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Abstract—In the present work, a numerical scheme is constructed for approximation of a class
of Volterra integral equations of convolution type with highly oscillatory kernels. The proposed
numerical technique transforms Volterra integral equations of convolution type into simple algebraic
equations. By the inverse transform, the problem is converted into an integral representation in
the complex plane, and then computed by a suitable quadrature formula. The numerical scheme is
applied to a class of linear and nonlinear Volterra integral equations of convolution type with highly
oscillatory kernels and some of the obtained results are compared with the methods available in
the literature. The main advantage of the present scheme is the transformation of highly oscillatory
problem to non-oscillatory and simple problem. So, a large class of similar integral equations having
highly oscillatory kernels can be approximated very effectively.
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1. INTRODUCTION

Integral equations with oscillatory kernels have numerous applications in many fields of sciences
and engineering like electrostatics, mechanics, fluid mechanics [1, 2], and many others. Among these,
the Volterra integral equations (VIEs) with convolution type kernels are the most important (see, for
example, [3–5] and references therein). For accurate computations of highly oscillatory integrals of
convolution type, many methods have been developed over the years. In many cases, exact analytical
solutions of such type integral equations with highly oscillatory kernels cannot be obtained in a closed
form. Consequently, numerical methods may be a good alternative for efficient computation of such type
of models (see, for example, [6, 7]). Some of the best numerical methods developed very recently can be
found in [8–10]. The most important feature of such problems is the oscillation parameter ω � 1, which
occurs in the kernel of integral equations and thus becomes extremely oscillatory. In that case, most
of the standard collocation methods may face difficulty when applied to solving integral equations with
large oscillations [8, 11–14].

First-kind Volterra integral equations of more general form that have been studied numerically in the
past can be found in [6, 15–17]. The specially developed methods, where an integral is approximated,
contain a large oscillation parameter. The computations of such integrals by quadrature methods are
always difficult and require high costs [18, 19]. The Filon-type approximate methods have been proved
to be the best for approximating integral equations with highly oscillatory kernels [11, 20–22]. More
research is still needed to fully explore the oscillatory behavior of such oscillatory integral equations
theoretically and numerically. In this study, the main objective is to approximate VIEs with highly
oscillatory kernels of convolution type by a transform based method. The VIEs with highly oscillatory
kernels considered in this study are defined by
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t∫

0

κ(x, t)eiωg(x,t)F (x, y(x))dx = f(t), t ∈ [0, T ], (0.1)

where ω is the oscillation parameter, κ(x, t) and g(x, t) is the difference kernel and oscillator, respectively,
f(t) is some smooth function, and F is an unknown nonlinear function. So, we replace the unknown
nonlinear function by another unknown linear function and solve the new linear VIE with highly
oscillatory kernels.

2. ANALYSIS OF THE METHOD FOR VOLTERRA INTEGRAL EQUATIONS

Suppose that y(t) is a function of the variable t, for which the Laplace transform exists:

L [y(t)] = ŷ(s) =

∞∫

0

e−sty(t)dt,

and consequently its inverse Laplace transform also exists:

y(t) =
1

2πι

c+ι∞∫

c−ι∞

estŷ(s)ds.

A convolution type VIE can often be easily handled with the pair of Laplace transforms [23,24]. Let y(t)
be the solution of VIE (0.1). Then its inverse transform ŷ is an extension in the space Z of a subset of
the complex plane and is given by

ŷ : C\Σθ → Z, (1.1)

where

Σθ = {s ∈ C : | arg(−s)| ≤ θ}, 0 < θ <
π

2
, (1.2)

and outside of this sector Σθ, the function ŷ(s) holds the condition

‖ŷ(s)‖ = O(1/|s|).

Consequently, there exists a constant Cθ > 0 such that

‖ŷ(s)‖ ≤ Cθ

|s| , s ∈ C\Σθ. (1.3)

So, the inversion Laplace transform formula is reduced to the form

y(t) =
1

2πι

∫

Θ

etsŷ(s) ds, t > 0, (1.4)

where the contour Θ joins the limits c − ι∞ and c + ι∞. The parametric representation of the path Θ is
defined as σ : (a, b) → C. So, y(t) is given by
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y(t) =
1

2πι

b∫

a

etσ(x)ŷ(σ(x))σ′(x) dx, t > 0. (1.5)

The above integral is approximated by the classical technique [25,26], involving the equal width rule.
So, for a given N ≥ 1, h > 0, xk = kh, −N : k : N , the solution y(t) of VIE (0.1) at any t > 0 can be
computed by the following numerical scheme:

yN(t) =
h

2πι

N∑

k=−N

etσ(xk)ŷ(σ(xk))σ′(xk), t > 0. (1.6)

For the computation of the inverse ŷ for the interval (−∞,+∞), Talbot’s algorithm using the interval
(−π, π) and the modification using the interval (a, b), are very helpful for finding the error estimates by
the trapezoidal rule:

+∞∫

−∞

q(x) dx � h
N∑

k=−N

q(hk), N ≥ 1, h > 0. (1.7)

We use (1.2) when selecting θ. Then for d > 0, α can be chosen so that the following inequalities are
satisfied:

d < min{π/2 − α,α} and d + α + θ < π/2. (1.8)

For the mapping ζ(w) = − sin(α + ιw), w = x + ιY , it is easy to show that the transformation ζ
converted the horizontal path Im w = Y , where −d < Y < d, into the left branch of the hyperbola in the
following equation:

(
Re s

sin(α − Y )

)2

−
(

Im s

cos(α − Y )

)2

= 1.

Therefore, ζ converted the stripe Sd to the left branches when Y = ±d. Let λ > 0, then we have the
mapping

s = σ(w) = λ(1 + ζ(w)). (1.9)

Consequently, Θ is obtained in its parametric form and we can compute the following:

y(t) =

+∞∫

−∞

Qt(x) dx, t > 0,

where the mapping Qt : Sd → X, t > 0, is defined by

Qt(w) =
1

2πι
exp(tσ(w))ŷ(σ(w))σ′(w).

The main advantage of numerical scheme (1.6) is its non-oscillatory nature, which can be computed
very easily and accurately. Another advantage is that the approximate solution u(t) at different times
and its transform ŷ when −N : k : N can be computed very efficiently in parallel. Once the optimal
parameters are chosen for the selected path σ, we can maintain a uniform error over the time interval
[t0,∧t0] with moderate ∧ ≥ 1, for any time t ∈ (t0, T ), where T = ∧t0, t0 ≥ 0 [27].
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2. NUMERICAL EXAMPLES AND APPLICATION

The constructed numerical scheme is applied both for linear and nonlinear Volterra integral equa-
tions (0.1) with highly oscillatory kernels. The method has been tested in terms of error versus quadrature
nodes and error versus oscillation parameters and was also compared with other methods. The above
hyperbolic contour has been derived in the following form:

σ(xk) = η + λ(1 − sin(α − ιxk)). (2.1)

For the best accuracy of all computations, the following optimized shape parameters, corresponding to
the hyperbolic path defined above, can be used: η = 2, α = 0.3812, λ = δrbN

εT , xk = hk, with δ = 0.1,
rb = 2πr, r = 0.3431, xk = hk, ε = cosh−1( 1

δτ sin(α)), h = ε/N , τ = t0/T , t0 = 0.1, T = 5.

Theorem 1 [28]. The unique solution of a first-kind VIE with the linear operator

t∫

0

κ(t − x)eiω(t−x)y(x)dx = f(t), t ∈ [0, T ], (2.2)

is given by

Fig. 1. Numerical solution of Problem 1: actual and estimated errors against N and ω and comparison of exact and
numerical solution.
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y(t) = f ′(t) +

t∫

0

r1(t − x)eiω(t−x)f ′(x)dx − iω

⎛

⎝f(t) +

t∫

0

r1(t − x)eiω(t−x)f(x)dx

⎞

⎠ , (2.3)

where r1(t − x) = κ′(t − x) and it is assumed that κ(0) = 1.

Problem 1. We consider VIE (0.1) for the following functional:

t∫

0

(1 + t − x)eiω(t−x)y(x)dx = t, t ∈ [0, T ], (2.4)

where the exact solution can be obtained from (2.3):

y(t) = 1 − 1
(iω − 1)2

− (iω)2t
(iω − 1)

+
ei(ω−1)t

(iω − 1)2
. (2.5)

The numerical solution of VIE (2.4) for various values of parameters involved is obtained by the present

numerical scheme and shown in Fig. 1. The actual error and error estimate e
−cN
ln N of the numerical scheme

with c = 1 are in good agreement when 5 < N < 102. Figure 1 also shows the actual error versus the

Fig. 2. Numerical solution of Problem 2: actual and estimated errors against N and ω and comparison of exact and
numerical solution.
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parameter ω; one can see high accuracy with 1 < ω < 10, a sudden drop in the accuracy, then a gradual
increase in the accuracy for 10 < ω < 105, and then a gradual decrease in the accuracy when ω > 105.
Figure 1 also indicates that for highly oscillatory kernels, the solution is non-oscillatory.

Problem 2. We consider VIE (0.1) in the following form:

t∫

0

eiω(t−x) ln(y(x))dx = sinh t, t ∈ [0, T ]. (2.6)

Let v(x) = ln(y(x)). We perform the Laplace transform and get the solution

v(t) =
(
e−t(iw + 1)/2 − et(iw + 1)/2

)
. (2.7)

The exact solution of the problem is defined by

y(t) = exp (v(t)) = exp
(
e−t(iw + 1)/2 − et(iw + 1)/2

)
. (2.8)

We have solved this problem by the present method for various values of quadrature nodes along the
hyperbolic contour and oscillation parameter. The results are shown in Fig. 2. Figure 2 presents a

comparison of the actual error and the error estimate e
−cN
ln N for c = 1 of the numerical scheme for various

quadrature nodes; the actual and estimated errors are in good agreement when 1 < N < 102. It is

Fig. 3. Numerical solution of Problem 3: actual and estimated errors against N and ω, and comparison of exact and
numerical solution.
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worth noting that the solution in this case is oscillatory and the accuracy decreases with increase in
the oscillation parameter ω.

Problem 3. In this problem, we consider the following VIE integral equation:

t∫

0

cos(t − x)eiω(t−x)y2(x)dx = f(t), t ∈ [0, T ]. (2.9)

Let v(x) = y2(x). Performing the Laplace transform, we get the solution

v(t) = g1(t) + g2(t) − g3(t) − g4(t). (2.10)

The exact solution of this problem is defined by

y(t) =
√

v(t) =
√

g1(t) + g2(t) − g3(t) − g4(t), (2.11)

g1(t) = sin t + t cos t − iωt sin t, g2(t) =
2iωeiωt

(−ω2 + 1)2
,

g3(t) =
−2ω2 sin(t) + 2iω cos(t)

(−ω2 + 1)2
, g4(t) =

t cos(t) − sin(t) + iωt sin(t)
(−ω2 + 1)

.

The problem is solved for various quadrature nodes N with the varying oscillation parameter ω; the
results are shown in Fig. 3. The solution of this problem is non-oscillatory; it can be seen in Fig. 3, where
the accuracy increases with growth of the oscillation parameter. The actual error and error estimates are
well comparable in a certain range of quadrature nodes.

Problem 4. In the last problem we consider the following linear integral equation with highly oscillatory
kernels:

y(t) +

t∫

0

eiω(t−x)

(t − x)α
y(x)dx = et, (2.12)

where ω is the oscillation parameter, 0 < α < 1, and the exact solution is given by

y(t) = et +

t∫

0

r(t − x)exdx, (2.13)

where the function r(x) is defined by

r(x) = eiωx
∞∑

n=1

(−Γ(1 − α)x1−α)n

xΓ(n(1 − α))
. (2.14)

This particular problem is selected for comparison of the results of the present numerical scheme
with the results of other methods. The numerical and exact solutions of this problem at different times
are shown in Table 1. Values for various other quadrature nodes N and increasing values of the oscillation
parameter ω are shown in Table 2. In comparison, the present numerical method performed better than
the method discussed in [29].
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Table 1. Approximate solution of Problem 4 at α = 0.5 and ω = 104 by present method

t yap yex |yap − yex|

0.01 9.9739e− 001 + 1.2345e− 002i 9.9777e− 001 + 1.1710e− 002i 3.7884e− 004

0.31 1.3463e + 000 + 1.6664e− 002i 1.3463e + 000 + 1.6696e− 002i 3.0164e− 005

0.61 1.8174e + 000 + 2.2494e− 002i 1.8174e + 000 + 2.2483e− 002i 1.7133e− 005

0.71 2.0085e + 000 + 2.4860e− 002i 2.0085e + 000 + 2.4843e− 002i 4.0389e− 009

0.91 2.4532e + 000 + 3.0364e− 002i 2.4532e + 000 + 3.0369e− 002i 1.1908e− 005

Table 2. Approximate solution of Problem 4 at α = 0.5, ω = 104, and t = 0.91 and error = |yap − yex| by present
method

N ω = 1 ω = 102 ω = 104

60 8.5490e− 003 1.7358e− 002 1.7937e− 002

80 1.8834e− 007 1.6597e− 004 1.2324e− 005

100 8.6442e− 013 1.6559e− 004 1.1908e− 005

120 5.3380e− 013 1.6559e− 004 1.1908e− 005

150 4.8173e− 013 1.6559e− 004 1.1908e− 005

[30] 0.1130e− 003 0.5620e− 002 0.1800e− 003

3. CONCLUSIONS

Solving linear and nonlinear Volttera integral equations with highly oscillatory kernels is a challeng-
ing task due to the presence of oscillation parameter in the VIE kernels, particularly so when these
VIEs have oscillatory solutions. The numerical algorithms developed over the years for computing the
inverse Laplace transform are mostly less accurate and ill-conditioned (see, for example, [31,31] and the
references therein). However, the present numerical method, which is based on computing the inverse
Laplace transform formula numerically, performed well. We applied the numerical scheme for linear and
some nonlinear VIEs with highly oscillatory kernels and obtained results of very high order accuracy.
The actual error and the error bound of the numerical scheme are in very good agreement over a range
of quadrature nodes. The present numerical scheme is a very good alternative for similar types of VIEs
with highly oscillatory kernels.
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