07 = thj (07g(ts — tj)e(ti t;, Uy, Vi, Wy) + g(ti — )07 @t 5, Uy, Vi, W)
=0

i—1
+hz 2wj8tg(ti — tj)(‘)tgo(ti, tj, Uj, ‘G, W])
7=0

Therefore, we can see that

X1 Xs b1
Vilvi | -% Y |=]|8]
Z Z B3

where (1, (2, and (3 are given by

/61 = 07

62 = h‘)\wl (w(tiativaYla Zl) - @(ti,ti,XQ, )/27 ZQ)) )

B3 = Ao(ti ti, X1,Y1, 21) — @(tis ti, Xo, Y2, Z2))
+2)‘th (8t90(tlv tiv X17 Ylv Zl) - at@(tu ti7 X27 Yé7 Z2))
+hwlat2.g(0) (@(ti,ti,Xl, }/17 Zl) - So(ti7ti7X27 }/27 ZQ)) .

As a result, using assumption (As3), and by taking o =| 92g(0) |, we obtain
[Bo| S h|AM@(A| X1 =X [+B |1 =2 [+C | Z1 - 22 ),
B3] < [A(A| X1 =X [+B |1 =Y2 [+C | Z1 = 2 )

2 [N hw (A X1 —Xo [+B | Y1 -Y2 | +C | Z1 — Z |)
+hwo(A| X1 —Xo [+B | Y1 - Y2 [+C | Z1 — Z2 ).
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Thus,

| Bil+ B+ B |Sm|Xi—Xo | +m | Yi=Ya |43 | Z1 — Zo |,

where

m = h| AN @A+ | A | A+2 |\ | hwA + hwoA,
ne = h|AN| @B+ |A|B+2|A| hwB + hwoB,
ng = h|A|@C+ | A C+2| | hwC + hwoC.

If we denote n = max (11, 12,n3), we find:

X1 Xo X1 Xo
Vilyi | %Y <l |- | ¥a
Zl Z2 1 Zl Z2 1

For all sufficiently small i, and during conditions | A |C <1, | A\|A <1, and | A\ | B <1, we get
0 <n < 1. So, we conclude that U; is a contraction from R? into itself. Consequently, the Banach
fixed point theorem confirms us that system (8)—(10) has a unique solution. O

5. ILLUSTRATIVE EXAMPLES
In this section, we discuss two main examples, in order to validate the accuracy and practicality
of the adduced results in this work.
Example 1. Consider the first equation:

t((s +1)* + 2s% 4+ 45 + 2)

(1+ u(s) + w/(s) + ur(s))2 % H/ O 0.1

u(t):/ln(l—l—t—s)
0

1 : ; ; ;
¥ T SO N N 4
: Exact solution

0.8F--------i]  + Approximate solution |.....#..... -
1y ) ERE— ............... .............. .............. ..............
0.6F cocooevenns ............... .............. e -
] I ............... . el ............. 1
[ 10— .............. .............. ...............
03 ............... -4 e A— ]
0.2be i AR— A A ...............
01k i W S— .............. ]
O 0z 0.4 0.6 0.3 1

Fig. 1. Plot of exact and numerical solution of Example 1.
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2.5 T
Exact (ierivative
2 b © Approximate derivative|
LBk ............... .......................... i
T - ............. ............................. J
0.5k ............... ............... .
0 0.2 0.4 0.6 0.8 1
Fig. 2. Plot of exact and numerical derivative of solution of Example 1.
2.0001 : : : T
. s :
. .
P AU S S S S ]
+ "
*
¢
Do
P " & '
Exact second derivative
+ Approximate second derivative b
1.9999 5 i i 5
0 0.2 04 06 08 1

Fig. 3. Plot of exact and numerical second derivative of solution of Example 1.

if we take f(t) = 2t — (t> +t)In(t + 1), we get the exact solution u(t) = 2.

Example 2. Consider the

u(t) = / <t g S) cos (s +t — 12 cos(4s)e® + 13sin(4s)e® + u(s) + u/(s) + u"(s)) ds + f(¢),
0

if we take

second equation:

f(t) = sin(4t) exp(t) — 0.2(cos(t) — 2 cos®(t) — tsin(t) + 1), t € [0,1],

we get the exact solution wu(t) = sin(4t) exp(t).
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Exact solution

_0'5 ............ + Approximate solution |=rrvrrreree .............
ml b RN
LB i
S T T

0 0.2 0.4 0.6 0.8 1

Fig. 4. Plot of exact and numerical solution of Example 2.

5 T T T
d > Exact derivative
: ¢ Approximate derivative
([ EELTETTS SECEEEEE . ISR R ey
B b SHR AR SRR RS SRR NS S S e A
—10 ; : é ;
0 0.2 0.4 0.6 0.8 1

Fig. 5. Plot of exact and numerical derivative of solution of Example 2.

First, we can see that the kernels g(¢, s) and (¢, s, z,y, z) of Example 1 satisfy the assumptions
(A1)—(Asz). Moreover, we have g(t —s) =1In(1 +t¢—s), so g(0) =In(1) = 0 and 9g(0) = X =1, as
well as the Lipschitz constants A, B, and C of the kernel ¢ verifying A= B =C = }1, then we
conclude that the necessary conditions proposed above | A | A< 1, |A| B <1,and |\ |C <1 are
also fulfilled. Regarding to the second example, the kernels g(¢, s), and ¢(t, s, x,y, z) also satisfying
the assumptions (A;)-(Asz). The function g(t —s) = %, gives g(0) = 0 and 9,g(0) = }, and the
Lipschitz constants A, B, and C verify A =B = (C = 1. These confirm us that the conditions
|A|A<1, | 2| B<1,and | A | C < 1 are fulfilled. Consequently, each of the two examples has a
unique solution. Going now to approach their solutions by considering the system (7)—(10). Note
that in all simulations, we have chosen the trapezoidal technique as a quadrature rule, and we have
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20
: g : : S
1| TS . DT S— T —
Exact second derivative
10F------ + Approximate second derivative [ f

0.2 04 06 08 1

Fig. 6. Plot of exact and numerical second derivative of solution of Example 2.

Table 1. Errors analysis of the present method for Example 1

Error N=10 N=100 N=250 N=500 N=1000
Ey 4.37TE-4 4.38E-6 7.01E-7 1.75E-7 4.38E-8
Es 1.87E+4 1.86E-6 2.99E-7 7.47E-8 1.87E-8
E3 3.27TE-4 3.26E-6 5.22E-7 1.30E-7 3.33E-8

Table 2. Errors analysis of the present method for Example 2

Error N=10 N=100 N=250 N=500 N=1000
Ey 2.90E-4 2.90E-6 4.64E-7 1.16E-7 2.90E-8
Ey 7.51E-5 7.51E-7 1.20E-7 3.00E-8 7.51E-9
Es 2.95E-5 2.97E-7 4.81E-8 1.26E-8 3.76E-9

used the Picard method as an iterative scheme. For comparison, we need to introduce the following
error functions:

E, = ti) —U; |, B = "(t;) = Vi |, Esz= "(t;) — Wi
1 oglz'ag}zivm“) il B OISH%%IU(Z) i |, E3 o%%v‘“(l) i,

and by using a different values of IV, we provide some tables and graphical illustrations.

In Figs. 1-6, a plot of the exact and approximate solutions of Examples 1 and 2, with their
derivatives is displayed, which appear to be almost identical with only N = 20. Moreover, Tables 1
and 2, show us that the error functions F;, Fs5, and E3 close to zero when N increases, which
means that the approximate solutions and its derivatives converge to the exact solutions and its
derivatives, respectively. So, these simulation results confirm the accuracy and performance of our
work.
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CONCLUSIONS

In this paper, we have suggested a class of nonlinear integro-differential Volterra equation with

a convolution kernel. First, we have discussed the necessary and sufficient conditions to guarantee
the existence and uniqueness of solution of the proposed equation. Then, we have constructed a
numerical process based on the Nystréom method to obtain an approximate solution of this equation.
As well as, we have also supported our results by some illustrative examples.
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