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Abstract—It is considered a model operator h,(k), k € T = (—mn, x|, corresponding to the Hamil-
tonian of systems of two arbitrary quantum particles on a one-dimensional lattice with a special
dispersion function that describes the transfer of a particle from one site to another interacting by a
some short-range attraction potential v, 1 = (po, pt1, 2, p3) € R%. The number of eigenvalues of
the operator h,, (k), k € T depending on the energy of the particle interaction vector p € R% and the
total quasi-momentum & € T is studied.
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1. INTRODUCTION

In the continuous case, the study of spectral properties of the total Hamiltonian of a system of two
particles is reduced to investigating the two-particle Schrédinger operator by separating the energy
of motion of the center of mass so that the two-particle bound states are eigenvectors of the energy
operator with a separated total momentum (in this case, such type operator does not actually depend
on the values of the total momentum) [1]. For the lattice case, the separation of the center of mass
of the system corresponds to the realization of the Hamiltonian as a laminated operator, i.e., as the
direct integral of the family of energy operators h(k) of two particles, depending on the values of the

total quasi-momentum k on the d-dimensional torus T¢ = (—m, 7]¢[2].

The two-particle Schrodinger operator h,(k), k € T3, associated with the Hamiltonian of a system of
two identical particles (bosons) interacting with the pair contact potential of attraction with interaction
energy p > 0 was considered in [3]. It was shown that the operator has either a single eigenvalue or
no eigenvalues depending on the values of the interaction energy x> 0 and the total quasi-momentum
k € T3 of the system of two particles.

In the cases of two bosons or two fermions moving on the lattice and interacting only at the nearest
neighbouring sites, the exact number of eigenvalues of the corresponding two-particle Schrodinger
operator hy(k), u >0, k€ T¢, d=1,2 was found in [4, 5]. In addition, in the papers [6—10] the
spectral properties of the one-particle Hamiltonian describing the motion of one quantum particle on a
lattice in an external field were studied. The number of eigenvalues and their locations were investigated
depending on the values of the interaction energy A, 1 € R (u? + A% > 0).

In the papers [11, 12], systems of two arbitrary quantum particles on a three-dimensional lattice
with some selected dispersion relations interacting with pair attraction potentials were considered. The
dependence of the number of eigenvalues of the family of operators hy,(k), k € T3, u = (p1,..., un) €
RY on the particle interaction energy u € RY and the total quasi-momentum k € T? was investigated.
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In the paper [13] was considered a system of two arbitrary quantum particles on a one-dimensional
lattice with specially selected dispersion relations describing the transfer of a particle from the site s = 0
to the sites s = +2n, n € N interacting with the pair attraction potential. Moreover, in accordance
with the dispersion relations, the interaction potential vy, u = (po, pt1, ..., un) € Rf“ was chosen
so that the Fredholm determinant corresponding to the operator h, (k) was reduced to the product of
the Fredholm determinants of the operators h, (k) and I € {0,1,..., N}. The number of eigenvalues
of the operator h, (k) was investigated depending on the interaction energy of particles and the total
quasi-momentum k € T. Conditions for the existence of the eigenvalues (counting multiplicities ) of the
operator h, (k) lying to the left of the essential spectrum were established.

In this paper, we consider the model operator h,(k), k € T, corresponding to the Hamiltonian of
a system of two arbitrary quantum particles on a one-dimensional lattice with special even dispersion
relations describing the transier of a particle from the site s = 0 to sites s = %2, interacting with the
pair short-range attraction potential. In this case, the energy of pair interactions of particles is an even
function and takes no more than four values pg, p1, po and us.

Let us study the number of eigenvalues of the energy operator b, (k) depending on the energy vector
of pair interactions of particles y = (uo, p1, 2, 13) € R4 and the total quasi-momentum k € T of the
system of two particles.

Since the operator h,(k), k € T is decomposed into the direct sum of the operators h, (k) and
huo(k) acting in the Hilbert spaces of even and odd functions, respectively, it suffices to study the
discrete spectra of these operators.

Further, using properties of the dispersion relations, we represent the Fredholm determinant
Ae(p, k; 2) (Ao(u, k; z)) of the operator hy, (k) (hmo(k‘)) as a product of the Fredholm determinants

hf},l(k) and hff)e(k:) (hf}))(k:) and hf}%(k)) depending only on two pairs of parameters (g, u2) and

(p1, p3), respectively. Moreover,

2 2
Ac(p, ks z) HA” (-t g1, k3 2)and - Ag(p,ks2) = T AD (g1, i1, K3 2)
=1 y=1

and

hpe (k) = BiL (k) © WZL(K), hyuo(k) = R () @ hZ) (k).
Therefore, the number of eigenvalues actually depends only on values of two pairs (pty—1, piy+1), 7y = 1,2
and quasi-momentum k € T. Further, a geometric explanation of the conditions for the existence of

eigenvalues with respect of two pairs (py—1, fty+1), v = 1,2 is given. We split the plane Opopi2 (O,ul,ug)

of parameters pq, p2 € Ry (m, s € R+) (see Fig. 1 and 2) into two components Egl) and Egl) (E?)

and E(2)) and also into two components @((]1) and @gl) (into three components @(()2), @9) and @52)).

Moreover, the operators h(w(k) and h,(]g(k:) acting in Hilbert spaces of even and odd functions have n
and p eigenvalues on the left threshold of the essential spectrum, respectively, for (py—1, fty41) € IE,(;’),
n=1,2and (ji,_1, f1541) € OY), p=0,1,2.

Thus, this geometrical approach allows us to establish lower and upper bounds for the number of
eigenvalues of the operator h,(k), k € T.

Remark that the obtained results clarify and generalize the results of the works [6, 7], and also show
the complex dependence of the number of eigenvalues on the parameters of operators.
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2. FORMULATION OF THE MAIN RESULTS

Let Z be the set of integers and #2(Z x Z) be the Hilbert space of square-summable functions on
7 x 7.

The model operator ﬁu, corresponding to the Hamiltonian of a system of two arbitrary quantum
particles on a one-dimensional lattice, in the coordinate representation, is defined as a bounded self-

adjoint operator acting in (%(Z x Z) by h,, = ho — ©,,, where

(hoth) (n1,m2) = [51(3)1/3(”1 +5,m2) + E2(s)P(n1,ma + 8)],
SEL
(%1/3)(”17”2) = Ou(n1 — nz)%@(nlﬂm).

Here &1 (+), €2(+) are dispersion functions describing the transfer of particles from a site to neighbouring
sites and 0,,(-) is a pair interaction potential of particles defined on Z as

Wlbi, if s=0, 2mpg, il s =0,
Ei(s)=q—,L , il s==2 and  O,(s) = Sy, if s==+l, 1=1,23,
0, otherwise, 0, otherwise,

where m; > 0 is the mass of the i-th particle,i = 1,2 and u,, > 0,7 =0,1,2,3.
Let L?(T x T) be the Hilbert space of square-integrable functions on T x T, T = (—m;x]. The

transition from the coordinate representation of the Hamiltonian 71# to the momentum one h, is realized
by the Fourier transform (see, [2])

Fil@xz) > IATXT), (FOE)=, 3 )@,
s€Z?

The momentum representation h,, as a model operator in L%(T x T) is of the form

hy = FhyF = FhoF ' + Fo, F L.
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Two-particle problem on a lattice with dispersion relations 1 (k1) and ey(ks), k1,ke € T, in the
momentum representation is reduced to study the effective one-particle problem by separating the total
quasi-momentum k = k1 + ko of the two particles and the von Neumann expansion: the two-particle
Hilbert space L?(T x T) is represented as a direct integral associated to the discrete abelian group Z by
shift operators

LT xT)= [ ©L*T)dk.

Hence, the total two-particle Hamiltonian h, appears to be decomposable [14] and

hy = / Shy,(k)dk
T

holds, where the quasi-momentum k of a system of two particles runs through the first Brillouin zone
T =R/(27Z). The layer operator h, (k) continuously depends on k € T. Bound states 1, of the
operator flu(kz) are solutions of the following Schrédinger equation

hu(k)Yer = e(k)ber, ter € L*(T).

Therefore, the spectrum o(h,) of the operator h, expressed in terms of the spectrum of the layer
Schrédinger operators hy, (k) with a fixed quasi-momentum, i.e.,

o(hy) = Ugero(hu(k)) = Uj=1 Uer {e;(k)} U a(ho(k)),

where e;(k), j = 1,2,... are eigenvalues of the layer operator flu(kz).
Using the unitary operator U : L?(T) — L?(T) (see [13])

0(k 1 +ni cos 2k
(Uf)(p):f<p— (2)>, 6(k) = arccos o
\/ + nims cos2k +
2

we reduce the problem of investigating spectral properties of hu(k) to the study of the family of operators
h,(k), k € T,acting in the Hilbert space L*(T) as h,,(k) = ho(k) — v,,, where ho(k) is the multiplication
operator by the function &(+) defined as

1 2 1
Er(p) + a(k)cos2p, a(k) \/m% + — cos 2k + m3

and v, is the integral operator with kernel v,(p — s) = > pncosn(p — s), i.e.,
n=0

(vuf)(p Z/,uncosn —5)f(s)ds, f e L*(T).

According to the Weyl’s theorem on the stability of the essential spectrum [16] the essential spectrum
Oess(hyu(k)) of the operator hy, (k) remains unchanged under a compact perturbation v,, and coincides
with the spectrum of the unperturbed operator hg(k):

Oess(hu(k)) = o(ho(k)) = [m(k), M (k)]
where

m(k) = I;lel% Ek(p) = - + my a(k), M(k)= I;léi% Ex(p) = my + - +a(k).

Ifv, >0, then
(hu(k)f, f) < (ho(k)f. f) < M(K)(f, f),  f€L*T).
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Therefore, the operator h, (k) has no eigenvalues lying to the right of the essential spectrum, that is,
o (hu(k)) N (M(k),00) = 0.

Remark 1. Let L}(T) c L*(T) and L2(T) C L?(T) be subspaces of even and odd functions,
respectively. It is known that the equality L?(T) = L?(T) @ L?(T) holds. Hilbert spaces L2(T)
and L2(T) are invariant under the self-adjoint operator hy, (k). We denote by hy, (k) and h, (k) the
restrictions h“(k)‘Lg(’]I‘) and h“(k)‘Lg(’]I‘) of the operator h, (k) to L2(T) and L2(T), respectively. The

operators hy, (k) and hy, o (k) act on L(T) and L2(T) by the formulas hy,¢(k) = ho(k) — Ve huo(k) =
ho(k) — V0, respectively, where v, . and v, , are integral operators given as

3
Vel 0) = 3 [ i cosnpcosnsf(s)ds, < LA(T)

n=0 T

3

Vol (p) = Z/,un sinnpsinnsf(s)ds, f e L3(T).

n=0 T
Hence,

o(hu(k)) = o(hue(k) Uo(huo(k)) and oa(hu(k)) = oa(hy.e(k)) U oa(huo(k)).
We set

cos nq cos mqdq
Cnm (k3 2) = , cnlk;z) =cpn(k;2), n,m=0,1,2,3 |
(ks2) = [ FpETI ki) = el (1)
and
sin lq sin rqd
sip (ks z) = Ekq(q)—(,]z q, si(k; 2) = sy(k;2), L,r=1,2,3. (2)

Note that the function & (-) has a non-generated minimum only at the points p =0 and p = 7.
Therefore, the integral

sin? lqdq
, 1=1,2,3
T/ Ek(q) —m(k)

is convergent and positive. Denote
a(k)

pu) = (s (ki) ) =),

To formulate results on the number and locations of eigenvalues of the operators h, (k) and hy, (k) we
introduce the following partitions for parameters pg, n2 € Ry and py, pus € Ry:

R? =EMUEY =0V uol) and RZ =EP UEY =0’ vo® uo,

1=1,2,3.

where
2 k)
E(v):{ L cR2 - < po(k) + 15 ( },
1 (Hy—1, fy41) + 1 1 S pia(k) py—1 = p2(k)
2
o ) MQ(k) }
E = —1 E R : > k + ’
2 {(Hv 15 Hoy+1) 7 My > pia(k) piy—1 — piz(k)

O = {(uo p2) € RZ < o < pia(k)y, OV = { (o, pa) € R : o > pa(k)},

w3 (k) } ’

oW = R2 . s (k < pa(k
0 {(m,u?,)e Do < 3pa(k),  ps < pa( )+N1—3N2(/<?)
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o = {( VR < 3ma(k), p> )+ 2P
1 M1, 43 + M w2 r), pH3 > K2 11 — 3ua(k)
2
,Uz(k) }
or > 3us(k), < ua(k) + ;
H1 /142( ) H3 /142( ) [ — 3#2(1{7)
oy = {( VR > (k). s> )+ M2 }
2 M1, 43 + FH1 u2(r),  pH3 > U2 11 — 3ua(k) .

The following theorems describe the number of the eigenvalues of the operators h,, (k) and h, o (k).
Theorem 1. Let either my # mso and keTorm=my=mgandk# £7.

T (po, p2) € Eg), (1, p3) € IE , a,B =1,2, then the operator h, (k) has exactly o+ 3
etgenvalues (counting multzplzcztzes) lying to the left of the essential spectrum.

2. 1 (po, o) € (O)((ll), (11, p3) € @g), a=0,1, 6=0,1,2, then the operator h, ,(k) has exactly
o+ B eigenvalues (counting multiplicities) lying to the left of the essential spectrum.
Theorem 2. Let m = my = mgand k = £7. Then the operators hy, (k) and hy, (k) have exactly

four and three eigenvalues (counting multiplicities), respectively, lying to the left of the essential
spectrum.

The following theorem sets the lower and upper bounds for the number of eigenvalues of the operator
hy(k).

Theorem 3. /. Let either my # moand k € Torm = my = mgand k # +7. Then for eachk € T
the operator h, (k) has at least two and at most seven eigenvalues (counting multiplicities) lying
to the left of the essential spectrum.

2. Let m =my =mg and k = x7. Then the operator h,(k) has exactly seven eigenvalues
(counting multiplicities) lying to the left of the essential spectrum.

Remark 2. Let the conditions of the Theorem 3 (/) be fulfilled. If (uo, 12) € Py, o =1,2,3 and
(p1,p3) € Q, B=1,...,4, then for each k € T the operator h,(k) has exactly a + § eigenvalues
(counting multiplicities) lying to the left of the essential spectrum, where

P, =E"nol’, P=E"nol”, Ppy=E"n @ﬁ”,
@ =EPn0of?, @=E?nof, @=En0f, Q=EPnof.

3. PROOF OF THE MAIN RESULTS
Introduce the function A(k;-) :== A, (k;-) defined in C\[m(k), M (k)] as

A(k; 2) = Ac(k; 2)Ao(k; 2), (3)
where
Aclk;z) = AD (ks 2) AP (ks 2), Aolkiz) = AL (k; 2) AP (ks 2), (4)
AD (ki 2) = (1= paca(ks 2)) (1= naca(ks 2)) = papscks(k; 2) (5)
AD) (ks 2) = (1 — afiaSa(k; z)) (1 — pgsg(k; z ) — oz,ua,ugsaﬁ (k; 2), (6)

a=v—1,8=~v+1,v=1,2. The relation between zeros of A(k;-) and eigenvalues of the operator
hu(k) is established by the following lemma.

Lemma 1. For any k € T, the number z < m(k) is an m-multiple eigenvalue of the operator
hu(k) if and only if z is a zero of A(k;-) with multiplicity m.

A similar lemma was proved in [13].

Corollary 1. For any (py—1,py+1) €ERL, v=1,2 and k € T, the number z < m(k) is an

eigenvalue of the operator hm(k‘) (hm(k‘ ) if and only if it is a zero of the function AL (k;)
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(Agy)(kz; )) v = 1,2. Moreover, each eigenvalue of the operator ) (k) (h,(]g(k:)) is simple (see
offer below 3), where

hild (k) = ho(k)

W v B (k) = ho(k) —v0), 4 =1,2,

(
X 1,0 e
v and v()) are the integral operators defined as
(Vi) (p) = / (Hv—l cos(y — 1)pcos(y = 1)s + puyq1 cos(y + 1)pcos(y + 1)3)f(5)d5,
T

v ) (p) = / (M'y—l sin(y — 1)psin(y — 1)s + py41 sin(y + )psin(y + 1)8)f(8)d8-
T

Proposition 1. 1. For any k£ € T, the functions ¢, (k;-), n+m =0,2,4,6, n,m =0,1,2,3 and
sie(k;e), 1+1r=2,4,6, l,r=1,2,3 are analytic in C\[m(k), M (k)], and posmve increasing mono-
tonically in (—oo, m(k))

II. Let either my # mg and k € T or m = my = mg and k # £7. Then for any p1,—1 >0, pty41 > 0,
v = 1, 2 the equalities (asymptotic expansions)

AD) (ks 2) = E(_’g (k) (m(k) — 2) 2 + B (k) + O((m(k) — 2)), 2 — m(k) — 0, (7)
AD) (k; 2) = O (k) + O((m(k) — 2)2), 2z — m(k) =0 (8)
hold, where
EC) (k) VT [M’Y—IHW—H = (By—1+ M'y+1)#2(k‘)]
E VH(k) |

) 203 (k) + [(v — Dppy—1 + (v + 1)u7+1} p2(k) = (v + 1)py—1py+1

B0 = 24301 ’

00 (k) = 203 (k) — [(’v = Dpyr + (v + 1)#7+1]N2(k) + (7 = Dity—1py41

205 (k)

Proof. 1. The positivity of the functions ¢, (k;-), n = 0,1,2,3 and s;(k;-), | = 1,2, 3, defined by (1)
and (2), directly follows from the nonnegativity of the integrands and the monotonicity of the Lebesgue
integral.

Let’s represent the functions coa (k; -), c13(k; -) and sq3(k;-) as

s
cos 2q 1 cos q cos 3q
k; k;z) = d

coa(3 2) = /A—cosZ ¢, cis(kiz) a(k) / A — cos2q ¢

—Tr
s
1 sin ¢ sin 3¢
a(k) | A—cos2q “

—Tr

si3(k; 2) =
where A : =1+ ((,)g) > 1for z < m(k). One can easily check that

q =27

/ cos 2q A—A2 -1
A—coqu VA2 -1
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™

cosqcoqud T A—-VA2-1+1

A — cos2q q_\/A2—1 A+VA2 -1

—T

9

™

sinqsin3qd T VA2 —1-(A-1)

A—cos2qq_\/A2—1 A++VA2 -1

From these and the inequality A > 1, it follows that the functions cga(k;-), c13(k;-) and si3(k;-) are
positive for z < m(k).

The positivity of the derivatives of the functions ¢, (k;-), n = 0,1,2,3 and s;(k;+), 1 = 1,2,3 in z also
follows from the nonnegativity of the integrands and the monotonicity of the Lebesgue integral.

The derivatives of the functions ¢z (k; -), c13(k; -) and s13(k;-) in z are represented as

Ocoa(k;z) 1 /7T cos 2¢q dq
0z a(k) (F(z) — cos 2q)2 ,

0cy3(k; 2) 1 j €OS ¢ cos 3¢
= 2 dq,
0z a(k:)_ﬁ (F(2) — cos2q)

Os13(k;z) 1 ] sin g sin 3¢ da,

0z a a(k:)_ﬁ (F(2) — cos 2q)2
where F(z) := (ml_l +myt — z)/a(k) > 1for z < m(k). Hence, we have

Ocoa(kyz) 2 ] cos 2q dg

0z  a(k) J (F(z) — cos 2q)2

™

Representing the integral as a sum of two integrals over the intervals [0, 7] and [, 7], in the second

integral making the change of variable ¢ := ¢ + 7 and using the identity cos(z — m) = — cos x we get
™ 5
2 / cos 2¢q 8F(2) / cos? 2¢q
dg = dg > 0.
a(k) J (F(2) — cos 2q)? a(k) J (F(z) — cos 2q)2

The nonnegativity of the integrands and the monotonicity of the Lebesgue integral imply the
positivity of dcga (k; z)/0z. Therefore, the function o2 (k; -) monotonically increases in (—oo, m(k)). The
monotonicity of the functions ¢13(k; -) and s13(k; -) is proved similarly.

[1. We prove assertion II of the Proposition 1 fory = 1. For the case v = 2, the proof is similar to that
of part I. Note that for v = 1 the equalities (5) and (6) have the following forms

Agl)(lﬁ z) = (1 — poco(k; Z)) (1 — pgca(k; z)) — ,LL(),LLQC%QUC; z), A(()l)(k:; z) =1 — pasq(k; 2).

Computing the integrals in (1) and (2), we obtain the following equalities
1

Ver(m(k) — z) "2
Va(k)

V2r(m(k) — z) 2 2 n V2 (m(k) — z);

co(k; 2) = f(k; 2),

coz(k; 2) = Ja(k) Jks2) = o Ve h) f(k;2),
(ke ) = \/271'(771(]43)—2)_; ) 27 2\/27T(m(k:)—z)% ) 2mr(m(k) — z)
2(ka ) - \/a(k:) f(k7 ) a(k‘) + \/a?’(k) g(kﬂ ) (12(]6') )
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_ 2 2v/2m (m(k) — z); . 2m(m(k) — z)
a(k) Va3 (k) gkiz) + a2(k)

where

)= 1 )= m(k) — z
TED= iy 9052 \/1+ (k)

Further, expanding the functions f(k; z) and g(k; z) in Taylor series in neighbourhood of the point
z = m(k), we obtain

Flkiz) =1 — 4;]{:) (m(k) — =) +0((m(k) —27), == m(k) ~0,
glkiz) =1+ 4;]{) (m(k:) - z) + O((m(k) - z)2), 2 — m(k) — 0.

Using these equations, we obtain the following asymptotic expansions

V2 —3 V2 > 3
colk: ) = Wf(k) (m(k) —=) " - ) \/(j(kz))?’ (mk) ~2)* +0((mk) ~ 2)3), == m(k) 0,

Vor -5 2w 3v/2r 2 3
con(k; 2) = Jat (m(k) - z) = a9 " 4 /(a)) (m(k) - z> + 0((m(k,-) - z)2>,

z—m(k) =0,
V2r -5 27 V21 >
eo(k; 2) = Jalt (m(k) - z> =) * 4 /(a)) (m(kz) - z>
2w

= a2 (m(k) - z> +O((m(kz) - z)S’), 2 — m(k) — 0,

QQ(Z) B %2(:%)3 (mk) = 2)* +O(m(k) —2), == m(k) - 0.

Substituting these expansions into (5) and (6), respectively, we obtain the relations (7) and (8) fory = 1.
O

so(k;z) =

Proposition 2. I. For any p, > 0,n =0,1,2,3 and k € T, the function 1 — u,c,(k;-) has a unique
zero (p (k) € (—oo,m(k)), i.e.,
1 — pnen(k; (k) =0, n=0,1,2,3. (9)

II. Let either my # mg and k € T or m = m1 = mg and k # £75. Then for any iy > 0,1 =1,2,3
and k € T the following statements are true:

10 < k), then the function 1 — pys;(k;-), 1 = 1,2,3 has no zeros in (—oo, m(k)).

2.1 wy > k), then the function 1 — ysi(k;-), 1 = 1,2,3 has a single zero (k) < m(k).

Proof. 1. By virtue of the Proposition 1 for fixed p,,, » = 0,1,2,3 and k& € T the function 1 — py,cp, (k3 -)
continuous and monotonically decreases in (—oo, m(k)). In addition, the equalities

li 1 — pnen(k; =1, li 1 — ppen(k; = —
dim (1= pmen(k; 2)) i (1= pnen(k;2)) = —oo
hold. This implies statement I of Proposition 2.
[I.1. By virtue of the Proposition 1 for fixed p;, I =1,2,3 and k € T the function 1 — u;s;(k;-) is
continuous and monotonically decreases in (—oo, m(k)). In addition, the following relations
i

>0 as 0<pu <k
(k) = < (k)

lim (1= si(k; 2)) =1 — wsi(k;m(k)) =1 -

z—m(k)—

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol. 43 No.2 2022



362 BOZOROV, KHURRAMOV
hold. Hence,
1—si(k;z) > 1 —wsi(k;m(k)) >0 for z <m(k).

I1.2. Let g > pi(k), 1 = 1,2,3. Since the function s;(k;-) is continuous and monotone, taking into
account the relations

lim (1— wsi(k;2)) =1,

Z—>—00
. 2]
| 1-— k: = (1— k:m(k))) =1— <0
Z_mir(llg)_o( psi(k; z)) = (1 — pusi(k;m(k))) k) <0
we obtain statement 11.2. O

Note that rank(v{) = 2 (mnk(vﬁ@) < 2), v = 1,2. Therefore, the following lemma holds.

Lemma 2. The operator hf]g(k) (h,%(k:)) v = 1,2 has at most two eigenvalues (counting
multiplicities) lying to the left of z = m(k).
Note that by virtue of the corollary 1 and the relation (3) the study of the zeros of the function A(k;-)

reduces to study of zeros of the functions Ag)(k‘; -) and A((;’)(k; ), v = 1,2, defined by (5) and (6),
respectively.
We set

nion (k) = min{i, 1 (k). (1)), 2 (k) = max{m, 1 (k). (R)), 7= 1,2
and
gmin(k) = min{gl(k)a 53(16)}7 gmax(k) = max{&l(k), 53(13)}

The following proposition completely describe locations of the eigenvalues of the operators h, (k)
and hy, (k).

Proposition 3. Let either my # my and k € T or m =m; =mg and k # £75. Then for any
(fy—1s py+1) € R, v = 1,2 the following statements are true:

I AF (pyr, pis1) € BV, then the function A (k;-) has a single zero in 25 (k) < m(k).
Moreover, 20V (k) < ng’i)n(k).

1L AT (py—1, poyt1) € ES), then the function A (k;-) has only two zeros 2V (k) < m(k) and

zéﬂ)(k:) < m(k). Moreover, the inequalities

0 (k) < i (k) < mQ) (k) < =0 (k)
hold.

I 1f (110, i) € OV (1, p3) € (0)82)), then the function A5 (k;) (Agz)(k:; -)) has no zeros in
(=00, m(k)).

IV If (o, p12) € OY (1, p3) € (O)gz)), then the function AV (k; ) (A(()Q)(k; 1)) has a single zero
MRy <m(k) 5V (k) < m(k) and 28V (k) < &uin(k)).

Vo If (1, p13) € (0)52), then the function ASQ)(k:; -) has only two zeros zﬁzl)(kz) <m(k) and
2522)(k:) < m(k). Moreover, the inequalities

2 () < Emin(k) < Emax(k) < 27 (k)

hold.
Proof. 1. By the statement I of the Proposition 2, the functions 1 — py—1cy—1(k;-) and 1 —

py+1¢y+1(k;-), v =1,2 decrease monotonically and have unique zeros 7,—1(k) and ny41(k) in
")

1- uﬂ,_lcﬂ,_l(k‘; z)>1-— M7_1C~,—1(k;777—1(k)) =0,
1-— Mv+10~/+1(k‘% z)>1-— M7+1C~/+1(k;777+1(k)) = 0.

(—o0, m(k)), respectively. Therefore for any z < 0 (k), we have
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From these and the statement I of the Proposition 3, we obtain the inequality

8Agy> (k; 2) Ocqy(k; 2) Ocs(k; 2)
9z = ~Ha 92 (1 - /LgCﬁ(k‘, Z)) —HB 9 (1 — paca(k; Z))

Ocap(k; 2
™ PHattpcap(k;2) aﬁa(z V<0 a=y-1 p=qt1 y=12

forall z < nr(gi)n(k), i.e., the function Aéw)(k; -) decreases monotonically in (—oo, nr(gl)n(k)) The equalities
(1), (5) and (9) imply the equalities
lim AP (kiz) =1, AP (k1) (k) = —pappcd (ks niiy (k) < 0 (10)

min man

fora =v—1,8=v+1,v=1,2. Therefore, there exists a unique number zéyl)(k:) < nr(gl)n(k) such that
AD (5, 20M (k) = 0.

The function Agy)(kz; -) has no zeros in the interval (nr(gi)n(k), m(k)), namely
AD(k;2) <0 for 2z e () (k), m(k)). (11)

min

gv), y=1,2and ne (77(7) (k), m(k)) the inequality

min

Indeed, assuming contrary, for (py—1,fty41) € E
Ag’)(kz; n) > 0 is executed. Then by virtue (10) and  lim OAg’)(k:; z) < 0, according to continuity

z—m(k)—

AY (k;-), it has at least two zeros (counting multiplicities) in ( ™) (k), m(k)), hence by (5) the function

Thin

Ag’)(k; -) has at least three zeros in (—oo, m(k)), which contradicts the assertion of the Lemma 2.

By virtue of the Lemma 2, the inequality (11) implies that the function Ap)(kz; -) has no zeros in
( ")

Npin (K), m(k)), which proves the assertion I of the proposition.

[1. Since the condition of this item gives the relations

lim  AD(k;z) = +00
z—m(k)—0

and A (k;2) <0 for 2z € (20 (%), 7l (k)), the function A (k;-) has a zero z =20 (k) on

(nr(ggx(k),m(k)) This z = zéﬂ)(k:) is a single zero in (nr(ggx(k),m(k)), since by the Lemma 2 the

operator hfﬁg(kz), ~v = 1,2 has at most two eigenvalues.

[II. Let 2 < m(k). By the statement I of the Proposition 1 the functions s, (k;-), n =1,2,3 and
s13(k;-) monotonically increase in (—oo,m(k)). Therefore, by virtue of the statement II.1 of the
Proposition 2, the following inequalities s13(k; z) < s13(k;m(k)) and

1 — pnsn(k;2) > 1 — ppsp(k;m(k)) >0 for 2z < m(k)

hold. Hence, from (6) and (pty—1, fty+1) € (O)g’)
AW (k;2) > AW (k;m(k)) > 0,
AP (k) > (1= psi(smk) ) (1= pgss(ksm(k)) ) — ppssy (ks m(k)) = 0.

Therefore, the function A,(;’)(k; -), ¥ = 1,2 does not have zeros in (—oo, m(k)).

,v = 1,2, we have

The assertions [V and V of the proposition are proved similarly. O

Proof of the Theorem 1. 1. Let z < m(k). According to the statements I and II of the Proposition 3,

we have
A(l)(k:;- _ { has a single zero  if  (po, p2) € Egl),

¢ has only two zeros il (uo, 12) € Egl),
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i i (2)
A(z)(k‘; )= { has a single zero  if  (p1,u3) € By,

has only two zeros il (u1,13) € EgQ).

By the Lemma 1, taking into account the representations (3)—(6) and statement 1 of the Theorem 1,

the operator h,, (k) has o + 3, o, 8 = 1, 2 eigenvalues for (pg, p2) € E&l) and (u1,u3) € IE(;).

2. Let z < m(k). By the statements I1I—V of the Proposition 3, we have

AW () = hasno zeros  if  (po, p2) € @81)7
o 5 has a single zero  if (o, u2) € @gl)’

hasno zeros il (u1,pu3) € @((]2),

AP (k;-) = { hasasinglezero i (u1, pus) € O,

has only two zeros il (p1,13) € (O)g).
The statement 2 of Theorem 1 follows from the Lemma 1. O
Proof of the Theorem 2. Let m = m; = my and k = £7. In this case, the function &(-) does
not depend on p € T, that is, &(p) = m(k) = 2. This implies coa(k; z) = c13(k; 2) = s13(k; 2) = 0.
Elementary calculations show that the functions A (k; ) and A, (k; -), determined by (4), have the forms

3 3
Ac(kiz) =[] ¢n(kiz) and Ao(k;2) = [[i(k: 2),
n=0 =1

where
2mm ™

2 m)’ ¢n(kaz) = wn(k; Z) =1- 1

Due to the continuity and monotonicity of the function ¢, (k; ) (resp. 1 (k;-)), taking into account the
equalities

¢O(ka2):1—ﬂo ) n:17273'

n
2—zm

111211 bn(k; 2) = —o0, lim ¢y, (k;2) =1

z— 2 —0 Z——00
m

(resp. lim Yi(k;z) = —oo,  lim Yy(k;2) = 1) ,

z— 2 —0 Z——00
m

we conclude that the function ¢p(k;-) (respectively, ¢;(k;-)) has a unique zero in (—oo,m(k)).

Therefore, the function A.(k; ) (respectively, A,(k; -)) has four zeros 29 (uo) = 2 — 27, 2 () =

2
m

— T, n = 1,2,3 (resp. three zeros 20 () = 2 —mw, 1 =1,2,3) in the interval (—oo, m(k)).
According to the Lemma 1, we obtain the proof of the assertion of the Theorem 2. O

The proof of the Theorem 3 follows from the Lemma 1, Proposition 3 and Theorems 1, 2.
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