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1. INTRODUCTION AND STATEMENTS OF RESULTS

Let M™ be a closed n-manifold. A flow f* on M™ is called Morse-Smale if its non-wandering set
consists of a finite set of hyperbolic equilibria and closed trajectories, and invariant manifolds of equilibria
and closed trajectories have only transversal intersection. A Morse-Smale flow is called gradient-like
if its non-wandering set does not contain closed trajectories.

Recall that a Morse index of hyperbolic equilibrium p is the number equal to the dimension of the
unstable manifold W' of p.

We suppose that n = 3 and the manifold M?3 is oriented. Let us denote by Q4+ the set of all equilibria
of gradient-like flow f* on M? and by 0, the set of equilibria of Morse index i € {0,1,2,3}. Equilibria
of Morse indices 0 and 3 are called nodes (sinks and sources, respectively), equilibria of Morse indices
1,2 are called saddles. Set ¥ = Q' U Q2.

The following notation introduced similar to [2].

Definition 1. A gradient-like flow f' on M?® has surface dynamics (belongs to a class
GSD(M?3)) if the set X can be represented as the union of two disjoint subsets ¥, ¥, such that
each connected component of the sets Ape = Wy, U 0o, Rpe=Wg U O3 is an oriented locally flat
surfacel).

In [1] a topology of manifolds admitting flows from GSD(M?3) was studied. In particular it was
proved, that M3 is a mapping torus, that is M3 is diffeomorphic to a quotient space Mgft77ft =
Sge X [0,1]/ ~ of the direct product of an oriented surface Sg,. of a genus gy and the interval [0,1]
under an equivalence relation (z,1) ~ (74:(2),0), where 74t : Sy« — Sy is an orientation preserving
diffeomorphism.

In this paper we clarify the structure of ambient manifolds for flows from GSD(M?3) under the
condition that invariant manifolds of saddle equilibria have simple asymptotic behavior (see definition 2).
Main results of the paper are the following.
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DLet us recall that a surface Sy C M? is locally flat if for any point € S, there exist a neighborhood U, C M? and a
homeomorphism h,, : U, — R® such that h, (S, N U.) = Ozy.
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902 GRINES et al.

Theorem 1. I invariant manifolds of saddle equilibria of a flow f' € GSD(M?3) have simple
asymptotic behavior, then the manifold M3 is Seifert and gluing map T is periodic.

Theorem 2. For any oriented surface Sy and any orientation preserving periodic diffeo-
morphism T : S, — S, there exists a gradient-like flow f' € GSD(M?3) with simple asymptotic
behavior of invariant manifolds of saddles, and M3 is the mapping torus M3.

2. AUXILIARY FACTS AND BASIC DEFINITIONS

In [2, Theorems 1, 2], [4, Lemma 1, Theorem 1] the topology of manifolds admitting gradient-like
cascades with surface dynamics was studied. Since a time one shift along trajectories of gradient-like
flow with surface dynamics is such a cascade then results of these papers can be adopted to flows in the
following way.

Proposition 1. Let ft € GSD(M?3) then there exist integers k¢i,gpe > 0 and an orientation
preserving diffeomorphism Ty of an oriented surface ngt of a genus gy such that:

1. Sets Agi, Ryt consist of the same number kgt of connected components, each of which is
homeomorphic to Sy, .

2. Each connected component of the set Api.(Ryt) is an attractor (repeller)?

3. The closure of each connected component of the set M?>\ (Apt URye) is homeomorphic to
the direct product Sq,, x [0, 1].

4. The manufold M?3 is diffeomorphic to the quotient space M,
equivalence relation (z,1) ~ (14:(z),0).

Let 0 € . Recall that a connected component of the stable (unstable) manifold W2\ o (W¥\ o) is
called the stable (unstable) separatrix of o.

Let ot C Q', 62 C Q% be points such that W¥% NW?, # @. According to[3] any connected compo-
nent of the intersection WY N W2, # @ is called heteroclinic trajectory.

e = Sgpp X [0,1]/ ~ under the

Let V be a connected component of the set M3\ (A UR ). Then, due to Proposition 1 there exist
connected components A, R of A, R, respectively, such that OV = AU R. Set Q4 = Qp N A, QY =
VNA i€{0,1,2}, Qp=QuNR, Q% =W NR, je{1,2,3}. Then the following equalities hold:
A= U Wy,R= U W,.

PEN A PEQR

Due to [5, Theorem 2.3] and [2, Lemmas 1, 2] the following statement is true.

Proposition 2. Let o' € QY and w € QY. Then:

[. W C Aand exist points wy,w_ € QY (it is possible, w, = w_) such that cl Wi\
wy Uw_.

2. there exist points o3 ,0% € Q2 (it is possible, 03 = o2 ) such that the set W*, N (W:i UWY)

consists of exactly two different heteroclinic trajectories.

[
ol

3. there exists a point oy € QF, such that w C cd WY

Similar statement is true for points 02 € Q% and a € Q% with formal change of symbols 4,0, 1,2, s,u
by R, 3,2,1,u,s, respectively.

Definition 2. We say that invariant manifolds of saddle equilibria of a flow ft C GSD(M?)
have simple asymptotic behavior if for any triple of connected components A C Ap, R C
Rye,V.C M3\ (Ape URye) such that 9V = AU R the following conditions hold (see Figure 1):

Dlnvariant set A is called an attractor of aflow f* if there exists a closed neighborhood (trapping neighborhood) V c M3

such that all trajectories of the flow f* intersect the boundary of V' transversally, and A = [ f*(V). The set R is called a
t>0

repeller of f* if it is an attractor for f~*., and the restriction of the flows f* on this component is topologically equivalent
to a gradient-like flow.
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Fig. 1. Simple asymptotic behavior of invariant manifolds of saddle equilibria.

. . l 1 l . .
1. Jor any two different points o, ,0, 4 € Q0 the closures of separatrices lgi K lgi , C V contain

different points wy,ws C QY;

2. for any two different points 0271, 0272 € Q2 the closures of separatrices ljz o lfrg , C V contain

different points oy, o C Q3

3. for any point o} C QY there exists exactly one point o2 C Q% such that the intersection
VVS N W“ NV is not empty, for any point o2 C 92 there exists exactly one point o} C QY such
that WS N W“ NV is not empty;

4. for any pomts ole Yy, ol e 92 the intersection WS N W NV is either empty or consists
of exactly one heteroclinic curve.

Let us denote by GSDS(M?) the subset of GSD(M?) consisting of flows with the simple asymptotic
behavior of separatrices.

3. CELLS OF GSDS-FLOWS

For a flows f! € GSDS(M?3) let us denote by I'4 (I'g) a union of all equilibria, one-dimensional
separatrices and heteroclinic trajectories of f* that belong to A(R) and by f% (f) the restriction of f*
on A(R). The setT" 4 is support for a graph whose vertices are equilibria, and edges are one-dimensional
separatrices and heteroclinic trajectories. Let us denote by E(I"4) the set of connected components of
thesetI'y \ Q4.

Definition 3. A connected component of the set A\T 4 (R\T'r) is called two-dimensional cell

of the flow % (fF).
It follows from proposition 2 the description of all possible types of two-dimensional cells (see

Figure 2).
Proposition 3. The boundary da of a two-dimensional cell a of the flow f! have one of the
following type:
a1) da consists of a sink w, € O, saddles oy 0 € Yy, separatrices I, 1% of oy, 04 _
a,+ a,—

whose closures contain w,, a saddle ag e Q% and heteroclinic curves Yoz, , C Wi ﬂ Ws ,
a7 a+

S .

Vo200 C W OWE

as) Oa conszsts of a sink wq, an unstable manifold WY, of a point os € QY whose closure
contain w,, a saddle o} € 0% and a heteroclinic curve 7,2 ;1 C W' N W5,

a3) Oa consists of a sink w,, a saddle oy, a separatrix I, such that w, € cl 1%, a saddle o} € 03
o1 CWHNWE,.

o2
The boundary dr of any two-dimensional cell v of f} has exactly one of the following three
types:

and heteroclinic curves ’y 2 15
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Fig. 2. Two-dimensional cells of GSD-flows.

r1) Or consists of a source a, € 0%, saddles o} 07 _ € O3, separatrices %, 15, , whose
) ) -t —

H 1 1 H u s
closures contain o, a saddle o, € ), and heteroclinic curves Vo2 ot C ng W, Vo2 o1 C
[[;2 N ”;1;
T, — 7"
r2) Or consists of a source o, a stable manifold W?, of a saddle o2 C Q% whose closure
T

contains a,., a saddle o} C Q}% and a heteroclinic curve Vo200 CWHNWE
T r r

r3) Or consists of a source ., a saddle o? C Q%, a separatrix [Y, whose closure contains ., a
2
1 1 L u s
saddle o, C Sy, and heteroclinic curves Vg2 51,72 51 C WU% N WU}.

Let us denote by I''j a subset of I' 4 that contains all one-dimensional separatrices of saddles from the
set Q1.

Proposition 4. I'Y} is connected.

Proof. Let us choose a set of pair-wise disjoint disks {Dq}qegi bounded by circles that meet

trajectories of fY transversally and such that ¢ € int Dy, Dy € W for any g € Q5. Set U = A\
U int D,. By definition the set U is connected, f*(U) C int f*(U) while t > s, and T'Y C int U.
qGQg
Moreover, I'y = () fY(U). Then I'Y is connected as an the intersection of compact connected nested
>0
sets. O

Definition4. Let f' € GSDS(M?3). A connected component of M3\ | (cl Wy Uc Wy)is called
pEX

three-dimensional cell of the flow f*.
Proposition below immediately follows from the definition 2 of the class GSDS(M?3).

Proposition 5. Let ft € GSDS(M?3). Then for any three-dimensional cell C3 of ftits boundary
0C? has one of types vy, va, v3:

v1) The intersection 0C® N A is a two-dimensional cell with the boundary of type ay), the set
IC3 N R is a two-dimensional cell of type r1), the set 0C* NV consists of a separatrix lC“rl’T

such that wg C ¢l lgl’r, a separatrix lZ’_Q’a such that o, C cl l§2,a’ heteroclinic curves Vo2 o

»
0q, —

Vo2, ol o @ subset of the manifold W, NV bounded by curves v,2 ;1,752

Ty

ol s a subsetyof
1.4 subset of the manifold W2, NV

a,

the manifold W¥, NV bounded by curves Vo2,
r,+ r,

,U%’VUE+,U
bounded by curves Vool Yo% ol

2 51 2 1 .
fYcra,craY7 9 '.Ycrrﬁ,o'ayJr

i, and a part of the manifold W?, NV bounded by curves
E T+
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Fig. 3. Three-dimensional cells of GSDS-flows.

vo) The intersection C3 N A is a two-dimensional cell of type as), the set 0C® N R is a two-
dimensional cell of type r3, the set 0C3 NV is defined similar to the item vy).

v3) The intersection OC3 N A is a two-dimensional cell of type a3), the set 9C3 N R is a two-
dimensional cell of type ry, the set 0C3 NV is defined similar to the item vy) (see Figure 3).

For any set of connected components A C Ap, R C R,V C M3\ (Ape URye) such that 9V =
AU R let us denote by C2, C%, C%’/ the set of all cells of dimension two and three that belongs to 4, R, V,
respectively. Let us choose an arbitrary component A C Ay and denote by Vi,. .., V%ft all pair-wise
disjoint connected components of the set M3\ (A UR ). We will suppose that indices are chosen in
such a way that cl(V;) Ncl(Viy1) # @ forany i € {1,...,2k; — 1} and c(Vak,,) Nel(Vi) O A. Then
the following proposition holds.

Proposition 6. For any two-dimension cell ¢ C A of the flow f! there is a sequence
Cc3,... ,ngft of three-dimensional cells such that cl(C3)NA=cl(c?), C} C V;, i€ {l,...,2kp}
and the intersections cl(C?) Nel(CE )\ A i € {1,...,2kp — 1}, cl(C’g’kft) N A are non-empty and
each of them consists of a closure of two-dimensional cell.

Lemma 1. There is a well-defined one-to-one map pa : C4 — C4 which assigns to each cell
¢ € C% a cell & belonging to the intersection cl(CS’kft) N A. Moreover, uy induces orientation

preserving homeomorphism hs : A — A with the following properties:

1. ha(QYy) = Q4,1 € {0,1,2};

2. ha(cl ) = cl pa(c?) Jor any cell ¢ € C%;

3. there exist an integer m > 0 such that Jor ant arcl € T 4 \ QY equalities k(1) =1, k(1) # 1
hold for any naturali < m.

Proof. Letc? C A, C3,... ’Cgkft is a sequence of three-dimensional cells defined in Proposition 6

for ¢2, and ¢ is a two-dimensional cell belonging to the intersection ¢l Cg’kft N A. Set pa(c?) =

Suppose that ¢? has type a1 (see Proposition 3). Let us choose an orientation on the boundary d¢?
of ¢ in such a way that if we going around it in counterclockwise direction (in the positive direction)
provided that the observer is in the region V, the cell ¢ remains to the left from dc2. If the cell ¢? has
type a2 (a3) we choose the similar orientation on the closed curve consisting of closures of unstable
separatrices of saddle point ¢}, € dc? (closures of heteroclinic curves joining points 62,0, € d¢?).
Thus we obtain a finite set £4 of oriented simple closed curves cutting the surface A into open
disks. Since A is oriented then for any arc [ C dc? N 9&? the orientations of dc?,9&* induce opposite
orientations on [.

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol.42 No.5 2021
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let us construct an orientation preserving homeomorphism k2 : cl ¢ — ¢l (ua(c?)) in the following
way.

Denote by B2 C R? the standard unit disk with the center in the Origin O and by S! the boundary
of B2.

Let ez : B® — ¢l ¢® and e, , (2) : B? — clpua(c®) be homeomorphisms preserving the orientation of
the unit circle and such that e.2(S') and e,, , (2)(S') € £4. Without lost of generality suppose that if ¢?
is a cell of type ag (az) then e2(0) = 0% (e2(0) = we2) and e2(ry) = Vo2, oL, (ee2(ry) =1% ), where

2 ¢ 0'02
r. € B? is the interval joining the center O of B? with a point 2 € S!.

1
c2,pa(c?)

erty: if p € QY NAc?, wherei € {0, 1,2}, then thereis p’ € Q% N Apa(c?) such that gt (62)(60_21 (p)) =

c2uqu

Let us denote by g : St — S! an orientation preserving homeomorphism with following prop-

(e P):
Let 932,#A(c2> : B2 — B2 be a homeomorphism given in the polar coordinates o, r by the formula
ggQMA(CQ)(gp,r) = (giQ,MA(cz)(gp),r). At last define a homeomorphism Az, , 2y : ¢l ¢ — cl pa(c?) by

hez pa(c2) = €un (Cz)ggg MA(CQ)ec_Ql. By construction A2 y satisfy the following conditions:

wa(c?

1. h preserves the orientation of boundaries of cells ¢, pa(c?);

c?,pa(c?)

2. he )(802 NQY) = dua(c®) N,

pa(c?

Let ¢ be a two-dimensional cell such that dc? N 9¢? # (. Let us define an orientation preserving

homeomorphism g A S! — Stin such a way that:

1. for any p € QY N 92, i € {0,1,2}, there is p’ € Q% N dua(é?) such that g} (@2)(66_21(;))) =

527!&4
e;i(@)(p);
2. g2 (o) (€ () = e;j(@)(hcz,uA(cz)(a:)) for any point z € dc? N 2.

At last, let us define a homeomorphism Az, @2) @ ¢? — el pa(é®) similar to he2 p 2y and

continue the process until we run out all cells from the set C2. The agreement of orientations of the
boundaries of all cells guarantees that in the finale we get an orientation preserving homeomorphism
ha: A — A. It follows from construction and Proposition 5 that homeomorphism h 4 satisfies to items
1, 2 of the Lemma.

Let us prove the item 3.

Since the set €4 is finite then for any point p € 24 there exists an integer m, > 0 such that
h'\" (p) = p and hiy(p) # p for any natural i less than my,. Forany curve ] C T'4 \ Q4 and a cell ¢? € C4
denote similar numbers by m;, m.2.

Letp e 9}4 and L, be the set of arcs from the set I' 4 \ €24 the closures of which contain the point p.
It follows from Lemma 2 that the set £,, consists exactly on four arcs and a pair of them belongs to the
unstable manifold of p, and the other pair belongs to the intersection of the two-dimensional unstable
manifold of p with A. Let d5 C A be a disk such that d2 N Q4 = p, p € int d, and any arc I, € L,

intersects the boundary 8d120 of d}% at the single point z;. Let us choose an orientation of the curve adg
and suppose, without loss of the generality, that when one goes along the curve from the point z; to point
z, in positive direction then points 22, z3 appears on order of the numbering decreasing. Then the points
belonging to the stable and the unstable manifolds of p alternate. Then myy = mys, myz = My, and

myy,myz € {my, 2my,}. Since h 4 is orientation preserving then the order of the points of the intersection

of ares hy* (1) with hy” (d3) coincides with the order of points {z}}. Then m; = myz.
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Let us show that for any pair [,1’ € T4 \ Q4 the equality m; = my holds. The set T'4 \ Q4 can be
presented as a disjoint unit of the subsets £% and £% consisting of one-dimensional separatrices and

heteroclinic trajectories of the flow f? respectively. Let us prove the statement for the arcs from £%. Then
from this fact and the previous paragraph one gets that all numbers m; are equal to each other.

Let £, C LY be a set of one-dimensional separatrices of the flow f% whose closures contain the sink
w, and k,, be the number of arcs in the set £,,. Denote by d2, C W a disk such that p € int d2, and dd?,
intersects each separatrix [ € £,, at the single point. Let us choose an orientation on the curve dd? and
numbering of the point of the intersection of the arcs from L,, in order induces by the chosen orientation.
Let j =1,2,.... The homeomorphism h/™« preserves the set £, and the orientation of A, hence it
sends any three consecutive points from the set {2} into points of the intersection of curves from L,
with 1/ (0dZ,) following in the same order. Then my; = my; fori,j € {1,... ko }.

Now the coinciding of all periods of curves from the set £4 follows from the connectedness of
the set I''} consisting of closures of all one-dimensional separatrices laying in A, that was proven in
Proposition 4. O

3.1. Construction of Seifert Fibration of the Ambient Manifold

Let us recall that a homeomorphism 7: S, — S, of the closed oriented surface Sy is called a periodic
homeomorphism of the period v > 1if 7"(x) = z for any point x € Sy, and 7! # Id if L € (0,7). A

number g, > 0 such that 7# (z) = x and 7!(z) # 2z form any [ € (0, u.) is called the period of the point
x. Due to[6] the set X C S, of points whose period less that r is finite.

Topological classification of oriented preserving periodic homeomorphisms of surfaces is obtained by
Nielsen in [6].

Lemma 2. There exists a periodic homeomorphism T : A — A such that 7(cl ¢*) = ha(cl ) for
any cell > C C4, where hy : A — Ais a homeomorphisms defined in Lemma I, and X, C Q4.

Proof. For a point p € Q4 set 7(p) = ha(p). Let Lo C T'4 \ Q4 be a set of all arcs such that h does
not send any arc from Ly to the arc from Lo. For any arc ly € Lo set [; = hy(lo), i € {1,...,my, — 1}.
Remark that the boundary of any arc [ € T'4 \ 24 contains exactly one saddle point o1 (1) of the flow f*
whose Morse index equals one. Denote by e;: [0,1] — ¢l l; a homeomorphisms such that e;(0) = o1 (1;).

Fori € {0,...,my, — 1}, x € [; set 7(x) = e;41(e; ' (x)), Tor x € by, —1 set 7(x) = 60(6,}}0_1(%))- By
construction the map 7 is periodic on I'4. Then it is possible to extend it into the set C? similar to
construction of the homeomorphism h 4 in the proof of Lemma 1. O

Let v, 1 be co-prime integers, 0 < v < p, and 6 : B2 — B? be a rotation of the disk B2 by the angle
2. Denote by N3 =B2? x [0,1]/~ the quotient space by means of equivalence relation (x,1) ~

(0(x),0), z € B2,
Recall that a manifold M3 is called Seifert manifold if M3 is fibered into circles and any fiber has a
neighborhood in M3 fiber by fiber homeomorphic to N3,

Proof of Theorem 1. Let us show that M? is a Seifert manifold. Due to Proposition 6 for any
two-dimensional cell ¢ C A of the flow f% there exists a sequence C3, . .. ,Cg’kft of three-dimensional

cells such that cl(C3) N A = cl(c?), C2 C Vi, i € {1,...,2k}, and intersections cl(C?) Ncl(C2 1) \ 4,
ie{l,...,2kp — 1}, cl(CS’kft) N A are non-empty and consist of a closures of two-dimensional cells.
Let 7: A — Abe a periodic homeomorphism constructed in Lemma 2.

Denote by Q.2 a union of closures of all three-dimensional cells belonging to the obtained sequence
and set X2 = {x € cl ¢ : x = 7(z)}. It follows from Propositions 3, 5 that there exists a continuous
map g2 : B2 x [0,1] — Q.2 such that:

1. g2 (B2 x {0;1}) C A;

2. g2 (B2 x {0}) = cl ¢2;

3. g.2(2,1) = 7(g.2(2,0)) for any point z € B?;

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol.42 No.5 2021



908 GRINES et al.

4. the restriction of g2 on B2 x [0,1] \ X, where X = {(z,1), 2 € B2, g,2(z,1) C X2}, is a homeo-
morphism.

Let ¢2 € C% be an arbitrary cell. If 7 = id then the map 9ez induces a continuous fibration F 2 of the
set Q2 \ Xz into circles. If 7 7 id then the map g2 induces a continuous fibration of the set Q2 \ Xa

into segments Iz = {gc(z)(z x [0,1]), 2 ¢ 90_21 (X) N B2 x {0}} supplemented with a finite set of circles
0
S = {gc(z)(z x [0,1]), 2z € g5 (X) NB2 x {0}}. In this case set Fa=12US8z.
€0
Suppose that the cell ¢2 € €3 \ c3 is such that ¢l ¢ N el ¢2 # B and Q.2 is the closure of the sequence

of three-dimensional cells of the flow f* described above, and the set Fy C (9B2) x [0,1] is such that
9e2 (F1) C Q2. Itfollows from Proposition 5 that F} is homeomorphic to the disk. Therefore there exists

a continuous map ge2 B2 x [0;1] — Qc% that consists with gez ON the set Fy and satisfy the conditions
1—4 above (if to replace ¢ with ¢2 in the notations). Denote by Fea fibration of the set Qiz induced by
1

9e2 and continue the process of constructing the fibration in a similar way until all two-dimensional cells
are exhausted.

Since the homeomorphism 7 is periodic then after a finite number of steps we obtain a fibration F4
of M3 into circles. Let us show that this fibration is Seifert. Denote by X, the set of points from A
(possibly, empty) whose period with respect to 7 is less than the period m, of 7. Due to Lemmas 1, 2
X, CQy.

Two cases are possible: 1) X is non-empty, then 7 is not identity; 2) the set X is empty.

Let us consider the case 1). Let ¢ € X, and uy C A be a neighborhood of ¢ wish does not contain
any equilibria different from ¢. Suppose that ¢ is fixed point of 7 (if period m, of ¢ greater then one
then 7 move to 7™ and apply the similar reasoning). Denote by L, a set of all arcs from £4 whose
closures contain g. It follows from the construction of 7 that the set L, contains at least two arcs. Let
l1,12 C Ly be arcs that belongs to a boundary of the same cell ¢ and v € {1,...,m, — 1} be such a
number that ls = 77(11). Let us choose a point 21 € [ and join it with the point zo = 7% (21) by an arc

m—1
b, without seli-intersections such that the interior of b, belongs to the set ¢2 Nu,. Set S, = | 7¢(by).
i=0
By construction, S, is T-invariant simple closed curve bounding a disk D, C ug, such that ¢ € int D,.
Since 7|g, is orientation preserving and periodic then there exists a homeomorphism h, : S, — St which
topologically conjugates 7|g, with the rotation f|s: of the circle S' = 9B with an angle 2w, , where
n, m; are co-prime. A homeomorphism h, can be extended into a homeomorphism H, : D, — B2 which
conjugates 7|p, with the periodic rotation 6 : B — B2.

Denote by A; a fiber of the fibration F4 passing through the point = € A, and by N, a neighborhood
of the fiber A\, generated by the fibers of the fibration F4 passing through points of D,. Let us extend
the homeomorphism H,, : D, — B? up to a fiber by fiber homeomorphism G, : N, — Ny, where Ny =
B2 x [0,1]/~ is the quotient space of B2 x [0,1] by means of equivalence relation (x,1) ~ ((x),0),
x € B2. For this, remark that the orientation of any segment z x [0, 1], z € B? induces the orientation of
the closed curve (z x [0, 1])/~ in Ny. Similar, the homeomorphisms g, induce the orientations of fibers
generated the set N,. Letx € Dy, y € A, be points such that there exists an arc 5\173, C A, joining points
x,y and such that the movement along this arc from z to y is agreed with the orientation of the fiber A,
and 5\173, Nd, = x. Denote by |5\wy| the length of the arc j\w,y andbya’ € B2 N, v/, 5‘;'73/’ |5\;,7y,| similar

objects for the manifold Ny. Set G(y) = v/, where ¢/ is a point such that Poal < Par :
Por@l Ay 000 )]

For an arbitrary point p € A\ X there exists a closed neighborhood D,, C A consisting of points of
equal periods with respect to the map 7. Denote by IV, the neighborhood of the fiber A, generated by
the fibers of the fibration F4 passing though the points of D,. Similar to the construction of G one can
construct fiber by fiber homeomorphism G, : N, — B? x S

In the case 2) for any points p € A reasoning are similar to ones above.
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(o)) (op)

(a) (b)

Fig. 4. Construction of an axillary flow on the module surface.

Thus, we have proved that the constructed bundle is a Seifert bundle.

Since A is homeomorphic to the surface Sy, we can identify it with Sg;e- Then applying the
techniques of the proof of the Theorem 1 one can immediately get the following statement.

Corollary 1. Manifold M3 is diffeomorphic to the quotient space Sy x [0,1]/~ of Sy x [0,1]
by equivalence relation (z,1) ~ (74:(2),0), where T : Sg;. = Sy, is the periodic homeomorphisms
defined in Lemma 2.

9yt

4. REALIZATION

In this section we prove Theorem 2. Let S, be an orientable surface of genus g and 7 : S, — S, be
an orientation preserving periodic diffeomorphism. Let us prove that there exists a gradient-like flow
ft € GSD(M?3) with simple asymptotic behavior of invariant manifolds of saddles given on the mapping
torus M3,

According to [6] the orbit space S,/ is homeomorphic to an orientable surface S, of genus g, (a
module surface) and the natural projection p; : S; — Sy, is m,-branched covering everywhere except
points of the set X C S, consisting of points whose period is less then m,. Any point z € X of period
mg is a branch point of the order A\, = mj It means that there exists a neighborhood U, C Sy of the
point  and homeomorphisms h, : U, — C, x; : p-(U,) — C, where C is the complex plane, such that
he(x) = O, x2(pr(2)) = O and x(p-(h™1(2))) = 27,z € C.

Let us present the surface S, by an 4g-—polyhedron unfolding as it shown on the Figure 4, (a) and
denote by g* a gradient-like flow on the surface S, with phase portrait shown on the Figure 4. If the set
X, contains more than two fixed points then one can modify the flow g* as in shown on the Figure 4,
(b), by adding pairs of a sink and a saddle in such a way that projections of all branch points belongs to
equilibria of obtained flow (see[7, Theorem 3.1.2] for more details). We will denote the modified flow also
by g'. Then there exists a gradient-like flow G* on S, such that p,G* = ¢'p-, so trajectories of the flow
G! are T-invariant.

Define on the segment [0, 1] a flow ¢! by equation § = sins, s € [0, 1] and consider the flow F* on the
direct product S, x [0, 1] given by F(z, s) = (G'(2),¢"(s)), z € Sy, s € [0,1]. Let 7, : Sy x [0,1] — M,
be the natural projection. Then the flow f! = 7, Ftr~1 is the desired flow.
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