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1. INTRODUCTION

Let S be a countable family of subsets of w. A numbering of S is a surjective map from the
set of natural numbers onto S. Since 1950s, computable numberings for families of c.e. sets have
been extensively studied by computability theorists: for known results, the reader is referred to the
monograph [1] and the surveys [2, 3]. Goncharov and Sorbi [4] started developing the theory of
generalized computable numberings. Their approach initiated a fruitful line of research, which is focused
on numberings in various recursion-theoretic hierarchies — see, e.g., [5—10].

This paper continues the investigations of Rogers semilattices in the analytical hierarchy, developed
in[11—14]. We consider the following problem:

Problem 1. Let n be a non-zero natural number. Are there infinitely many isomorphism types of
Rogers semilattices for ¥} -computable families?

We note that for the levels of the arithmetical hierarchy, the following results are known. V’yugin[15]
proved that there are infinitely many pairwise elementarily non-equivalent Rogers semilattices of
computable families. Badaev, Goncharov, and Sorbi [16] proved that for any natural number n > 2,
there are infinitely many pairwise elementarily non-equivalent Rogers semilattices of ¥0-computable
families.

The paper[13] established that under the assumption of Projective Determinacy, there are at least
four pairwise non-isomorphic Rogers semilattices for ¥} -computable families. In this paper, we obtain
the following partial solution of Problem 1. Under the assumption of Projective Determinacy (PD), there
are infinitely many pairwise elementarily non-equivalent Rogers semilattices of ¥} -computable families
(Theorem 2). For n = 1 and n = 2, this result holds without assuming PD (Corollary 1).

The paper is arranged as follows. Section 2 contains the necessary preliminaries. Section 3 proves
the main result. Recall that the Axiom of Dependent Choices (DC) states the following. For any
non-empty set A and any set of pairs P C A x A, we have

(Vo € A)(3y € A)P(a,y) = (3f: w — A)(Y)P(F(n), f(n+1)).
Throughout the paper, our underlying set theory is ZF + DC.
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2. PRELIMINARIES

We give the necessary background on Rogers semilattices in the analytical hierarchy. For more
details and bibliographic references, the reader is referred to [13].

A numbering v is reducible to a numbering p, denoted by v < p, if there is total computable function
f(x) such that v(k) = u(f(k)) forall k € w. As usual, we write v = pifv < pand p < v.

The numbering v & p is defined as follows:

(v p)(22) = v(a), (v )20 +1) = p(x).

[t is well-known that for any numbering &, the condition (v < £ & pu < &) holds if and only if (v & p < €).

Let I' be a class of some recursion-theoretic hierarchy (e.g., I' could be equal to X9, 22_1, 0 orIIt).
A numbering v of a family S C P(w) is I'-computable ii the set {{k,x) : x € v(k)} belongs to the class
I'. We say that a family S is I'-computable if it has a I'-computable numbering.

From now on, we assume that " always belongs to {&1, II! : n > 1}. By I' we denote the dual class:
v »lo il T =11,
I =
I, ifr=xt.
Let S be a I'-computable family. By Comp(S) we denote the set of all I"'-computable numberings of
S. Since the relation = is a congruence on the structure (Comp(S); <, @), we use the same symbols <
and @ on numberings and on their =-equivalence classes.
The quotient structure Rp(S) := (Comp(S)/=; <, ®) is an upper semilattice. We say that Rp(S) is
the Rogers semilattice of the I'-computable family S.

9]

The following lemma allows us to proceed from a class I' to its dual I', while preserving all the
properties of our Rogers semilattices.

Lemma 1 (see, e.g., Lemma 3.1 of [13]). Let S be a T'-computable family. Consider the family
Dual(S8) = {w\ A : A€ S}. Then the family Dual(S) is I-computable. Furthermore, the Rogers
semilattices Rr(S) and Ry(Dual(S)) are isomorphic.

By <, we denote the standard ordering of natural numbers. Following [17], we use the following
notations: for a number k € w,

o B}, isthe(lightface) class IT3,  , and Y3, ., is the class X3, |
® Edpyy = Sopppand Ty p =Tl .

Tanaka[18] developed recursion theory for subsets of w, belonging to the levels of analytical hierarchy,
under the assumption of Projective Determinacy (PD). One of his results (given below) will be especially
useful for us.

Let n be a non-zero natural number. A set A C w is called E}l—maximal if A satisfies the following:

(a) A € E}, and the complement A = w \ A is infinite.

(b) For every E} set C, either AN C or A\ C'is finite.

Theorem 1 (Tanaka, Theorem 3.1 and Corollary 3.4 of [18]). Assume PD. There is a E}:-maximal
set.

Remark 2.1. Without assuming PD, one can prove the existence of II} -maximal and 3-maximal
sets: the I} -case is due to Kreisel and Sacks (item (C) on p. 332 in[19]); the $1-case is due to Tanaka
(see p. 113 of [18] — he does not assume PD for 3.3).

The following general fact about numberings will be employed in our proofs:

Lemma 2 (essentially Proposition 3.1 from [20]). Let v, po, and py be arbitrary numberings. If
v < o @ p1, then at least one of the following conditions holds:

I.v < HOo-

2. v § -

3. There are numberings vy and vy such that vy < po, v1 < p1, and v = vy @ v1. Moreover, if the
numberings v, o, and p1 are EL-computable, then both vy and vy are also E}-computable.
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3. THE MAIN RESULT
Theorem 2. Assume PD. Let n be a non-zero natural number. There are XL -computable
infinite families S;, i € w, such that the elementary theories of Rogers semilattices Ry (S;) are
pairwise different.
Proof. Recall that Badaev, Goncharov, and Sorbi [16] proved that for m > 2, there are infinitely
many pairwise elementarily non-equivalent Rogers semilattices at the X0 -level. We follow the outline

of their proof, while carefully ensuring that their methods are correctly transferred into the setting of the
analytical hierarchy.

We employ Lemma 1, and instead of directly working with the level X1, we build E}-computable
families S; such that the semilattices Rp1(S;), @ € w, are pairwise elementarily non-equivalent. From

now on, we use the following notation: for a family S, R},(S) := Rg1(S).

Theorem 1 implies that we can fix a E}-maximal set M.

First, we define auxiliary families 7;, 5 > 1. Our final goal is the following: We will show that for
i € w, the desired family S; can be chosen as some Tj;,.

Let j be a non-zero natural number. For a non-zero ! < j, define a computable set

Ri:={j-t+(1—-1):1tew}
Clearly, the sets R;, 1 <1 < j, form a partition of w. Fix a total computable, injective function p;(x) such
that range(p;) = R;. We define:

M = p(M) U ] Ry, 7}[” ={MU{z}:zg M}, T:= J 7}[”-
ml 1<I<)
Note that the families 7;[”, 1 <1 < j, are pairwise disjoint.

Claim 3.1. Each My is a E}-maximal set.

Proof. Without loss of generality, we may assume that j > 1 and { = 1. Note that x € M; if and
only if

ze |JRn| Vv IlyeM&pl(y) =al.
m#1
Hence, the set M is E}. Clearly, the complement My = p1(M) is an infinite set.
Let C be an arbitrary E! set. Consider a E} set
D:=p'(C)={rcw: Iylyc C&pi(z) =1y}

Notice that D is also equal to p;*(C'N Ry). Since the set M is E}-maximal, one of the following two
cases holds:

(a) M N D isfinite. Then My NC = p1(M N D) is also finite.
(b) M\ Disfinite. Then M; \ C = pi(M \ D) is finite.

Therefore, we deduce that My is E}-maximal. O

Now we want to show that every 7; is a E}\-computable family. In order to obtain this, we establish
the following simple fact:

Lemma 3. Let A be an arbitrary E} subset of w such that A # w. Then the family V :=
{AU{z} : x ¢ A} is EL-computable.

Proof. We define a numbering £ as follows. Fix an element b ¢ A. For k € w, we set z € £(k) if and
onlyif (z = k) V (z € A) V [z = b & k € A]. Clearly, the numbering ¢ is E}-computable, and

(k) = AU{k}, i k¢A,
lAau{p), if ke A
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Therefore, € indexes precisely the family V. O
Claim 3.2. For every j > 1, the family T; is E}-computable.
Proof. Clearly, it is sufficient to show that each 7;-[”, where 1 <1< j, has a E}-computable

numbering. This fact follows from Lemma 3. O

Now we establish a series of (technical) claims, which help us to witness the desired elementary
differences.

Claim 3.3. Let j > land 1 <1 < j. Letv be an arbitrary E}-computable numbering of T,. Then
the index set I][-l](y) ={kew:v(k)e 7;-[”} is AL,
Proof. Fix two different elements b and ¢ from M;. Then it is easy to see that

v(k) ¢ T & bevk) &cev(k)

Hence, the set I][-l](y) is T}T On the other hand, the index sets I][-m], 1 <m < j, form a partition of w.
Therefore, we deduce that I][-l] (v) e AL O

Claim 3.4. Let j > 1and 1 <1<j. Let v be an arbitrary E}-computable numbering of T;.
Suppose that v is equal to vy @ v1, where vy and vy are arbitrary numberings. Then there is a

number i € {0,1} such that all but finitely many elements of 7;-[” have v;-indices.  Proof. By
Claim 3.3, the index set I]m (v)is Al. Consider the sets

Qo:={k:2kelW)}, Q={k:2k+1el)}

Clearly, each Q; is Al, and furthermore, Q; is equal to I]m(ui).

Consider the sets V;, i € {0, 1}, defined as follows:

zeV, & (xe M)V 3klk € Qi & x € vi(k)).

It is easy to see that each v; is a E}-computable numbering, and hence, the sets V; are E!. Clearly,
Vi 2 M.

Since every set from 7;-[” has a (vg @ v1)-index, we deduce that Vo U V4 = w. This fact and the E}!-
maximality of M; together imply that there is at least one V; with V; =* w. Thus, only finitely many sets
M; U {z} from 7;.[” (namely, precisely those with x € w \ V;) do not have v;-indices. O

The key idea behind the desired elementary differences is the following: one needs to carefully work
with minimal pairs.

Definition 1 (see p. 145 of [16]). Let V be a E}-computable family. We say that two E}-
computable numberings vy and vy of V induce a minimal pair inside RL(V) if there is no E}-
computable numbering pof V with pu < vy and p < v.

The next lemma provides a sufficient condition, which allows us to find two E}-computable number-
ings of 7; that do not induce a minimal pair.

From now on, we treat a binary string o € 2<% of a non-zero length m as a tuple (¢(1),0(2), ...,
o(m)). The length of o is denoted by |o]|.

Lemma 4. Let 5> 1, m > j, and let 7%0}, VP, 7%0}, 7%1}, yﬂrl, %[qll]Jrl be E}-computable
numberings of the family T;. If %0] @,Al} = 7%0} @’yél} =...= 7[701}+1 EB’y,[i}Jrl, then there are a

E!-computable numbering § of T; and a binary string o such that |o| =m, § < yﬂrl, and

6 < 7£Cf(1)} o 7gf(?)} ®- B 77[7clf(m)].

Proof. First, note the following: If the numbering ’y?[glrl is reducible to some ,Yi[p}’ where 1 <7 <m
and p € {0,1}, then one can just choose § := %[ﬂrl, and this finishes the proof. Hence, without loss of

generality, we may assume that yﬂrl is not reducible to any of these 7[1)}

i
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For each non-zero number ¢ < j, we will choose the value o(i) € {0,1} and a numbering 5[0(2)] of

o] < [U(Z)] 5[ o0 < [0}

some subfamily of 7; such that 6,7 1> and the family

{Ae 7}Z : A does not have a 61" -index}

is finite. The search of the desired objects proceeds as follows. Since 7[0}+1 < 72-[0] P %[1

deduce that ’77[2}“ = 52[0} S3) 52[1}, where 51[’)} < ’yz-[p]'. Claim 3.4 implies that there is at least one p; € {0,1}
such that all but finitely many elements from 7;.[Z] have 51[’”]
o(1) == p;.

The choice of 5Z[U(i)], 1 <i < j, implies that

], by Lemma 2, we

-indices. We choose one such p;, and define

5 = 5([)0(0)} o 5£0(1)] @D 5][,0(3')] < %[E]Jrl’ §* < 7[0(0)} o 7ga(l)} ®- B 7][Cf(J)} (1)

It 0* indexes all the family 7;, then we set § := ¢*. Otherwise, there are only finitely many sets
By, By, ..., B, from T;, which do not have §*-indices. We put

i <
Fky =B RS s ey
By, il k>nr;

[t is not hard to see that we still have § < fyr[n]Jrl and d < ,Y[a(o)} &) %"“” G- D ’yj[a(j)] Thus, it is evident

that for a number ¢ with j < ¢ < m, one can choose the value o(4) in an arbltrary way. Lemma 4 is proved.
O

Now we show how to obfain minimal pairs inside R} (7'[ }) wherej > land1 <1 <j.

Fix two different numbers a!% and al*! from M. Recall that p; is a computable bijection from w onto
R;. Forp € {0,1} and k € w, set

() = { M1V {p(a?)}, i ke M,

l MU {pi(k)}, it k¢ M.

An argument similar to that of Lemma 3 shows that al[P] is a E!-computable numbering of the family
7.

[0] 1]

Claim 3.5. The numberings o and oy induce a minimal pair inside RL (7; )

Proof. Towards a contradiction, assume that £ is a numbering of 7; such that ¢ < al[ land ¢ < a}”.

For p € {0,1}, fix a computable function f, which reduces & to al[p}.

For an arbitrary number k, the following holds:
1. 1If fo(k) = f1(k), then fo(k) ¢ M. Indeed, assume that fy(k) € M, then
MU (@)} = af (fo(k)) = &(k) = o (1)) = M; U {pi(al)},

which contradicts with al® # @l

2. 1T &(k) # MU {py(al™)} and (k) # M; U {py(al™)}, then fo(k) = f1(k). Indeed, it is clear that
both fo(k) and fi(k) do not belong to M. Hence,

MU {pi(fo(k)} = a(folk)) = (k) = o) (f1(k)) = My U {ma(f1(k))}-

Since the function p; is injective, we deduce fo(k) = fi(k).
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These two facts together imply that the set W := {y € w : 3k(fo(k) = f1(k) = y)} is an infinite c.e.
subset of M. Clearly, this contradicts the E!-maximality of M. Therefore, al[ I and a[ Vinduce a minimal
pair. 0

The next lemma is the last important ingredient of the proof: it gives a sufficient condition for having
a lot of minimal pairs inside R}, (7;). Before giving the lemma, for the sake of completeness, we recall a

simple combinatorial fact:
Claim 3.6. Suppose that j > oN+tE where N > 1 and k > 0. Then there are subsets Fy, Fs, ...,
Fy of theset J :={1,2,...,j} such that for any binary string o of length N, we have
card(FTY nFE® A FPNY) > ok,

Here F! .= Fand F* := J\ F.

Proof. 1t is sufficient to give a proof only for j = 2V**_Then .J can be identified with the set J* which
contains all binary strings of length N + k. For a non-zeroi < N,we put F; := {7 € J* : 7(i) = 1}. O
Lemma 5. Let m > 1 and j > 2*"+™+L There are E}-computable numberings ﬁ{o}, {”, g(”,

,6’%1], ey é%,ﬂéﬂb of the family T; with the Jollowing properties:
@ e =l es! ==l e s

(B) Forany non-zeroi < 2™, the numberings ﬁz[o} and ﬁzm induce a minimal pairinside R} (T;).

(C) Consider arbitrary non-zero numbert < m, set I = {i1 <, 2 <w -+ <o it} C {1,2,...,2™},
and binary string o with |o| =t. Then for any p € {0,1} and any i € {1,2,...,2m}\ I, the

numberings B and ﬁz[':(l)} ® ﬁz[g(m ®---® ﬁz[f(m induce a minimal pair inside R}(T;).

Proof. Let J :={1,2,...,j}. By Claim 3.6, we can fix subsets Fy, Fy, ..., Fom of the set J such that
for any binary string o of length 2™, we have

card P’ FYP .o n FEET) > ot

For every non-zero ¢ < 2™ and every p € {0, 1}, we define a numbering

IBZ[P] — @ al[l—ﬂ} ® @ al[P] , (2)
leF? leF}

where the numberings al[o] and alm are the same as in Claim 3.5. We show that the numberings ,BZ-M

satisfy the lemma.

(A) Clearly, for every non-zero i < 2™, we have ﬁi[m @ ﬁz[l @1<l<]( o ozlm).

(B) Towards a contradiction, assume that there is a numbering £ of the family 7; with £ < ﬁ[o
£E< ﬁz[l . Without loss of generality, we may assume that the number 1 belongs to F;. Hence, we have
o < 419 and o8 < g1

Recall that the families 7;-[”, 1 <1< j, are disjoint, hence £ £ al[p} for all [ and p. Since £ < ﬂz-m, by
Lemma 2, there are numberings &, 1 <1 < j, such that & indexes precisely the family 7;-[”,

=6 DD DE),

and & is reducible to an appropriate a}p] taken from the decomposition of ,Bz-m (as dictated by(1)). In
particular, & < a[ll}.
On the other hand, the reducibility £ < ,8 implies that &1 is reducible to a[l } Thus, the numberings

[0] and a[l !do not induce a minimal pair, which contradicts Claim 3.5.
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(C) Assume, towards a contradiction, that there is a numbering £ of 7; such that £ < ﬁi[p] and
§< ﬂi[f(lﬂ %) ﬂi[g(m S P ,Bl[f(t)]. As in the proof of (B), we can choose a decomposition

E=6HB0HLD--DE),

[e]
!

where each & indexes 7;-[”, and & is reducible to an appropriate «; ', recovered from (1) for the numbering

BM .

Since t +1 <m+1<2™ there is a number [* € Fip N Fill_a(l) nE,
I* € F?, we deduce that the numbering 0‘1[1] occurs in the decomposition of ,BZ-M provided by (1), and the

numbering a}(ﬂ does not occur there. Hence, &+ is reducible to 0‘1[1]-

Similarly, for each non-zero p < t, only al[g] (but not 0‘1[1] )occurs in the corresponding decomposition

of ﬁi[z(p)]. Since ¢ is reducible to 52-[f(1)] DD ﬁi[f(m, we deduce that &+ is reducible to al[g]. Therefore,

al[g] and 0‘1[1] do not induce a mininal pair, which contradicts Claim 3.5. Lemma 5 is proved. O

1—-0(2) 1—0o(t)

N---NE . Since

it

We proceed to the finishing touches of the proof. Define a computable function h(z) as follows:
h0) =1, hie+1):= 22" O

We show that for the families S; := Tj,(;), @ € w, their Rogers E!-semilattices have pairwise different
elementary theories.

Suppose that i < e. By Lemma 4, the structure R1(S;) satisfies the following property: for arbitrary
o [ [0 [t 0 1 [0 1 0 1 0 1
WA Al A T with P el = sl eall = =4l @all) 1, wecanind

a binary string o such that || = (i), and the numberings ’}/}[LO(}Z.)Jr1 and W g /@ g .. g ’yf[zz(.;l(i))}

do not induce a minimal pair.

On the other hand, since h(e) > h(i + 1) = 22" +hO+1 by Lemma 5, this property fails inside
RL(S.). This concludes the proof of Theorem 2. 0

Note that Remark 2.1 implies the following

Corollary 1. For the classes X} and 33, Theorem 2 holds without assuming PD.
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