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Abstract—1In this paper, we study Korovkin-type approximation for double sequences of positive
linear operators defined on the space of all real valued B—continuous functions via the notion of
statistical convergence in the sense of power series methods instead of Pringsheim convergence.
We present an interesting application that satisfies our new approximation theorem which wasn’t
satisfied the one studied before. In addition, we derive the rate of convergence of the proposed
approximation theorem. Finally, we give a conclusion for periodic functions.
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1. INTRODUCTION AND PRELIMINARIES

The subject of Korovkin-type theory was initiated by Korovkin in 1960 in his pioneering paper [24],
and it has been widely studied later on. It is worthwhile to point out that the Korovkin-type theory is
about approximation to continuous functions by means of positive linear operators (also, see [1, 24]).
Many researchers have studied Korovkin-type theory (see, for example [15, 18, 28, 29]). Moreover, the
theory has been given various motivations such as relaxing the continuity of the functions, relaxing the
notion of convergence. Aiming the improvement of the classical Korovkin theory, Badea et al. used the
space of Bogel-type continuous (simply, B-continuous) functions in place of the ordinary continuity
[3, 4, 6]. Moreover, from a different perspective, Gadjiev and Orhan [23] have used the notion of
statistical convergence in order to prove the Korovkin-type approximation theorem. Afterwards, the
studies including this convergence and its variants have been studied by authors (see[14, 16, 17, 21, 26,
30, 35]).

First, let us recall the notion of Pringsheim convergence.

As usual, N denote the set of all-natural numbers. It is said that a double sequence x = {z, ,, } is
Pringsheim convergent if, for every € > 0, there exists M = M(e) € N such that |z, , — L| < e when-
ever m,n > M. Here, L is called the Pringsheim limit of z and this is denoted by P — lim,, p, €y = L
(see [27]). If there exists a positive number N such that |z, ,| < N for all (m,n) € N> = N x N, then
a double sequence is called bounded. Notice that, unlike a convergent single sequence, a convergent
double sequence need not to be bounded.

Steinhaus [32] and Fast [22] gave the notion of statistical convergence of sequences of real numbers,
independently. There are many variants of statistical convergence in the literature. Recently, Unver and
Orhan introduced statistical convergence with respect to power series methods in [33]. More recently,
Yildiz, Demirci and Dirik [34] extended this notion of convergence to double sequences. Before these
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notions of the statistical type of convergence, let us first remind the notions of natural density and
statistical convergence.

Let K be a subset of Ny. The natural density of K, denoted by ¢ (K), is given by
1
=1 <n:
0 (K) h??ln—i—l#{k_n ke K},

whenever the limit exists, where # {-} denotes the cardinality of a set. It is said that a sequence z = {z,}
is statistically convergent provided that for every e > 0 it holds

0({neNy: |z, —L| >¢e}) =0.

This is denoted by st — lim,, z,, = L. It is evident from the definition that every convergent sequence (in
the usual sense) is statistically convergent to the same limit, while a statistically convergent sequence
need not to be convergent.

Let us turn our attention to the notion of statistical convergence for double sequences.

I E C N3 =N x Ny, then E; . := {(m,n) € E:m < j,n < k}. The double natural density of E,
denoted by d2(E), is given by

1
d2(E) :== P —1i E; g,

whenever the limit exists ([25]). Let # = {x, » } be a number sequence. It is statistically convergent to
Lif for every e > 0, the set

E:=FEjie) ={m<jn<k: |gmn—L| >¢}

has zero natural density, in which case we write sty — limy, 5, ., = L ([25]).

[t follows from the definition that a Pringsheim convergent double sequence is statistically convergent
to the same value while a statistically convergent double sequence need not to be Pringsheim conver-
gent. Notice that, a statistically convergent double sequence need not to be bounded.

Now we recall the statistical convergence with respect to power series methods. First, let us turn our
attention to the power series method.

In what follows {p, ,, } will be a given non-negative real double sequence such that pgy > 0 and the
corresponding power series

o0
p(t,s) = Z DPmnt™s"

m,n=0
has a radius of convergence R with R € (0,00] and ¢, s € (0, R) . If forall ¢, s € (0, R) , the limit
1 o0
li m ntm " mm = L
t,sl—>H}lz—p (t, s)mzn;()p nb S Tm,

exists, then it is said that z is convergent in the sense of power series method, and this is denoted by
sz —lim 2, , = L ([7]). It is worth to point out that the method is regular if and only if

o0 o0
z pmyytm Z pu’nsn
lim ™7 =0 and lim "7 =0, forany pu,v, 1
ts—R-  p(t,s) ts—R- p(t,s) y# (1

hold (see, e.g. [7]).

Remark 1. Let us notice first that in case of R =1, the power series method coincides with
Abel summability method and logarithmic summability method when p,,,, = 1 and py,,, = (m+1)l(n+1)’
respectively. In the case of R = oo, the power series method coincides with Borel summability method
when pp,, = m}n,

In this article, the power series method is always assumed to be regular.

Before giving the next definition, it is worthwhile to point out that, Unver and Orhan [33] have recently
introduced P,-density of £ C Ny and the definition of P,-statistical convergence for single sequences.
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Hence, they have showed that statistical convergence and statistical convergence in the sense of power
series methods are incompatible. In view of their work, Yildiz, Demirci and Dirik [34] have more recently

introduced the definitions of Pg—density of F C Ng = Ny x Ng and Pg—statistical convergence for double
sequences:

Definition 1[34]. Let F C N2. If the limit

6%, (F):= lim Z pmn s"

t,s—R~ pts

exists, then (%p (F) is called the Pg—density of F. Notice that, it is not difficult to see from the definition
of a power series method and P;-density that 0 < 5%17 (F) < 1ifit exists.

Definition 2 [34]. Let z = {z,,,} be a double sequence. Then, z is said to be statistically
convergent to L in the sense of power series method (P2—statistically convergent)if foranye > 0

lim t"s" =0,
t,s—R-p(t,$) Z:erm"

where F. = {(m,n) € N§ : [y,n — L| > ¢}, that is 6} (F.) =0 for any € > 0. This is denoted by
st%ap—lim Tmn = L.

Example 1. Let {p,, ,,} be defined as follows

oo QL om=2ktlandn=2d+1
0, m=2k or n=2I,
and take the sequence {s, ,,} defined by
sy =4 bom=2k+land n=20+1, 4, 2)
mn, m =2k or n=2l,

We calculate that, since for any e > 0,

1
lim Z Pmnt"s" =0,
ts—R-D (,5) (o —13¢]

{smn} is P-statistically convergent to 1. However, the sequence {s,,,,} is not statistically convergent
to 1.

We now pause to collect some basic notions and notations including B-continuity.
Bogel [10—12] first introduced the definition of B-continuity as follows.

Let Xy and X5 be compact subsets of the real numbers, and let D = X; x X5. Then, a function
g: D — Ris called a B-continuous at a point (x,y) € D provided that for every ¢ > 0, there exists
a positive number 6 = §(e) such that |A,, [g (u,v)]| < e, for any (u,v) € D with |u—z| < ¢ and
|v —y| < 6. The symbol A, [g (u,v)] stands for the mixed difference of g defined by

Agylg (u,0)] = g(u,v) — g(u,y) — g(x,v) + g(x,y).

As usual, the symbol Cy (D) stands for the space of all B—continuous functions on D and also, C(D)
(or B(D)) denote the space of all continuous (in the usual sense) functions (or the space of all bounded
function on D). The supremum norm on the spaces B(D) is also given by

llg|| .= sup |g(z,y)| for g€ B(D).
(z,y)eD

Then, it can be easily seen that C(D) C Cy(D). Moreover, one concludes that for any unbounded B-
continuous function of type g(u, v) = g1(u) + g2(v), we have A, , [g (v, v)] = Oforall (z,y), (u,v) € D.

We remind that the following lemma for B-continuous functions was first proved by Badea et al. [4].

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol. 43 No.9 2022



2426 DEMIRCI et al.

Lemma 1 ([4]). If g € Cy(D), then, for every € > 0, there are positive numbers Ai1(e) = A1(e, g)
and As(e) = As(e, g) such that the inequality

Doy lg (w,0)] < |+ Ar(e)(u—2)” + Aa(e) (v — y)?

holds for all (x,y), (u,v) € D.

The paper is organized as follows. In the next section, we study on Korovkin-type approximation for
double sequences of positive linear operators defined on the space of all real-valued B-continuous func-
tions via the notion of statistical convergence in the sense of power series methods instead of Pringsheim
convergence. Then, we present an interesting application that satisfies our new approximation theorem
which wasn’t satisfied the one studied before. In Section 3, we compute the rate of convergence of our
proposed approximation theorem. Finally, we give a conclusion for periodic functions in Section 4.

2. A KOROVKIN-TYPE APPROXIMATION THEOREM
Let T'be a linear operator from Cj, (D) into B (D) . As usual, we say that 7" is a positive linear operator
if g > 0implies T (g) > 0. The value of T'(g) at a point (x,y) € D denoted by T'(g(u, v); x, y) or, briefly,
T(g;,y).
Here and throughout the paper, for fixed (z,y) € D and g € Cy(D), the function G, defined as
follows:

Gay(u,v) = g(u,y) + g(z,v) — g(u,v) Tor (u,v) € D. (3)

It is easy to verify that the B—continuity of g implies the B-continuity of G, for every fixed (z,y) € D,
since it holds

A:c,y [G:C,y(ua 1))] = _Ax,y [g(u7 'U)]
forall (z,y), (u,v) € D. The following test functions are also used throughout the paper
cow,y) =1, elr,y) =z, elry)=y and e(r,y) =2’ +y>
Badea et al. [4] gave the following Korovkin-type approximation theorem via B-continuity.

Theorem 1 [4]. Let {1}, ,} be a sequence of positive linear operators acting from Cy, (D) into
B (D). Assume that the following conditions hold:

(4) Trnn(eo; z,y) = 1 for all (z,y) € D and (m,n) € N2,

(@) Tn(e1; o, y) = er(z,y) + umn(z,y),

(444) Ty (e2; 2,y) = e2(z,y) + Umn(2,Yy),

() Tinn(es; 2, y) = e3(z,y) + wmmn (T, y),
where {umn(x,y)}, {Vmn(z,9)} and {wy,n(z,y)} converge to zero uniformly on D as m,n — oo
(inany manner). Then, the sequence{T,, », (G y; x,y)} converges uniformly to g(z,y) with respect
to (z,y) € D, where G, is given by (3).

[t is worth noting that if the condition (7) is replaced by

(i) Tmn(eo; 7, y) = 1+ amn(z,y)
where {ay, n (2, y)} converge to zero uniformly on D as m,n — oo (in any manner), then the simple, but
not uniform, convergence of the sequence {7, » (Gx,y)} to g for any g € C(D), is obtained.

Now we can give the following main result of the present paper.

Theorem 2. Let {T,,,} be a sequence of positive linear operators acting from Cy (D) into
B (D). Assume that the following conditions hold:

5?31, ({(m,n) : Thpn(eosz,y) =eg (z,y) forall (z,y) € D}) =1 (4)

and
sth, —lm [Ty, p () —eif| =0 for i=1,2,3. (5)
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Then, for all g € Cy(D), we have
stp, —lm || T (Gay) — gll =0, (6)
where G, is given by (3).
Proof. Let (z,y) € D and g € Cy (D) be fixed. Putting
S = {(m,n) : Tryn(eo;z,y) =eo (z,y) forall (z,y) € D}, (7)
thanks to (4), we get that
6?3]3 (S)=1and 5120,, (NR\S) =o0. (8)

Using the B-continuity of the function G, given by (3), Lemma 1 implies that, for every e > 0, there
exist two positive numbers A;(e) and Ay(e) such that

Ay (G (0, 0] < 5 + Ar(e)(u = 2)* + As(e) (v — )? (9)

holds for every (u,v) € D. Also, thanks to (4), we can easily see that
T (G, y) — 9(2,Y) = Tn (Day [Gay(u,0)] 5 2,9) (10)

holds for all (m,n) € S. Since, T}, ,, is linear and positive, for all (m,n) € S, it follows from (9) and (10)
that

T (Gays 2,y) — 9(2,9)| = [Tinn (Auy [Gay(w,0)]52,9)] < Tonn (|Azy [Ga gy (w,0)]|5 2, y)
< ; + A1(8) T ((u— 2)%52,y) + A2(E) T (v — y) 2, 9)

9
< A + 42+ Tnnleaiz,y) = 20T (0132, y) = 2 Tomn(e2i 7. 9)},

where A(e) = max{A4;(¢), A2(e)} and hence,
3

e
[ Tonn (Goys 2, y) = 9(z,y)l < o + Ale) > T (37, y) — ei(z,y)] (11)
=1

holds for all (m,n) € S. Now, taking the supremum over (z,y) € D on the both-sides of inequality (11),
we have for all (m,n) € S

3
9
1Tmn (Gay) = gll < o+ Ale) D T (e) = il (12)
=1

For a given ¢’ > 0, choose ¢ > 0 such that ¢ < 3¢’ and define
K := {(m,n) : HTm,n (Gz,y) -9l > 5/} )

/_
Ki = {(m,n) : HTmm (67,) — GZH Z E;EA(E)E}, 7= 1,2,3.

Thanks to (11), we getK NS C Ule(KZ- N.S), since
3 3
0p, (KNS) <Y 6h, (KinS) <) op, (Ki),

i=1 i=1
and, from hypotheses (5), we get 5123,, (K;) =0,i=1,2,3, yielding

5p, (KN S)=0. (13)
Moreover,

5?3;; ({(m,n) : ||Tm,n (Gr,y) —gll > 5/}) = 5%3;; ({(m,n) : ||Tm,n (Gﬂc,y) —gll > 5,} N S)
+ 5%317 ({(man) : ||Tm,n (Gr,y) —gll > 5/} N (N%\S))
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<63, ({(myn) : || T (Gay) — gl = €'} N S) + 63, (NG\S) .
Thanks to (8) and (13), we can easily see that
55, ({(m,n) || T (Gay) — gl 2 '}) =0,
which means
stp, = lim || T (Gag) = gl = 0.
O

[t is known that, for some g € Cy(D), the function g may be unbounded on the compact set D.
However, thanks to the conditions (4), (9) and (10), we can say that the number

sup |Tmn (Gey; ©,y) — g(2, )|
(z,y)€D

in Theorem 2 is finite for each (m,n) € S, where S is given by (7).

Now, we give an interesting example showing that our result in Theorem 2 is stronger than its
classical version Theorem 1. We also see that the statistical Korovkin-type theorem given in [20] does
not work for our new defined operators.

Example 2. Consider the following the Bernstein—Stancu-type operators [1]

Sm,n,a,ﬁ,%é(QQ x,y) = Z ZGz,y < ats o t> <m> <7Z>x8yt(1 - x)m_s(l - y)n—t7 (14)

== B+m’d+n s
where G, is given by (3), and (z,y) € D = [0,1] x [0,1], «, 3, 7y, 0 are fixed real numbers; g € Cy(D).
Then, thanks to Theorem 1, it is known that for any g € Cy(D)
P_EI%HSm,n,a,B,’y,cg (Q) _g” =0. (15)

Now, we define the following positive linear operators on C (D) as follows:
Tmm (Q; X, y) = Sm,nSm,n,a,B,'y,cS(.g; T, y)7 ( 16)

where {s,, } given by (2). Observe that the sequence of positive linear operators {75, ,,} defined in (16),
satisfies all the hypotheses of Theorem 2. So, by (15) and (2), we have

St%’p — lim ||Tm,n (9) —gll=0.

Since {sp,,} is not P-convergent, the sequence {75, (g;z,y)} given by (16) does not converge
uniformly to the function g € Cy(D). Thus, we get that Theorem | does not work for our new operators
in (16). However, our Theorem 2 still works. Since {s,, 5} is not statistically convergent, the sequence
{Tn(g;z,y)} given by (16) is not statistically uniformly convergent. Hence, the statistical Korovkin-
type theorem given by Dirik, Duman and Demirci [20] does not work.

3. RATES OF PE—STATISTICAL CONVERGENCE

In the present section, we calculate the rates of Pg—statistical convergence of a double sequence of
positive linear operators by means of the modulus of continuity. Now, we begin with following definitions.

Definition 3. Let {oy,} be a positive non-increasing double sequence. A double sequence
x={zmpn}is Pg—statistically convergent to a number L with the rate of o(ay, ) provided that
foreverye > 0,

1
lim Z Pt =0,
ts—R-D (t,5) (mmeh(©)

where M(e) := {(m,n) : |zmn — L| > € apmn}, and denoted by z, , — L = st%gp — o(aym p)-
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Definition 4. Let {o,»} be the same as in Definition 3. A double sequence = = {p,,} is P2-

statistically bounded with the rate of O(ouy,y) provided that for every e > 0,
1
lim Z DPmnt™s™ =0,
ts—R- D (t,8) (meN(E)

where N(e) := {(m,n) : |Zm,n| > € amn}, and denoted by @, = sth — O(am,n)-

Thanks to these definitions, it is possible to get the following auxiliary result.

Lemma 2. Let {zy,,} and {ymn} be double sequences. Assume that {a,,»} and {Bmn} be
positive non-increasing sequences. If xy, , — L1 = st2pp —o(amn) and Ymn — Lo = st%p —o(Bmn)s
then we have

(2) (l‘m,n - Ll) + (ym,n - L2) = St%‘p - O(Vm,n)a where Ym,n ‘= Max {am,m ﬁm,n} fOI’ each (mv ’I’L) €
N3,
(17) Mzmp—L1) = st2pp — o(ay p) for any real number \.

[t is worth noting that, if we replace the symbol “0” with “O”, then we get similar result.

Now we remind the concept of mixed modulus of smoothness. Let g € Cy (D) . The mixed modulus
of smoothness of g, denoted by wyized (g; 01, 02), is given by

Wmized (g; 517 52) = Sup{|Aw,y [g (U7U)” : |’LL - 33| < 517 |U - y| < 52}
for 01,09 > 0. In order to get our main result of this section, we will use the following inequality
Wnized (9 A101, A2d2) < (14 A1) (1 + A2) Winiged (95 61, 02)

for A1, Ao > 0. Several authors used the modulus wyzeq in the framework of “Boolean sum type”
approximation (see, for example, [13]). Elementary properties of wy,izeq can be found in [31] (see also
[2]), and in particular for the case of B-continuous functions in [3].

We can now give the main result of this section, which gives the rate of Pg—statistical convergence.

Theorem 3. Let {T,, .} be a sequence of positive linear operators from Cy, (D) into B (D), and
let {omn} be a positive non-increasing sequence. Assume that the following condition holds:
1

lim > Pmnt™s" =1, (17)
t,s—R p(t,s)(mm)es

where S = {(m,n) : Ty, n(eo; x,y) = eo (x,y) forall(z,y) € D};and
Wmized (.g; TYm,n» 5m7n) = St%‘p - O(Oém,n)a (18)

where pn = /| Tonn ()] and Sy = /| T (0] with 9, v) = (u— 2), W(u,0) = (v — y)°.
Then we get, for all g € Cy, (D),
[ Tnn(Gay) — gl = St%’p — o(am,n),

« »

where Gy, is given by (3). We note that if we replace the symbol “o” with “O”, then we get similar
results.

Proof. Let (z,y) € D and g € Cy, (D) be fixed. Thanks to (17) that

1
li mont s = 0. 19
t,sl—>nll%—p(t, s) Z Pmat” s =0 (19)
(m,n)ENE\S

Also, because of
Az y [Gny(u,v)] = _Aw,y lg(u,v)],
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we observe that
Tinn (Gr,yS xz, y) - 9(33’ y) = Tinn (Ar,y [Gz,y(ua U)] 3Ty y)
holds for all (m,n) € S. Then, using the properties of wyizeq, We obtain

[ Agy [Gay(u, v)]| < Winizea (g [ — 2], [v = y])

1 1
< 1+ |u_x‘ 1+ "U—y| wmiwed(g;(Sla(sQ)'
o1 09

(20)

Hence, from the monotonicity and the linearity of the operators 7T}, ,, for all (m,n) € S, thanks to (20)

that

T (G 2,y) = 9 (2,9)] = [Tonn (B (G (w,0)]52,9)] < Tonn (180, [Gay (u, 0)] |5 2, y)

1 1
STon ([ (14 L Ju—z| ) (14 . Jv =yl )2,y ) Wmiced (9501, 02)
01 09

1 1
= {1 + 51Tm,n (Ju—2|;2,9) + . T (lv—yl|;2,9)

02
1

+ Tm,n (\U—x\-|’0—y|;$7y) Wmized (9§51752)-
102
Then, using the Cauchy—Schwarz inequality, we get that
1 1
Tonin(Gayi 2, y) — g (2, y)| < {1 5, \/Tm,n (i) + o \/Tm,n (W 2,y)

1
T (05 2, T (Vs , mize ; 01,
+ 5152 y (90 x y)\/ s ( €T y)} w d (g 51 52)

(21)

for all (m,n) € S, and taking the supremum over (x,y) € D on the inequality (21), we obtain for all

(m,n) € S that
HTm,n(G:c,y) - QH < dWmized (Q; Ym,n» 5m,n) 5

(22)

where 61 := Yimn = /|| T ()] and 62 := Gy := /|| Trn,n(P)]]. For a given e > 0, let us set the

followings:
U :={(m,n) : || Tnn(Gzy) — gl > €},
€
Ul = {(m,n) : wmimed(g;’}’m,nyém,n) > 4} .
Hence, thanks to (22) thatU NS € U' N S. We can easily see that
1 1
> Pmnt™s" < > pmat™s" < Z Pmnt
p(t’s)(m,n)eUms p(t’s)(m,n)ewms ts (mn Yeu't

Letting t, s — R~ and in view of (18), we conclude that
1

lim Z Pnt™s™ = 0.
ts—R-D (t,5) (mmeUns

Furthermore, if we use the inequality

Z pm,ntmsn = Z pm,ntmsn + Z pm,ntmsn

(m,n)€U (m,n)euns (m,n)eUN(N3\S)

< D punt™s Y punt™s™,

(m,n)eUNS (m,n)ENE\S

(23)
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we get that
1 1
Z DPmnt™s" Z DPmnts" + Z Pmnts". (24)
6s) o S plts), s plts) 2=
m,n) m,n (m,n)eNG\S
Letting t,s — R~ in(24), and by (23) and (19) we conclude that
li ot =
e 2 Pl =0
(m n)elU

which gives the desired result. O

4. CONCLUSION

The paper contains Korovkin-type approximation theorem and the rate of convergence for all real-
valued B—continuous functions via the notion of statistical convergence in the sense of power series
methods. It is worth noting that by considering these results, similar proofs can be obtained for a

sequence {Ty, ,, } of positive linear operators mapping Ba into B (R?) , where Ba, stands for the space
of all real-valued B-continuous and B — 2r-periodic functions on R? (see also [5, 19]).
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