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Abstract—Let G = (V, E) be a simple graph. A set D C V is a 2-dominating set of G, if every
vertex of V'\ D has at least two neighbors in D. The 2-domination number of a graph G, is denoted
by 72(G) and is the minimum size of the 2-dominating sets of G. In this paper, we count the number
of 2-dominating sets of G. To do this, we consider a polynomial which is the generating function
for the number of 2-dominating sets of G and call it 2-domination polynomial. We study some
properties of this polynomial. Furthermore, we compute the 2-domination polynomial for some of
the graph families.
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1. INTRODUCTION

A dominating set of a graph G = (V, E) is any subset D of V' such that every vertex not in D is
adjacent to at least one member of D. The minimum cardinality of all dominating sets of G is called
the domination number of G and is denoted by v(G). This parameter has been extensively studied in
the literature and there are hundreds of papers concerned with domination. For a detailed treatment of
domination theory, the reader is referred to [1]. Also, the concept of domination and related invariants
have been generalized in many ways. Among the best know generalizations are total, independent, and
connected dominating, each of them with the corresponding domination number. Most of the papers
published so far deal with structural aspects of domination, trying to determine exact expressions for

7(G) or some upper and/or lower bounds for it. The domination polynomial of graph G is the generating

function for the number of dominating sets of G, i.e., D(G,z) = Z |d(G i)z’ (see [2, 3]). This
polynomial and its roots have been actively studied in recent years [3 6]. It is natural to count the
number of another kind of dominating sets [7]. In [8], we introduced the doubly connected domination
polynomial of a graph. Some properties of these polynomials for some specific graphs are investigated.
Motivated by these papers, we consider another type of dominating set of a graph in this paper.

A 2-dominating set of G is every vertex of V(G) \ D has at least two neighbors in D. The 2-
domination number of G, denoted by 7,(G) is the minimum cardinality of 2-dominating set of G [1].
Let do(G,7) be the number of the 2-dominating sets of a graph G with cardinality ¢ for i > 45(G). The

2-domination polynomial of G is defined as Dy (G, z) = levf(c do(G, i)zt

"E-mail: £.movahedi@gu.ac.ir

" E-mail: mhakhbari20@gmail.com
""E-mail: alikhani@yazd.ac.ir

751
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The corona of two graphs G; and Gs is the graph G = G o G formed from one copy of G; and
|V (G1)| copies of Gy, where the i-th vertex of Gy is adjacent to every vertex in the i-th copy of Ga.
The corona G o Ky, in particular, is the graph constructed from a copy of GG, where for each vertex
v € V(@G), a new vertex v" and a pendant edge v’ are added [9]. The join of two graphs Gy and G,
denoted by Gy + Go, is a graph with vertex set V/(G1) UV (G2) and edge set E(G1) U E(G2) U {uv |u €
V(Gl) andv € V(GQ)}

We use K,,, Cy, and P, to denote a complete graph, cycle and a path of the order n, respectively. A
wheel W,,, where n > 3, is a graph with n + 1 vertices, formed by connecting a vertex to all vertices of
a cycle Cy,. By K, ; we denote a complete bipartite graph with partite sets of cardinalities r and s. By a
star we mean the graph K ,, of order n + 1. A leaf of G is the vertex of degree 1, while a support vertex
of G is a vertex adjacent to the leal.

In this study, we obtain some properties of the 2-domination polynomial on graphs. We determine
this polynomial for some certain graphs. We consider three classes of graph family called the friendship
graphs, helm graphs and gear graphs.

2. THE 2-DOMINATION POLYNOMIAL OF CERTAIN GRAPHS

In this section, we shall obtain some results for the 2-domination polynomial of some certain graphs.
We obtain some of its properties.

Theorem 1. /f a graph G consists of m components G1,...,Gn, then
DQ(G, a:) = Dg(Gl, IL’) ‘o DQ(Gm, IL’)

Proof. It suffices to prove the theorem for m = 2. A 2-dominating set with cardinality ¢ in G, arises
by choosing a 2-dominating set of j vertices in G; where j > v2(G1) and a 2-dominating set with i — j
vertices in G. Therefore, the coefficient of z* in Do(G1, z)Do(G2, ) is equal to the coefficient of z° in
D5 (G, z). This complete the proof. O
The following theorem is a straightforward result of the definition of the 2-domination polynomials.
Theorem 2. Let G be a graph with |V (G)| = n.

(i) IfGisconnected, then da(G,n) = 1.

(ii) If G is connected graph, then do(G,n — 1) =n — l in which l is the number of the leaves of
G.

(iii) do(G,1) =0if and only if i < v2(G) ori > n.

(iv) Da(G, x) has no constant term.

(v) Let Gbeagraphand H be any induced subgraph of G. Then, deg(D2(G, x)) > deg(D2(H, x)).
(vi) Zerois a root of Dy(G, x) with multiplicity v2(G).

Now, we obtain some formulas for computing the 2-domination polynomial of some certain graphs.
We recall some results about the number of the 2-dominating set.

Lemma 1. [10]
(i) Foreverymn > 4,

541, ilniseven,
”51 +1, ifnisodd.

(ii) For everyn > 4,

29

n ilniseven
C,) = ’
12(Cn) { ", iinis odd.
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(iii) Foreveryn > 3,

2, iin=3,4
Wn — b ) b
Y2(Wn) {L(n;rl)J L1 e s
(iv) Foreveryn > 2,v(K,) = 2.
(V) 72(Kin) =n—1.

Theorem 3. The number of 2-dominating sets of path P, with cardinality i is given by
dQ(Pn,’i) = dQ(Pn_l,’i — 1) + dg(Pn_g,’i — 1).
Proof. Let P! be the 2-dominating set of P, with cardinality i. Let the vertices of P, are labeled by

v1,V2, . .., v,. According to the definition of a 2-dominating set, it is easy to see that v, € PZ. Thus, we
consider the following cases.

Case 1: Ifv,_; € P!, thenweget P! = P'_} U{v,}. Inthis case, we have da(P,,,7) = da(Pp_1,i — 1).

Case 2: If v, 1 ¢ P!, then according to the definition of a 2-dominating set must be v, o € P:.
Thus, we have P! = Pﬁ:l2 U {v, }. Therefore, do(Py,, 1) = do(Pp—2,i — 1).

So, by the definition of the 2-domination polynomial, we get
dQ(Pn,’i) = dQ(Pn_l,’i — 1) + dg(Pn_g,’i — 1).

Theorem 4.

(i) Foreveryn >4,
(ii) Foreverymn > 3,

(iii) For everyn > 2, Dy(Kp,z) = (1 4+ 2)" — (1 + nx).

(iv) Foranyr,s > 4, the 2-domination polynomial of the complete bipartite graph K, s is equal

to
=32 () )

i=4 Lj=2

(v) Foreveryn € N, Dy(Ky p,z) = 2" Lz + 1).

Proof.
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(i) Using Theorem 3 we calculate a recursive formula for 2-domination polynomial as following:

Do(Pp,z) = ZdQ i) _Z(dg(Pn_l,z'—1)+d2(Pn_2,z'—1)>mZ

i=1
Therefore, we get
D2(Pm$) :I‘Dg(Pn_l,l‘)—l-:L‘Dg(Pn_g,l‘), (1)

for n > 3 with the initial condition Do(Py,z) = 2. It is easy to see that Dy(Py,z) = 2. For
case n = 3, 72(P3) = 2 and the number of 2-dominating set is 1. Therefore, using Theorem 2(i),
Do(Ps, ) = 22 + 2. Using the recursive formula (1) and simple calculations on Do(P,, x), it is
easy to obtain Dy(P,, ) = Y i, (”_?_1):1:”_".

7

(ii) Let the vertices of cycle C), are labeled by vy, ve, - -+, v,. By deleting the edge vyv,,, we consider
the path P, with the vertices vy, v, -+ ,v,. Let D be the 2- dominating set of P,. We consider
two cases for counting 2-dominating sets.

Case 1: [fvy, v, € D, then we investigate all of the possibilities cases for selecting vertices of the
set {vg,v3,- - ,v,_1} in D. In this case, we get do(C,,, 1) = (”Z.__ZII) on path P, for 0 < i < n.
Case 2: We add vertex v,41 by the edge v,v,41 to path P,. According to the definition 2-
dominating set, v; and Up41 are in D. Therefore, with similar argument of Case 1, on path P,_1,
we have dy(Cy, i) = ("7") for 0 < i < n. Therefore, by considering both cases and the definition
2-domination polynomial of C,,, we get the result.

(i) Let D be a 2-dominating set of size i in K,. Using Lemma 1(iii), there are (") possibilities to
choose i vertices of n vertices for i > 2. The proof is complete.

(iv) Let V4 and V4 be partitions of graph K, s such that |Vi| = r and |V3| = s. Since r, s > 4 by the
definition of the 2-dominating set, there are two vertices of V; and two vertices of V5 in the 2-
dominating set and y2 (K, ;) = 4. Clearly, if V1| < 4 or |[V3| < 4, then the 2-dominating set is the
set with less size between V4 and V5. Assume, Dé, is the 2-dominating set of cardinality 7. If j
vertices select of the set V7, then ¢ — j vertices of the set V5 is in Dé. Since at least two vertices of
any sets V; and V; exist in D4 then, the number of the 2-dominating set of cardinality i in graph

K, s is equality to da (K, 5,1) = 23;22 (;) (iij)'

Therefore, the 2-dominating set polynomial is as following

| Kr,s] r4s =2
o= S =[S (0)( 2 )]

=2
(v) Using Theorem 2(i) and Lemma 1(iv), the result follows.

O

Theorem 5. Forn € N, Dy(G o K1, z) = 2"D(G, x), where D(G, x) is the domination polyno-
mial of graph G.

Proof. Since every leaf of G o K1, has just one neighbor in the graph, then the leaves are in 2-
dominating set of G o K;. The set L U D is a 2-dominating set in G o K; where L and D are the set of
leaves of graph G o K and the dominating set in G, respectively. Therefore, 72(G o K1) = n+ v(G). So,
do(Go K1,n+1) =d(G,i) forevery v(G) < i < n. Using the definition of the 2-domination polynomial
for G o K1, we have

Dy(Go Ky,x) = Z da(G o K1,1) Z D(G,i)x""" = 2" D(G, z).
i=n+v(Q) i=y(G)
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In the following theorem, we determine a formula for the 2-domination polynomial of the join of two
graphs.

Theorem 6. Let Gy and G be graphs of order ny and ny where ny,ny > 2. Then
Dy(Gy + Ga, 1) = D2(G1,7) + Do(Ga, ) + D(G1, ) D(G2, z),

where D(G;, x) denotes the domination polynomial of graph G;.

Proof. It is clear to achieve that vo(G1 + G3) > 2. Let 1 < i < nj + ny. We determine the number
of 2-dominating sets of size i. We can see that for every the dominating set D; C V(G;) and the
dominating set Dy C V(G2) such that |Dy| =41 and |Ds| = i9, where iy 4+ iy =i, D; U Dy is an 2-
dominating set of G; + G2. Moreover, if D is an 2-dominating n set for Gy or G5 of size i then D is the
2-dominating set for G; 4+ Ga. Thus, the proof is complete. 0

In the next theorem, we obtain the 2-domination polynomial for Wheel of order n 4 1. In first, we
consider without proof the following result.

Lemma 2. [5] For every n > 4, the domination polynomial of cycle C, is as following
D(Cpy) = (D(C1,@) + D(Cr-3,2) + D(Cps,))

with the initial values D(Cy,z) = x, D(Cy, x) = 2% + 2z, D(Cs, ) = 23 + 322 + 3.
Theorem 7. Let W,, be a wheel of order n + 1 with cycle C,,. Then

Dy(Wya) = [<RZZ> - <n o 1)

=0

"""+ 2D(Cy, z),

where D(Cy,, x) is the domination polynomial of cycle C,,.

Proof. Let D! be the 2-dominating set of W,, with cardinality 4. Let the vertices of W), are labeled
by v1, v, ..., vn41 such that v, be the central vertex. According to the definition of the 2-dominating
set, we consider the following cases.

Case 1: Assume that v, 1 € D}. Since the central vertex V;,,1 is adjacent to all of the vertices on
C), of wheel W,,, it is sufficient to consider the dominating set of cardinality ¢ — 1 on cycle C),. Therefore,

do(Wh,,i) = d(Cp,i — 1).

Case 2: Assume that v, 1 ¢ D?. Then, we select the 2-dominating set with cardinality i of cycle C,,.
Therefore, we get do(W,,, i) = do(Cy,, 7). Thus, we calculate the 2-dominating polynomial wheel graph
W,, as following

n+1 n+1
Dy(Wo, @) = 3 (da(Wy, D)’ = 3 (d(Cri = 1) + do(Copy) )
i=1 1=1

= d(Cp,i)a"™™ + " dy(Cr, i)z wD(Cp, w) + Da(Cr, ).
=0 =1

Therefore, the result holds. O

3. 2-DOMINATION POLYNOMIAL OF SPECIFIC GRAPHS

In this section, we study the 2-domination polynomial of the friendship graphs. The friendship graph
F, is a graph that can be constructed by coalescence n copies of the cycle graph Cs of length 3 with a
common vertex. The friendship graph F,, is a graph with the property that every two vertices have exactly
one neighborin common are exactly the friendship graphs[11]. Figure 1 shows a labeled friendship graph
of length n with cardinality |F,,| = 2n + 1.

Theorem 8. Let F,, be the [riendship graph for every n > 1. Then vyo(F,) = n + 1.

Proof. Let the vertices of F,, are labeled by vy, vs, ..., v2,41 by Figure 1. It is easy to see that the set
of vertices ;o {v142i} is an 2-dominating set of F,,. Therelore, y2(F},) < n + 1.
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Va2 Vi
Vs Van

V4 Von-1

Vs Van+1

Ve

Fig. 1. The labeled friendship graph F,.

Let D be a 2-dominating set of F}, and |D| < n. So, there exist n + 1 vertices of V(F},) that must
dominate by D. We consider the following cases.

Case 1: [f v9, 41 € D, then according to Figure 1, since any vertex is dominated by two vertices of D
then, at least one vertex can not dominate by vertices of D.

Case 2: [fvy,4+1 ¢ D, then according to Figure 1 and since every v; for 1 <14 < 2n is adjacent to v;4+1
and voy,41, it is a contradiction with the definition 2-dominating set for the set D.

Thus, |F,| > n + 1. O
With regards to the friendship graphs, we obtain the 2-domination polynomial for this family of
graphs. At the first, we consider F} and obtain the following result.

Theorem 9. For the [riendship graph Iy, Dy(Fy,x) = 2%(z + 3).

Proof. According to Figure 1, F; = C5 where is a cycle of order 3. Since vo(F}) = 2 then,
do(F1,2) = 3 and dy(T1,3) = 1. Therefore, it is easy to get the 2-domination polynomial of graph F}
by the definition as following

3
Dy(Fi,x) =Y do(Fy,i)a’ = 32% + 2 = 2’ (z + 3).
i=2

Theorem 10. For everyn > 2,

n—2
Dg(Fn,{L’) — x2n+1 + (271 + 1)x2n + Z <n> 2n—ix(n+1)+i.
i
i=0
Proof. Let D be the 2-dominating set of F,,. Using Theorem 8, ¥2(F,) =n + 1. Let D! be the
2-dominating set of cardinality ¢ in graph F,,. According to the structure graph F,,, it is easy to see that

von+1 € D. We compute the number the sets D, based on the pigeonhole principle fori > n + 1. Since
van+1 € D and at least one of two vertices of v; and v;j41 on any triangle that 1 < j < 2n must be in

the sets D, there are (%) possibilities to choose one vertex of two vertices on any triangle. Therefore, the
number of the 2-dominating set of cardinality n + 1 is 2.

Forn 4+ 2 <i < 2n — 1, by the pigeonhole principle there is at least one triangle that all of vertices is
in the 2-dominating set D. Thus, we get

do(Fp, i) = <

Also, by Theorem 2(i) and (ii), we have
do(Fp,2n) =2n+1, do(Fp,2n+1) = 1.

Therefore, the 2-dominating polynomial is obtained as following

7.%)2”‘1' 0<i<n-—2,
(3

n—2
Dy(Fp,z) = 22" 4 (2n + 1)2" + E <n> on—ig(nt1)+i,
i
i=0
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The following result is other formula for 2-domination polynomial of the friendship graph F;, forn > 2.
Corollary 1. For everyn > 2,

2n —1 2n—1—1 : .
_ .2n+1 i—1 2n+1—1 n,_n+1
Dy(F,z) =x +§ K ; >+< i1 >—|—n ]x + 2"

=1

Proof. Let D! be the 2-dominating set of cardinality i in graph F,, and da(F},,%) be the number of
the sets D! . According to the structure graph F,, it is easy to see that the central vertex va, 11 € D. By
Theorem 10 and Theorem 2 (i), we have da(Fy,,n + 1) = 2" and da(F,,,2n + 1) = 1. Since vg, 11 € D!
for n +2 <i<2n—1, we can consider graph F,, as cycle Cy, with labeled vertices according to
Figure 1 such that the edges vg;v9;+1 and vy, v1 are deleted of Cy,, for 1 < ¢ < n — 1. Thus, by induction
on n and the method of proving of Theorem 4(ii) on cycle Co, forn + 2 <14 < 2n — 1, the number of the
2-dominating set of cardinality 7 is computed. Therefore, the result completes. O

We consider another family of graphs as the helm graph. The helm graph H,, is the graph obtained
from an wheel graph with n vertices by adjoining a pendant edge at each vertex of the cycle [12]. In
the following theorem, the number of 2-dominating sets and 2-dominating polynomial of graph H, is
obtained.

Theorem 11. For everyn > 5,
D(Hp,z) = 2"(1 + )" ' + 2" 'D(C,,_1, 2).

Proof. Let H,, be helm graph of order 2n — 1 with the set L contains n — 1 leaves, cycle C},—1 and
central vertex vg,_1. Let D be a 2-dominating set of graph H,,. One can select the set L J{va,—1} as
the 2-dominating set. Thus, |D| < n. Assume that |D| < n — 1. Therefore, n remaining vertices of H,
dominate by at least two vertices of D. Since there are n — 1 leaves in H,,, thus the set D must contain
these vertices. But, in this case, the central vertex cannot dominate by D. Thus, it is a contradiction.
Therefore, |D| = n.

For computing 2-domination polynomial of H,,, we get
2n—1

Hnax Z d2 nsy

[t is easy to see that do(H,,n) = 1 and using Theorem 2(i) dy(H,,,2n — 1) = 1. Thus, we investigate
do(Hp, i) forn +1 < i< 2n — 2. Let D! be the 2-dominating set of cardinality i in graph H,,. We have
two following cases.

Case 1: Ifvo,_1 € D?, then since L C Di, there are (') possibilities to choose i vertices of n — 1
vertices for 1 <i <mn —2 on cycle C,,—1 in graph H,. Therefore, do(Hy,i+n) = (”;1), in which
1<1<n—2.

Case 2: [fvo,_1 ¢ D!, thensince L C D!, other vertices select on cycle C,,_1. Clearly, it is sufficient
to consider the dommatmg set on cycle Cy,—1. So, do(Hy,i+n— 1) = do(Cp_1,1) for y(Cp—1) <1 <
n — 1. Therefore, we get

n—2
DQ(Hn,w) — $n+l’2n_l +Z <Tl > Z+n+zd o 1, n 142
i=1
=" 4 g2 4 m”((l )" —gnl 1) +2" 1 D(C1, )
=2"(1+ )" 4+ 2" D(C, 1, ).

Therefore, by substituting for D(C},—1, x) by Lemma 2 the result holds. O

In case n =4, it is easy to compute Do(Hy,x). According to the structure graph Hy clearly,
do(Hy,4) = 1, do(Hy,5) = (5), do(Hy,6) = (3) and do(Hy,7) = 1. Thus, do(Hy,x) = 2* + 62° +
423 + 27,
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Vo Vi V)

Van-1 V3

Fig. 2. A gear graph G.

Finally, we consider gear graphs and calculate the 2-domination polynomial for this family of graphs.
The gear graph G,, is the graph obtained irom the wheel W), by inserting a vertex between any two
adjacent vertices in its cycle C), [13].

Theorem 12. For every n > 3,

(2 on—i—1 2n —i+1 2n =i\ | oni1i . m
D2(Gn,x)—g [( ; >+< i1 >+< i1 >+<i_2>]x + z".
=0

Proof. At the first, we show that do(G,,) = n.According to Figure 2, label vertices of G,, with v;,
i=1,2,--- ,nand the graph G,, of order 2n + 1 contains a cycle Cs,,. Let D be the 2-dominating set of
graph G,,. According to Figure 2 one can consider the set {vy,vs, -+ ,v9,-1} as 2-dominating set. So,
|D| < n.

If |[D| < n — 1, then n + 2 remaining vertices in graph G,, dominate by at least two vertices in D. We
consider two following cases.

Case 1: [i the central vertex v, 41 € D, then according to the structure graph G,,, n vertices are
adjacent to va,41. Thus, |D — {va,41}| < n — 2 and these vertices are selected on cycle Cy,,. Since at
least two vertices of GG, are not dominated by D, it is a contradiction.

Case 2: If vy,11 ¢ D, then all of the vertices of D must select of cycle Cy, such that at least two
vertices are adjacent to vy, 1. But, according to Figure 2, it is a contradiction. Therefore, |D| = n.

Now, we count the number of 2-dominating sets of graph G,. Let D! be 2-dominating set of
cardinality ¢ in graph G,,. There are two following cases.

Case i: If the central vertex ve,+1 € D, then it is sufficient to compute ¢ vertices on cycle Cy,. Using
Theorem 4 (ii) for 0 < i < n, we get

2n —1 2n—1—1

Case ii: If vy,11 ¢ D, then according to the definition 2-dominating set, we consider ¢ vertices on
cycle Oy, such that the central vertex vy, 1 is adjacent to at least two vertices of Df. In this case, we

get
2n—1+1 2n —1
ns 2 1 —1) = . . 9
G 10 = (M) ()
for0 <i<n.
According to structure of graph G,,, vertex va,, 11 is adjacent to vertices of {v1,vs, -+ ,v9,—1}. Since

v2(Gy) = n, the set D' = {vy,vs,- -+ ,v9,—1} and da(Gp,v2) = 1. Therefore, the proof completes. O
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