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Abstract—Shallow gas in ground water geological layers is of great danger for drilling rigs in the
case of accidental opening of gas deposits. The gas may rise towards the water surface, and its
emission into the atmosphere may threaten the environment. It is very important to forecast the gas
emissions in order to prevent catastrophic destruction of drilling rigs and loss of human lives. This
paper presents the results of numerical simulations of seismic wave propagation towards the water
surface in models with gas deposits in a layered soil for the 3D case. The modeling is carried out
for a 4-year period for layers located at a depth of 1000 m from the sea bottom. The calculation
results (wave patterns and seismograms) show that the gas may approach the water surface in the
4th year of the calculations. The results for a 3D problem are in agreement with those for a 2D
problem obtained by the authors earlier. This is very important, since the calculations can be greatly
simplified.
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1. INTRODUCTION

Gas pockets or near-surface gas are gas reservoirs with anomalously high reservoir pressure (AHRP)
[1–4]. Such gas reservoirs can be located at small (30–100 m) and considerable (1000 m) depths from
the sea bottom. To date these gas pockets have been considered not dangerous, since spontaneous
emissions have been very rare. However, arbitrary gas emissions into the atmosphere become more
frequent due to global warming. This is because many gas pockets hidden in frozen rocks are no longer
gas-tight and begin to spread to the water surface. There are also gas emissions into the atmosphere
due to earthquakes [5].

Accidental opening of gas reservoirs by drilling rigs often takes place. Due to high pressure in the
reservoirs, the gas rises to the surface and enters the atmosphere. This may cause loss of human lives,
damage to the rigs, and increase the gas content in the water. A severe accident took place in the Gulf of
Mexico in 2010 largely as a result of a gas emission with AHRP. it killed 11 people, destroyed a modern
drilling rig, and caused the penetration of a large amount of oil into the gulf (about 0.7 million tons). To
avoid serious consequences from such emissions and undertake timely measures, systematic monitoring
of the territories with gas deposits is required.

Gas pockets are widespread in the North Seas. For instance, the number of only known gas deposits
in the Sea of Okhotsk is about 200 [6], and on the Netherlands shelf it is 150 [7]. Gas pockets can also
be found in the Barents, Pechora, and Kara Seas [8]. Monitoring of all such gas deposits becomes more
difficult every year due to their rapid increase in number and high cost of geological exploration. To avoid
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frequent monitoring of territories with gas pockets, it is proposed to simulate the development of the
detected gas deposits to undertake timely measures aimed at preventing the catastrophic consequences
of possible gas emissions into the atmosphere.

This paper presents the results of three-dimensional simulations of the propagation of seismic waves
in models with gas pockets in a layered structure towards the water surface. Such modeling has already
been carried out for the two-dimensional case and, since the results turned out to be rather realistic (see
[9, 10]), a similar study is performed for the three-dimensional case aimed at obtaining more complete
information about wave processes in media with gas reservoirs. The thus obtained wave patterns of
responses [11] of gas-saturated media for the 2nd, 3rd, and 4th years of calculations have shown that
the gas pockets can approach the water surface on the 4th year of calculations. Seismograms of the
2nd, 3rd, and 4th years of calculations (except for those of the 1st year of calculations, in which no gas
pockets were assumed to be present) have also shown an approach of the gas to the water surface in
the 4th year of calculations. The results of the three-dimensional simulations turned out to be similar to
those of a two-dimensional simulation of seismic wave propagation in models with gas saturated rocks
during a period of four years. This will make it possible to replace the three-dimensional model with a
two-dimensional one to simplify and speed up the calculations.

2. MATHEMATICAL MODEL

To describe various dynamic processes in heterogeneous geological media, the following system of
equations for a linear elastic medium is used [12]:

ρ
∂υ

∂t
= ∇ · σ�, (1)

∂

∂t
σ = λ(∇ · υ)I + μ

(

∇⊗ υ + (∇⊗ υ)�
)

, (2)

where ρ is the density of the material, υ is the velocity, σ is the Cauchy stress tensor, λ and μ are the
Lame parameters determining the properties of the elastic material, I is the unit tensor, and p is the
pressure. In this study the water medium is also described by equations of linear elasticity (1), (2) with a
transverse sound speed close to zero.

3. NUMERICAL METHOD

In this paper, a grid-characteristic method [13, 14] is used to numerically solve the system of
equations (1), (2). This method allows constructing correct numerical algorithms to calculate points
on the boundaries and points lying on the interfaces between two media with different densities and
different Lame parameters. Let us present the system of equations (1), (2) in the following form:

ρ
∂

∂t
υj =

∂σji

∂xi
, (3)

∂

∂t
σij = λ

(
∑

k

∂υk

∂xk

)

Iij + μ
(

∇iυj + ∇jυi

)

, (4)

and rewrite the system of equations (3), (4) in matrix form as follows:

∂q

∂t
+ A1

∂q

∂x1
+ A2

∂q

∂x2
+ A3

∂q

∂x3
= 0, (5)

where q is a vector consisting of three components of velocity and six components of the symmetric
stress tensor:
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q = {υx, υy, υz, σxx, σyy, σzz, σxy, σxz, σyz}�. (6)

In (5), A1, A2, and A3 are matrices which have the following form:

A1 =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 0 0 −1/ρ 0 0 0 0 0

0 0 0 −1/ρ 0 0 0 0 0

0 0 0 0 0 0 0 −1/ρ 0

−λ − 2μ 0 0 0 0 0 0 0 0

0 −λ 0 0 0 0 0 0 0

0 0 −λ 0 0 0 0 0 0

0 −μ 0 0 0 0 0 0 0

0 0 −μ 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

⎞

⎟
⎟
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⎟
⎟
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⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

, (7)

A2 =

⎛
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0 0 0 0 0 0 −1/ρ 0 0
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, (8)

A3 =
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0 0 −λ 0 0 0 0 0 0

0 0 −λ 0 0 0 0 0 0
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. (9)

Applying a method based on splitting of the spatial dimensions to equation (5), we obtain three
systems of one-dimensional equations [15]:
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∂q

∂t
= Aj

∂q

∂xj
, j = 1, 2, 3. (10)

Each of the systems (10) is hyperbolic and has a full set of eigenvectors with real eigenvalues.
Therefore, each of the systems (10) can be presented as

∂q

∂t
= Ωj

−1ΛjΩj
∂q

∂xj
, (11)

where Ωj is a matrix consisting of the eigenvectors, and Λj is a diagonal matrix with the eigenvalues on
the diagonal. In what follows the subscript j will be omitted for simplicity, and the case of only one of the
space coordinates will be considered.

For all coordinates, the matrix Λ is

Λ = diag{c1,−c1, c2,−c2, c2,−c2, 0, 0, 0}, (12)

where c1 =
√

(λ + 2μ)/ρ is the longitudinal speed of sound, and c2 =
√

μ/ρ is the transverse speed of
sound.

Carrying out the change of variables ν = Ωq, we split each of the systems (11) into nine independent
scalar advection equations:

∂ν

∂t
+ Λ

∂ν

∂x
= 0. (13)

The one-dimensional advection equations can be solved by a method of characteristics or using a finite-
difference scheme. Once all components ν are calculated, we can find the solution

qn+1 = Ω−1νn+1. (14)

To solve the advection equations (13), we used a grid-characteristic method based on the third order
accurate Rusanov scheme (see [16, 17]):

νn+1
m = α−2ν

n
m−2 + α−1ν

n
m−1 + α0ν

n
m + α1ν

n
m+1, (15)

where α−2, α−1, α0, and α1 are coefficients that can be found from the condition of third-order
approximation for the scheme by expanding it in a Taylor series about, for instance, the point (xm

n).
The conditions for the second, third, etc. order approximation are determined from the relation

−(−σ)k +
∑

μ,ν

(μ − νσ)kαμ
ν(σ) = 0, (16)

where k = 2, 3, . . . ; μ = 0,±1, . . . ; ν = 1, 0,−1, . . . ; σ = Λτ
h , λ is the speed of advection, τ is the step

of integration in time, and h is the step of integration in the coordinate.
Our scheme is third order approximate. Hence, we obtain four equations of the form (16) for k =

0, 1, 2, 3 for finding the coefficients α−2, α−1, α0, α1:

α−2 + α−1 + α0 + α1 = 1, (17)

−2α−2 − α−1 + α1 = −σ, (18)

4α−2 + α−1 + α1 = σ2, (19)
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−8α−2 − α−1 + α1 = −σ3. (20)

To regularize the numerical solution, a monotonicity criterion [16] was used, which has the following
form for positive values of λ > 0:

min{νn
m, νn

m−1} � νn+1
m � max{νn

m, νn
m−1}, (21)

and for negative values of λ < 0 this criterion is symmetric.

4. BOUNDARY CONDITIONS

To calculate the points on the boundaries of the integration domain, the following equation is
used [18]:

Bqn+1 = b, (22)

where B is a 3 × 9 matrix, b is a three-dimensional vector, and qn+1 is the vector of velocity and stress
tensor components at a point on the integration domain boundary at the next time level, n + 1.

The solution (14) at the next time level, n + 1, is as follows:

qn+1 = Ω(in)νn+1(in) + Ω(out)νn+1(out) = qn+1(in) + Ω(out)νn+1(out), (23)

where Ω(in) and Ω(out) are matrices consisting of columns corresponding to the incoming and outgoing
characteristics of the matrix Ω−1; νn+1(in) can be calculated in the same way as νn+1 for internal points;
νn+1(out) is found from the boundary conditions (22):

νn+1(out) =
(

BΩ(out)
)−1(

b − Bqn+1(in)
)

. (24)

Substituting (24) into (23), we obtain a general formula for calculating the points on the integration
domain boundaries:

qn+1 = qn+1(in) + Ω(out)
(

BΩ(out)
)−1(

b − Bqn+1(in)
)

. (25)

In the present paper, the following boundary conditions are used: a free boundary condition and an
absorption condition. The following equation is used for the free boundary:

σn = 0, (26)

where n is the outward normal vector on the boundary, and σ is the Cauchy stress tensor. The right-hand
side of Eq. (3) is the density of external forces on the boundary (it is zero for the case of a free boundary).
The following equation is used as the absorption condition:

B = Ω(∗), b = 0, (27)

where the matrix Ω(∗) consists of the columns of the matrix of eigenvalues Λ corresponding to the
outgoing characteristics.
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5. NUMERICAL SIMULATION RESULTS

Seismic wave propagation was simulated for models with gas-saturated rocks in a layered ground
for the three-dimensional case. The basic model had nine geological layers: water, silt, three layers
of moisture-saturated sand, three layers of clay, and an oil-containing layer. A schematic diagram of
the basic model is shown in Fig. 1. The numbers on the left, 0, 200, 350, . . . , 1400, indicate the depths
of the geological layers. The upper boundary of the water layer and the lower boundary of the oil-
containing layer were smooth, and the other boundaries were curvilinear. The numbers on the right,
150, 250, . . . , 1170, show maximum values of the lower curvilinear boundaries of the geological layers.
The numbers on the top show the length and width of the model, which are equal to 2000 m.

As a rule, gas pockets are formed in pores of a sand layer. With time, they begin to spread in
all directions due to high pressure inside the pockets [4]. Figure 2 presents a schematic diagram of
propagation of gas-saturated rocks in a layered soil. The rectangle at the bottom is a gas pocket formed
in the sand layer. The arrows show the direction of gas propagation. Figure 2 is also a schematic of
the location of a transmitter-receiver system (a signal transmitter is denoted by the inverted triangle,
and signal receivers are denoted by the triangles on the sides of the transmitter). A Ricker pulse with
a central frequency of 30 Hz was used as the signal transmitter located at the center of the calculation
domain on the water layer surface. 100 signal receivers were installed at the center of the calculation
domain on the water layer surface with a spacing of 10 m. A free boundary condition [19] was set on the
upper boundary of the calculation domain, with non-reflecting boundary conditions on the lateral and
lower boundaries.

The parameters of the geological layers were as follows: the water density was 1000 kg/m3, and
the longitudinal wave speed in water was 1500 m/s. The silt density was 1600 kg/m3, and the speeds of

Fig. 1. Schematic diagram of the 2000 × 2000 m model.

Fig. 2. Schematic diagram of gas propagation through a layered soil and location of a transmitter-receiver system.
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longitudinal and transverse waves in the silt layer were 1600 m/s and 1131 m/s, respectively. The density
of moisture-saturated sand was 1200 kg/m3, and the velocities of longitudinal and transverse waves in
the sand layer were 1600 m/s and 1131 m/s, respectively. The clay density was 2500 kg/m3, and the
speeds of longitudinal and transverse waves in the clay layer were 2000 m/s and 1414 m/s, respectively.
The density of the oil-containing layer was 850 kg/m3, and the speeds of longitudinal and transverse
waves in the oil layer were 1400 m/s and 1000 m/s, respectively. The gas density was 900 kg/m3, and the
speeds of longitudinal and transverse waves in the gas pocket were 1000 m/s and 707 m/s, respectively.
All layers of the basic model in Fig. 1, except for the upper water layer, had an average width of 150 m.
The average width of the water layer was 200 m. The integration domain area was 4 × 106 m2.

Figure 3 shows the models for the first, second, third, and fourth years of calculations. The height of
all gas pockets was 150 m, the length and width was 200 m in the second year of calculations (Fig. 3b);
400 m and 200 m in the third year of calculations (Fig. 3c); and 600 m, 400 m, and 200 m in the fourth
year of calculations (Fig. 3d).

In the calculations, the spacing in the x, y, and z axes in all models was 5 m. The time step was 10−4 s.
A total of 20,000 time steps were made. The calculations for the four models were made using a shock-
capturing method, with appropriate values of the density and speeds of longitudinal and transverse
waves set for each point of the calculation domain. All calculations were made using the third order
accurate Rusanov scheme [16]. The calculation time of the three-dimensional model on a stationary
4-core computer was 12 hours, and for the two-dimensional model it was 4 hours.

Figure 4 presents wave patterns of seismic responses.

Fig. 3. Schematic diagrams of the models. (a) Model for the first year of calculations, no gas pockets; (b) model for the
second year of calculations, one gas pocket; (c) model for the third year of calculations, two gas pockets; (d) model for
the fourth year of calculations, three gas pockets.
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Fig. 4. Wave patterns of seismic responses of gas pockets for the second year of calculations (a, b), third year of
calculations (c, d), and fourth year of calculations (e, f, g, h) for several times.

Figure 4 (left) shows the differences between the wave patterns for the second, third, and fourth years
of calculations and the first year when there are no gas pockets, for obtaining wave responses directly
from the gas pockets. Figure 4 (right) shows enlarged sections of two-dimensional wave patterns for
the wave fields in the left part of Fig. 4. In the wave patterns, the gray color shades show the normal
velocity components in the geological media from 0 m/s (no lines) to 5.5 m/s (black lines). One can
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Fig. 5. Seismograms of wave responses for the second (a), third (b), and fourth (c) years of calculations. Normal velocity
components (gray color shades), seismic traces (x axis), and signal arrival times in ms (y axis).

see in Figs. 4c and 4d that the gas pockets approach the water surface, which may cause, in the near
future, gas emission into the atmosphere. Appropriate measures are needed to avoid further catastrophic
consequences.

An important result is obtaining a so-called “gas pipe” [20]: gas migration channels extending to
large depths (see Figs. 4a–4h). Such gas pipes are always visible on seismograms in geological surveys,
but it is much more difficult to obtain them by simulation.

Figure 5 shows seismograms of wave responses of the gas pockets for the second, third, and fourth
years of calculations. The seismograms in Fig. 5 are the differences between these seismograms and
those for the first year of calculations to obtain seismic signals only from the gas pockets. In Fig. 5 the
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gray color shades show the normal velocity components, where the x axis shows seismic traces 1–150,
and the y axis shows signal arrival times 0–2000 ms. The seismograms in Fig. 5 show the dynamics of
signal increase with time from the second to fourth year of calculations. On the fourth year of calculations
(Fig. 5c), the gas approaches the water surface and may cause gas emission into the atmosphere. This
result is in agreement with the gas approach to the water surface shown in the wave patterns for the
fourth year of calculations (see Figs. 4e–4h).

6. CONCLUSIONS

In this paper, the results of numerical simulations of seismic wave propagation in models with gas-
saturated rocks in a layered soil in the three-dimensional case have been presented.

Equations for the propagation of elastic waves in a linear elastic medium have been formulated.
A grid-characteristic method and the boundary conditions used in all model calculations have been
described. A basic model of the layered medium used in all calculations has been characterized. All
characteristics of the geological layers of the model (density, geometric dimensions, longitudinal and
transverse wave velocities) were given.

Wave patterns of seismic responses of the gas pockets were analyzed. It has been shown that on the
fourth year of calculations the gas-saturated rocks approach the water surface, which may cause, in the
near future, emission into the atmosphere.

Seismograms of responses for the models of the second, third, and fourth years of calculations were
presented. Their analysis (as well as the analysis of wave patterns) has shown that the gas can approach
the water surface on the fourth year of calculations.

The results of the simulations of seismic wave propagation in the three-dimensional models with gas-
saturated rocks on curvilinear grids using the shock-capturing method showed good agreement with
results of real geological surveys in a similar problem statement. The wave patterns and seismograms
for the three-dimensional models are in good agreement with the results of similar studies for two-
dimensional models obtained by the authors earlier [9, 10]. This is very important, since the calculations
can be greatly simplified by replacing the three-dimensional models with the two-dimensional ones in
similar problem statements.
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