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Abstract—In our recent work we proposed a generalization of the beta integral method for derivation
of the hypergeometric identities which can by analogy be termed “the G function integral method”.
In this paper we apply this technique to the cubic and the degenerate Miller—Paris transformations
to get several new transformation and summation formulas for the generalized hypergeometric
functions at a fixed argument. We further present an alternative approach for reducing the right
hand sides resulting from our method to a single hypergeometric function which does not require the
use of summation formulas.
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1. INTRODUCTION AND PRELIMINARIES

In our recent paper [8] we proposed a generalization of the beta integral method [11] for deriving
transformation formulas for hypergeometric functions at a fixed argument. It is based on the following
simple idea: the beta density is replaced by a density expressed in terms of Meijer—Ngrlund’s function
ngg and the Gauss summation theorem for o F; is replaced by a summation theorem for 1 F},(1) with

p > 2. Here , 1 F}, stands for the generalized hypergeometric function [1, (2.1.2)] and szg is defined in
(5) below. It is convenient to introduce an extended definition of the generalized hypergeometric function
by

| a,l— A
Pz ) = P0)prmEyim T (1)

b, —A

a
F

b
where a = (a1,...,a,), b = (b1,...,by) are complex parameter vectors, (a),, = I'(a + n)/I'(a) denotes
the rising factorial. We found it convenient to omit the indices of the hypergeometric functions, as
the dimensions of the parameter vectors are usually clear from the context. However, we will use the
traditional notation ,Fj; when dealing with specific numerical values of p and ¢ to make the formulas
more accessible to a reader not interested in further details. We will further assume throughout the
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748 CANDEZANO et al.

paper that b; does not equal a non-positive integer forall j € {1,...,¢}. The function P(n) in this paper
will always be a polynomial of a fixed degree m. It is then straightforward to check that

(1 - )‘)n
P(n) = P(0 , (2)
() =PO) T
where A = (A1,..., \p) is the vector of zeros of the polynomial P and the shorthand notation for the

product (=), = (=A1)n(=A2)n - - - (—=A\mm)n has been used. Hence,

F (a P x) = P(0)prmFyrm (a’ boA a:) (3)
b | b, —\

are a generalized hypergeometric functions with m unit shifts in parameters. This extended definition has
been recently used by Maier [13] and is equivalent to the concept of “hypergeometrization” introduced
a bit earlier by Blaschke [2]. We will use both ways of writing F' interchangeably. Omitted argument of
the generalized hypergeometric function will signify the unit argument throughout the paper.

The standard symbols N, Z, and C will be used to denote the sets of natural, integer, and complex
numbers, respectively. Similarly to the beta integral method, our approach starts with a transformation

formula of the form
Fl e ) = a—wpr (0] P? . (4)
g v 2= 2)

valid for 0 < x < 1. Here §, v and A are functions of ¢, 8; w,u € N, v € Z, M, D are constants.
Multiplying this formula by the Meijer—Negrlund function Gg;g, defined by the Mellin—Barnes integral

of the form
b 1 I'a+s) _
p,0 o— s
oo (z a) ' 2wi/F(b+s)Z ds, (%)

c
and integrating term-wise we established the “master” lemma below [8, Lemma 1]. Details regarding
the choice of the contour £ can be found in many standard reference books [12, section 5.2],[15, 16.17],

[16, 8.2] and our papers [4, 5], which also contain a list of properties of ngg.

Lemma 1. Assume that (4) holds forx € (0,1). Suppose further that § or acontains a negative
integerorv=0,D =1, and

R(a) > 0& R(s(a,b) + ) > 0 & R(s(a,b) + s(v,8) + A) > 0, (6)
where s(a,b) = ﬁ-’:l(bj — aj) is the parametric excess. Then
o) k _
F o, Ala,w) Vi Z (5)k(a)ukD' 7 A+ vk, a+ uk ’ 7)
B, A(b, w) i=o (Vr(B)urk! b + uk

where A(a,w) = (a/w,a/w + 1/w, ... a/w+ (w—1)/w).

In [8] we applied our method to a number of transformations with w,u,v € {—1,0, 1,2} including
Euler—Pfaff, Miller—Paris and many quadratic transformations. The purpose of this note is threefold.
First, we apply the method to the cubic and the degenerate Miller—Paris transformations; second,
we propose an alternative way to handle the expression on the right hand side of (7); finally, we will
show how transformation formulas obtained by G function integral method can be used to derive
summation formulas for the generalized hypergeometric functions including those with with non-linearly
constrained parameters.

Before moving forward to these topics let us cite Lemma 2 from [8], whose particular cases will be
used extensively to sum the hypergeometric function on the right hand side of (7).
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FURTHER APPLICATIONS OF THE G FUNCTION INTEGRAL METHOD 749

Lemma 2. Suppose €N, h= (hy,...,h) €C, p=(p1,....p) EN, p=p1+ -+, u €
N, v € Z. Then for k € N such that ®(e+ X —d —p —vk) > 0 or if hypergeometric function F
terminates, we have

7 ()\+vk,d+uk,h+p+uk)

e+ uk,h + uk
(=) T(e+ A —d)L(1+d —e— ANI(e + uk)Yy(u,v; k)

:(h+uk)pr((u—v)k+e+>\)r(vk+d—e—/\+p+1)’ (8)
where (h + uk)p = (h1 4+ uk)p, - - (ly + uk),, and
h— P (d—e+1);  [—j1-h+d
YZD(’LL,’U,t) — ( d)P (d 6'—|— )]F Js +
Ple—d) = J! l-h+d—p
X (ut+d)j(vt+d—e—X+j+1)p_; (9)
is a polynomial of degree p.
Remark. I p = [ = 1 the polynomial Y},(u, v; t) reduces to
Y (03 1) = v(h—d) —ule—d— 1)t— (h—d)A+(e—d—1)h (10)

I'(e — d) I'(e —d)
with the root
(h—d)A+(e—d—1)h

= h—dp—(e—d—1)u

(11)

Denote A(z,m)r = (z/m)i((z+1)/m)k--- ((z4+m —1)/m),. We will need several particular
cases of the above lemma which are easily derived from (8) using the identities

(=1)"T'(2)

I'(z—n)= (1—2),

(Z)gk = 4kA(Z, 2)]4:7 (Z)gk = 27kA(Z,3)k

For (u,v) = (1,3) we have

e+kh+k
_ Tle+A=d)l(e)(e)u(h)rA(1 — e — X, 2)(—4/27)"Y,(1, 3; k)
(h)p'e+A)(1+d—e—A)p(h+p)sAl+d—e—A+p,3);
The case (u,v) = (2, 3) takes the form

17<A+3hd+hh+p+k)

o[ A+ 3kd 2kt 2k
e+ 2k h + 2k

D+ A—d)D(e)A(e, 2)k Alh, 2),(1 — e — N (4/27)FY, (2, 3; k) (13)
C (W)plle+ N1 +d—e—NpAh+p,2)sA(l+d—e—A+p,3);

The case (u,v) = (3,2) is given by

o [A+2kd+ 3k +p+ 3k
¢+ 3k, h + 3k
()pT(e+ )1+ d—e— A)pAh+p,3)le + AL +d—e— A+p,2)

(14)
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750 CANDEZANO et al.
Finally, for (u,v) = (1, —2) we obtain

g [A-2kd kb tk
etk htk

_Tle+A—d)(e)(e)r(h)p(4/27) Ale + A — d — p, 2)p Y, (1, —2; k) (15)
B (h)pl'(e+AN)(1+d—e—A)p(h+p)rAle+ A, 3) '
2. CUBIC TRANSFORMATIONS

The following lemma based on the Gessel—Stanton identity [3, (1.9)] yields one more summation
formula for the case (u,v) = (1, 3).

Lemma 3. For anyn,k € N, k < n, we have

o [T D/B 4kt k
3142
(5-N)/3+k2n+2—A+k

2= N )BR+2N(=1/2 = n)e(2 = A+ 2n)p((5 — N)/3)k(—4/27)F (16)
T2 A +30)2n+ 212 = A+ 20)n(=2/3 — n)(=1/3 — n)R((2 — \)/3)k

Proof. According to s = —3 case of [3, (1.9)] (see also [10, (8.12)]), we have

b [ AR DBkt k
3142
(5-N)/3+k2n+2-\+k

(=2 =3n —k)n-r((2—=XN)/3+k)(n—k+1)
(=1 4+X=3n))nr(2—X)/3+n) ’

Next, apply the easily verifiable identities

(3n +2)/(—=1 — n)g(—1/2 — n)p4*
(2n +2)1(=2/3 —n)p(—=1/3 — n)p(—n)k27F’
n+k (2 - A+ 2”)”

(2 — A+ 2n)k
to get (16). 0

Combining Lemma 1 with Lemma 3 and summation formulas (12)—(15) we obtain a number of

transformation formulas for terminating generalized hypergeometric functions, none of which could be
immediately located in the literature. We will present each formula in a separate theorem. Recall that

A(z,m) = (z/m,z/m+1/m,...,z/m+ (m — 1)/m) and bottom parameters are always assumed to
satisfy the restriction of not being equal to non-positive integers.

1

4

Theorem 1. For n € N we have
(a4 2)T(3n +40(2n + o + 2) Al —1,3),-1/2 —n,—n
= 5Fy . (17)

(=2 — 30+ 3k)n_p = (—1)"

(=1+A=3n)np = (1)

F a,20—a—-1,a+2—-26,(a—1)/3,—n
514
Bya—B+3/2,(a+5)/3,2n + a + 2
Proof. According to [1, p. 185] the following cubic transformation due to Bailey holds true for

0<ax<l1:
T
4
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FURTHER APPLICATIONS OF THE G FUNCTION INTEGRAL METHOD 751
_ a/3,(a+1)/3,(a+2)/3] —27x
=(1—2) %F . 1
(1 —2) "3k ( 401 — 2)3 (18)

B,a+3/2—-0
Then we can apply Lemma 1 with M =1/4,u = 1,v =3, A\ = —aand D = —27/4. This yields

a,28—a—l,a+2-2B8,al1) 0 Ala, 3)i(a)p(—27/4)F a+3katk
F( )ZwMaMm;m@mf( )-U%

Ba+s/z-gb 1) 05 b+k
By choosing a1 = (1 —a)/3, a2 = —n,n € N, by = (5 + «)/3, by = 2n + 2 + a we are in the position
to apply Lemma 3 which, after some cancelations, leads to (17). O

Theorem 2. For —d € N we have

7 a,26—a—1l,a+2—-28,d,h+p|1
B,a—B+3/2,¢,h 4

B I'(e—a—d)I'(e) 7 Ale,3),A(14+a—e,2),d
(h)pl(e—a)I+d+a—eh \ga—g4+3/2, Al +d+a—c+p,
where Y,(1,3) is defined in (9) with A = —a..
Proof. Follow the proof of Theorem 1 up to formula (19). Then choose a1 = d, aj;) = h + p,
b1 = e, by = h and apply formula (12). Here apj is a shorthand notation for the vector a with the

first component removed. 0
Theorem 3. for n € N we have

( 1,(04_1)/3704—2IB,—H )
4F3
B+1,(a+5)/3,2n+ a+2

_ (a+2)F'Bn+4)T'(2n + a + 2) 7 Ala—1,3),8,-1/2 —n,—n 21)
ST2n +30Gn+a+3) " \A@.2) f+1,-1/3—n-2/3—n)

il@(m)) . (20)
3)!

The function ¢F5 on the right hand side is Saalschiitzian (or 1-balanced).
Proof. According to [3, (5.13)] we have

l,aa—2 o a/3, (a+1)/3,(a+2)/3, —27x
B+1 a/2,(a+1)/2,8+1 -
Then we can apply Lemma 1 with M =1, u=1, v=3, A= —« and D = —27/4. Then setting

ap=(1—-a)/3,aa=-—n,neN, b =(5+a)/3, ba =2n + 2 + « we can apply Lemma 3 to sum the
hypergeometric function of the right hand side. This leads immediately to (21). O

Theorem 4. For —d € N we have
P l,a—28,d,h+p
B+1,eh

_ I'le —a—d)T'(e) A, 3),8,A(l +a—e,2),d
(W)plle—a)I+d+a—e)p \A(0,2),8+1,A1+d+a—e+p,

iy,,<1,3)) L (23)
3)!

where Y,(1,3) is defined in (9) with A = .
Proof. Use (22)in Lemma 1 similarly to the proof of Theorem 3. Then apply formula (12) to sum the
hypergeometric function on the right hand side. O
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752 CANDEZANO et al.
Theorem 5. For —d € N we have

7 a,f—1/2,a—F+1,dh+p
26,2a —26+2,e,h

4| = I'le—a—d)T(e)
(h)pl'(e—a)1+d+a—e),
x F ( A(@,3),A(e,2),A(h72)71 ‘|‘Oé—6,d,h—|—p

/B7a_/8+3/2767h7A(h+p72)7A(1+d+04—€+p,

where Y,(2,3) is defined in (9) with A = .
Proof. According to [1, p. 185] the following cubic transformation due to Bailey holds true for
O<z <t

3F2 Oé,ﬁ a 1/2,0é 1= 6 4 | = (1 - x)_agFg A(Oé,3) 4 127:L’2 3 . (25)
26,20+ 2 — 23 B,a+3/2—p| 41 -2)

Application of Lemma 1 and formula (13) completes the proof. O

Remark. Bailey’s cubic transformation (25) has been recently extended by Maier in [13, Theo-
rems 3.3, 3.6, 3.9]. These extensions can be used in place of (25) to derive generalizations of (24).

Theorem 6. For —d € N we have

7 3a,3a +1/2,d,h +pl 4| I'(e —2a — d)T'(e)
6a+1,e,h 3 (h)pI'(e = 20)(1 + d + 2a — €),,

§n<2,3>) L@
3)!

1/2,A(d i
2a+1,e — 20, A(1+d+2a—e+p,2)!

where Y,(3,2) is defined in (9) with X = 2a.
Proof. According to [3, (5.20)] we have

3a, 300+ 1/2| 4z o a,a+1/2] 423
2F1 / 3 :(1—%) 2 2F1 / 27(1 2 .
6o+ 1 20 +1 |27 —2)
Application of Lemma 1 and formula (14) completes the proof. O

For p = 1 formula (26) takes the form
P 3a,3a +1/2,d,h +1/4) T'(e—2a—d)'(e)2a(h —d)— (e —d—1)h)
s 6ot 1.e.h 3] 7 Al(e—d)(e—2a)(1+d+2a—e)
1/2, A 1
o[ warv2a@ae |
20+ 1,e — 20, A2+ d + 20 — €,2), &

where
~ 2a(h—d)—(e—d—1)h
&= 2(h—d)—3(e—d—1) "

Theorem 7. Suppose o or d is a negative integer. Then

— h — - Ale—d—p,2)!
P 3a, —3a,d,h + p| 3 _ F(e d) F a, —a,d, (e d=p, ) ! Yzl,(l, —2) ;o (27)
1/2,e,n  |4)  (Dp(l+d—e) ’

where Y,(1,—=2) is defined in (9) with A = 0.
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FURTHER APPLICATIONS OF THE G FUNCTION INTEGRAL METHOD 753

Proof. We start with the transformation [3, (5.18)]
27x(1 — x)?
4

3a, —3a| 3x a, —o
o b1 4] = 2
1/2 1/2

playing the role of (4) in Lemma 1. Then use formula (15) to sum the hypergeometric function on the
right hand side. 0

In view of (10) and (11), transformation (27) takes a particularly simple form for p = 1:

3o, —3a,d,h + 1| 3 a,—a,d,Ale—d—1,2), £+ 1
al3 4] = 6L5 )
1/2,A(e,3),&

1/2,e,h
where§ = (e —d—1)h/(2h + e — 3d — 1) is the negated root of Y3 (1, —2). Further, settinge = d+1+¢
and letting e — 0 after some algebra we arrive at (a € N):

d h—d a,—a,d, 1
g Tt o 40 :
A(d+1,3)

Note that 4 F5 on the right hand side is Saalschiitzian (i.e. 1-balanced) while 4 F3 on the left hand side is
1/2-balanced.

3a, —3a,d,h + 1
4F3
1/2,d +1,h

Bailey’s cubic transformations have been recently extended by Maier in [13]. These extensions can be
combined with Lemma 2 to get generalizations of Theorems 2 and 5. Three Maier’s transformations [13,
Theorems 3.2, 3.5, 3.8] can also be combined with Lemma 3. We will restrict our attention to a
combination of Lemma 3 with the transformation [13, Theorems 3.2]

F e ;Q3) z
(a+B+7)/2+3/4, (0 — B+7)/2 +3/4] rly

_ A(a,3) —27x
=(1—12) %3F . (28)
ol ((a+ﬁ—|—r)/2+3/4, (@ — B+r)/2+3/4] 40 96)3)
Here the 2r-degree polynomial fog) is given by
@y (G=r+B=2)/2:((5 -1 B—2)/2) —z,(z +a)/2,-r
) TRV RN NITC R M (S S G Sy |

This leads to the following generalization of Theorem 1.

Theorem 8. Forn € N we have

3 F( a,1/2—r—p5,1/2—r+B,(a—1)/3,—n ;QS’) 1)
OFZ \(a+B+7)/2+3/4,(a—B+7)/2+3/4,(a+5)/3,2n+a+2] 4
:F(3n+4)F(2n+a+2) 7 Al —1,3),-1/2 —n,—n
PEn+3TBn+a+3)" "\ (o4 g1 r)/243/4 (a—B+r)/2+3/4—1/3—n,—2/3—n)
(29)

Proof. Apply Lemma 1 to transformation (28) and use Lemma 3 to sum the hypergeometric
functions on the right hand side. O
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754 CANDEZANO et al.

3. DEGENERATE MILLER—PARIS TRANSFORMATIONS

Miller—Paris transformations are extensions of Euler’s transformations for the Gauss hypergeometric
function [1, Theorem 2.2.5] to generalized hypergeometric functions of higher-order having integral
parameter differences (IPD-type). They were developed in a series of papers published over last 15
years, the most general form was presented in a seminal paper [14] by Miller and Paris. In our recent
articles [6, 7] we extended these transformations to the previously prohibited valued of parameters and
gave denomination “degenerate Miller—Paris transformations” to the resulting identities. In this section
we apply the G function integral method to some degenerate Miller—Paris transformations. As these
transformations are not of the form (4), we cannot use Lemma 1, so we will follow the method explicitly.
As we mentioned earlier the essence of the method is to multiply a known transformation by the Meijer-

Ngrlund function G5 function defined in (5) and integrate it from 0 to 1. To perform the term-wise
integration we will need the integral evaluation [4, p. 50]

1

I'(b) y 14,0 b-1 _ (a)y —,a+v

F(a)o/a: (1—z)Gh, (ac al)daz(b)ypHFp ( by ) , (30)
where for arbitrary v the Pochhammer’s symbol is defined by (a), = I'(a 4+ v)/T'(a). The above formula
is true if R(a + v) > 0and N(s(a, b) + u) > 0(recall that s(a, b) = 3°4_, (b; — a;)). We now apply this
technique to the degenerate Miller—Paris transformation found in [7]. Define m = (mq,...,m,) € N",
m=mi+ma+...+m, and £ = (f1,..., f,) € C". We will reserve the symbols f and m for the
degenerate Miller—Paris transformations throughout the rest of the paper.

Theorem 9. Suppose R(e—a—d—p—m+1) >0, R(e —d—p) > 0. Then

b,d,f h Lb+1—a,d '
pobdtrmbae) g p( WhEImadily )
b+1,e,f,h b+1l,e—a+1!

m—1

(a)l(d)l(h+p)l (I—i—l,d—l—l,h—l—p—l—l
+ F , 31
20 e ( Lt ) 3n

where the polynomial Y,(1,0) is defined in (9) with A =1 — a and

_ (f=bml(e)(e—a—d+1) (=1 —Lb,f+m) (=DYf — b)m
2= F)mM)p(d+a—e)pl'(e+1—a)’ b= ! E ( b+1,f ) b+1)(f)m (32)
Proof. According to [7, Teorem 3]

abf+m| \ (- 0D)m o [Lb+1—a = ! e
F ( b 90) = B (1—xz)'"%F ( - 96) + lz:% Bi(a)iz (1 — ) (33)

with §; defined in (32). Suppose h = (hq, ..., k) is a complex vector, p = (p1, ..., p;) comprises non-
negative integers, p = p1 + ... + p;. To prove the theorem, multiply both sides of (33) by

L) g0 [, e—Lh=1
d—1,h+p—1

F(d)(h)p I+1,14+1
and integrate term-wise from 0 to 1. Applying (30) we then have
1
F(e / [ —a—1 l+10 6_1,h_1
(1 —2) " 'G Ly x dx
vy, ) T e\

0
_ (@i(b+p), (a+ld+lhtp]
(e)i(h)y e+1Lh+1 '

(34)
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FURTHER APPLICATIONS OF THE G FUNCTION INTEGRAL METHOD 755
Setting a = (a,b,f + m), 8 = (b+ 1,f), on the leit hand side we obtain

e /Gii}?+1 A O PR PPN R ) DR E
d)(h)p d—1,h+p—1 3 B.e.h

Further, term-wise integration and Lemma 2 lead to the following evaluation:
:L‘) dx

1
F(E) 14+1,0 6—1,h—1 A 1,b+1—a
I(d) (h)p [ G (= 1 =2)%h

0 d—1,h+p-1 b+1
- L,b+1—a,d!
_ I'(e)l'(e+ A —d) rL + a, Y00 |, (36)
(h)p(d—e—=X+1),I'(e+ A) b+1l,e+ ) !
where the polynomial Y),(1, 0) is defined by (9). 0

The previous theorem can be further generalized by substituting the bottom parameter b+ 1 by b + k
with k > 2, as follows.

Theorem 10. Supposek e Nk >2, Rle—a—d—p—m+1)>0and R(e —d—p) > 0. Then
b,d,f h 1,b— 1,d
F a,0,¢,1 +mh+p —A-F ) a+1, Tk—lyvp(]qo)
b+ k,e,f,h b+ k,e—a+1!

k
(—=1)971(b) dlh—l—p) a+l,d+l,h+p+1
+Z(b+ iRy 'k 'Zaql h) F . (37)
s q q- (€)i(h): e+, h+1

where the polynomial Y,(1,0) is defined by (9) with A =1 — a,
'b—a+1)I'(e)'(e+1—a—d)

A E)m(h)p(d— e+ a),D(B)T(e —a+1)’

k
f—b—q+1)ml(b+q—1
Ty 1 Z ? ) ( a )(b+q+z)k_q(b+1—a+z)q_1

b+q—a)(q—1) (k—q)!

is a polynomial of degree k — 1, and

Y [hb+g-Lf+m)  (-1)(f-b-g+1)m
O ( bt ) b+ um (55)

q=1

Proof. The proof goes along the same lines as the proof of Theorem 9, but with transformation (33)
replaced by the transformation [7, Theorem 4]
x)

b, f T(b—a+1 _ Lb+1—al
Pl +mm _ (b—a-+ )(1—33)1 ap +1-a T,
b+ k,f

F(b)(f)m b+ k i
k m—1
(—1)q_1 1l
+)° og(a)zl(l—z)~ . (39)
_ | q)! q
24 (b+ g~ 1)(g — DIk~ q)! &=
O
Remark. Assuming A = —a, vk = [, uk = [ in Lemma 2, we obtain the summation formula

. a+ld+lh+p+1) (-1)(h—d)plle—a—dI(1+d—e+a)l(e+1)
 (h+Dplle—a)l(e—d)T(l+d—e+a+p+1)

e+l,h+1
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p .
d—e+1); [—jl—h+d .
x}j( ?f'%F J (I+d)jl+d—etatj+1), ;. (40)
J: l1-h+d-p

J=0

Thus, the second terms in equalities (31) and (37) are finite sums.

Theorem 11. Suppose (c—g—m+ 1)1 #0,(c—a—m+1)yu_1#0,14+a+9g—c)m1 #0
and N\ =c—a—g—m+ 1. Assuming convergence of the hypergeometric functions involved we
have the transformation

ayg7d7b7f+m7h+p (f_b)m a7g7d?b7h+p
P _ F
c;eab+17f7h (f)m 0767b+17h
_ _(f— d A A 15
POr(e + A = d)(Bm = (=] p [(dgtXatAA+ 1y o) 0y
Tle+MN)(d—e—A+1),(f)m(h)p e+ A A !

where the polynomial Y,(1,0) is given in (9) with A\=c—a—g—m+1 and X is the vector of
zeros of the polynomial of degree m — 1 defined by

m—1 1
A -1 a t —-m+1+lLt+l,c—a—g—m-+1
b= ( )5{( )i(g)i(t): b g (42)
1=0 (c—a—m+1)(c—g-—m+1) c—a—m+1+lc—g—m+1+1

with By from (32).
Proof. The proof repeats that of Theorem 9 with transformation (33) replaced by the transforma-

tion [7, Theorem 5]
f _
p@ebttm ) b, o[ agb
eb+1,f (F)m eb+1

) — (F—D)m e —a—-m+1lc—g—m+1L,A+1

+ 0 (fg Jm (1 gye-ag-miip (C Gommhemgmm x) L (43)
m c, A

(]

4. ALTERNATIVE APPROACH: INTERCHANGE OF THE ORDER OF SUMMATIONS

In some situations we can exchange the order of summations on the right hand side of (7) to get the
hypergeometric function with several parameters shifted by unity as defined in (1). To illustrate this is
idea we apply it to Euler’s transformation

m) . (44)

— —b
v) =1 —w)potr [0
c
This leads to

Theorem 12. Suppose q € N, a,b € CP. Assuming convergence of the hypergeometric func-

tions involved we have
pYtehal _ . ﬁ+q,ai e (45)
v, b b+gq |

where the polynomial Pyr(x) of degree M = qp is defined by

_q7’7_57a+m
v, b+ x

PM@Q(b+$M'm2E&1( (46)
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Remark. Using relation (3) formula (45) can be written in a more traditional notation as

Ia ’7+q7ﬁ7a _ Ia _q77_67a F ﬁ—i_q’avl_A
p+2Lp+1 = p+2Lp+1 M+p+1LM+p ’
fY?b 77b b+Q7_A

where A = (A1,..., Agp) is the vector of roots of the polynomial (46).
Proof. Application of Lemma 1 to Euler’s transformation (44) yields:

avﬁva _ = (’Y—O[)k(’}/—ﬁ)k(a)k 04‘1'5—%3‘1'1@
et ( b ) =2 D ( bk )

Now, assume that & = v 4 ¢, ¢ € N. Then exchanging the order of summations we get

q
p+2Fp+1 ('Y—anﬁ,a) Z k )!(a)kp+1Fp (ﬁ—l—q,a—l—k)

v, b = b+k
—Z ﬂ+qnzq: q Br@)r(a+ k)n
o = b)i(b + k), k!

= (B @) = (COR(r = Bk@at )k = (B4 @nl(a)n n
L mynl 2 (ebmkl 2 (b),(b o myg )

where M = gp and Pys(x) is defined in (46). This proves (45). To justify the expression from the remark
denote the zeros of this polynomial by A1, Ao, ..., Aas and note that the constant term of this polynomial,
Pyr(0), is easily computed, so that in view of (2) we have

e R v
It remains to apply (b), (b +n); = (b)q(b + ¢)x. -

In particular, forp = ¢ = 1:
- l,a,1— X\
) :<1_(7 ﬁ)a>3F2 B+1a, 1
b b4 1,—A\

—"_ 17570/
3Fy (7
where A = 871((y — B)a —4b). Form =1,p = 2:

7,
1 — 1 1-— 1-—
Voo Brav,az) ) _ <1_ (v /B)ala2>5F4 BtLayap,1— A1 -y, ’
v, b17 b2 fyblb2 bl + 17 b2 + 17 _)‘17 _)‘2
where A1, Ay are the roots of

Py(z) = (a1 + z)(az + z)(v — B) —v(br + z)(b2 + z) = 0.

[f we start with the first Euler—Pfaff transformation

a,b —a a,c—bl =
F( ) . ( ) n
c c r—1

we arrive at the following theorem.
Theorem 13. Suppose —a; =m € NN > ¢ <m,a,b e CP. Then

r Y+gq,aa _r aa:RM ’ (48)
7, b b+q|
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where the polynomial Ry of degree M = q(p + 1) is defined by

a
Rur b+xqz a—l—aj K@+ ) (b+x)q'p+2Fp+1< gatzata

0 b—l—a: —1)k(y) k! bta

(49)

Remark. Using relation (3) formula (48) can be written in a more traditional notation as

’Y+Q7O‘7a —q,0,Qa 04,371—77
p+2Fpi = p+2Fp1 — 1| Mp+1Fr+p ; (50)
Vs b Vs b b + q,—n

where = (11, ...,1mar) is the vector of roots of the polynomial (49).
Proof. Set 5 = v + ¢. Application of Lemma 1 to Euler’s transformation (47) yields:

wpa) < (@ly - Bpak . [athath
el ( ) =2 Cokbyekt T ( bk )

v, b k=0
q m m
(@)k(—a)k(a)k (a+k)n(a+k)n (@)n(a)n
= = R 5
kzzo (=1)%(7)x(b)gk! n;) (b + k)nn! n;) (b + n)y(b),n! a(n)
where M = q(p+1) and Rp(x) is defined in (49) which proves (48). Denoting the zeros of this
polynomials by 1, 72, ..., na and noting that the constant term of this polynomial, Rs(0), is easily

computed, we get

— =)y (1= .
Ras(n) = (b)g - pyaFypr | 002 =1 | (Mo (L=,
v, b (=m)n - (=M )n
Substituting this expression back, we obtain (50). =

In particular, forp = ¢ = 1:

v+ 1,a,—m
3h
7, b

where 71, 15 are the roots of

—mel — 1 —
1 _ <1 _ Oﬂ;) 4F3 a, —m, m, 72
v b+17_7717_772

v+ z)+ (a+z)(x—m)=0.

This approach works for a number of other transformations listed in [8, section 2.3]. For another
example we take Maier’s recent generalization of Whipple’s quadratic transformation for gF% [13,

Theorem 3.1]:
1 —
F a?/B757 p T
l1+a—-8,14a—-4,—p

o a/2,a/24+1/2,a—B—-6—1r+1| —4x
L o I e ) (51)
l+a—-B314+a—-90 (1-2)
where p is the vector of roots of the 2r degree polynomial
—r,—t,t+ «
Py (t;, 8,6) = 3F5 ( 5 ) : (52)
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Theorem 14. Suppose r € N and q € N satisfies 2q < Z‘;’:l(bj —a;) — a. Then

I <5+5+rq1 , 5, 5a:P2T) _ (bl) 2 (ﬁ—l—é%—rql,aiQM)’ (53)
q |

o+r—qB+r—gqb | b+g¢
Formula (53) remains true for r = 0 if we omit P, on the left hand side.
Proof. Seta= g+ § +r — g — 1. Application of Lemma 1 to formula (51) then yields:

P a,f3,6,a Eq: k q)k(a)k(—4)k F a+2ka+k

_ k(o +n)a(a + n)k( )k(b+n) _ - (@)n(a)n
Z<b> b+n n.Z 6+r—q K(B+T— Q) <b+n>kk!q_;](b)n(bmqm@m”%

where Qp(x) is a polynomial of degree M = (p + 2)q given by

AB+d+r—qg—1+z,2),a+x

Qu(z)=(b+a),-F| "
5+T_Q76+T_Q7b+x

where we applied the relations
(@)r(a+k)n = (@)n(a+n)k, (a+n)oy =4"A(a+n,2)y.

5. SUMMATION FORMULAS

In this section we specialize some transformations from Section 2 and from our paper [8] to get
summation formulas which appeared interesting and new to us. Note that the formulas presented in
Theorems 15, 17, 18 sum hypergeometric functions with non-linearly constrained parameters. This
type of formulas is rarely met in the hypergeometric literature. Two examples were found by us recently
in[6, (45)], [8, p. 15].

Theorem 15. For R(B) > 0 the following summation formula holds true:

/67d71_d7c+171/}+1
5F4
( 773+2/8_'77C71/} )

AT ((d+7)/2)T 1+ B = (d+7v)/2) T (3+28 —7)
Ld+y—=D0((v=d)/2)T(A+B+(d—7)/2)T2+28~-d~~7)’
where( = 2+ —d—)(y—d—1)/B+~v—1,
= Bl —d)(B+d)
B+d)2+B—-d=—7)+(y—B-1(d+v-2)

(54)

and

A= p .
By—D+2+B-d—7)(y—d-1)(B+d)
Proof. In[8, (59)] we proved that

. a,b,d,h+1,f+1)  ((e—d—1)h+(c—a—b—1)(h—d))T(e)T(ss)
o ceh f B AT (54 +d + 1)T(e — d)

) c—a—l,c—b—l,d,f—i—Al,AC—Fl 7 (55)
c,et+c—a—b—1,&(C
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where s, =e4+c—a—b—d—2,c—a—1#0,c—b—1#0,
(c—a—b—1)(h—d) (c—a—1)(c=b-=1)f

§=ht e—d—1 and ¢ = (c—a—-b—=1)f+ab’
Settinge = f 4+ 1, ¢ = h + 1, we will have
a,b,d h—ah—b,d,v+1,¢+1
3y —LsE prborig (56)
h, f h+1,f+h—a—b+1,9,C
where
(h —a—0b)(h—d) (h—a)(h=b)f
:h+ s = s
¢ (f—d) v (h—a—>)f+ab

(f=d)h+ (h—a—0b)(h—d)T(f+1))T(h+f—a—b—d)
(f —d)hT(h+ f —a — b+ DI(f — d) '

Assumethat f=d+ 8, h=v—1,a=~v+d—2,b=~— [ — 1. Then we can apply Dixon’s theorem
(see, for example, [1, (2.2.11)]) to sum

3F2 )

which after some algebra yields the result. 0

L=

Next theorem is a summation formula for general very well-poised non-terminating 7 Fs containing a

| F+1
parameter pair :
F

Theorem 16. Suppose R(A—C — D — E) > 0. Then

7 A1+ A/2,C,D,E,F+ 1,1+ A—-F
716
A2,1+A-C14+A-D,1+A—-EFA-F
_I1+A-OT(1+A-DI(1+A-EX(1+A-C-D-E)
T+ AT1+A-C—-EXT(1+A-D-EXT(1+A—-C-D)
CDE >

X<1+F(F—A)(C+D+E—A) (57)

Proof. Changing capital to lowercase letters in[8, (79)] and setting (a — 1)/2 — b = —1 we will have:

Fy ( 2b—-1,b+1/2,¢,d,e,b+1/2—0,b+1/2+0 )
b—1/2,2b —¢,2b—d,2b—e,b—1/2—-0,b—1/2+ 0
_ ['(20 —c)T'(20 — d)T'(2b — e)I'(2b — ¢ — d — e) (1 B cde(f +1) >
I'(2b—c—e)['(2b — d — e)T'(2b — ¢ — d)T'(2b) Vflc+d+e—2b+1))"
where
o (@b—12— (- 1)f
A(f+1)

The last expression can be written as
(b—1/2)% — o2

F= (b—1/4) + 02"
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Using this expression we can get rid of f on the right hand side of the last formula. Next, setting
A=b—-1/2, F=b—1/2—0,C =¢, D =d, E = e, after much rearrangements and simplifications
we arrive at (57).

Theorem 17. For —d € N the following summation formula holds:

F A(a,3),A(1—|—a—e,2),d,§+1
7k
/2, (a+3)/2,A2+a +d—e,3),¢

B hI'(e—a)'(e —d)(1+a+d—e) ~ 2d(h+1)

- T(e)(e—a—d)((h—da—(e—d—1)h) (a+3)eh )’
where
(h—d)a—(e—d—1)h

3h—2d—e+1 '

Proof. Set 25 = o+ 1in(23), use (10) for Y1(1, 3) and simplify. O
Theorem 18. For —d € N the following summation formula holds:

F A(a73)7ﬁyA(1 +a_€72)7d7£+1
8147
A(O‘72)7ﬁ+17A(2+a+d_€’3)’£

£ =

_Tle—a)l(e—d-1)BA+a+d—e)h(33 —a)(B —d—1)+d(28 — a+ h)] (59)
- Te—-Dl(e—a-d)(B—-d—1)(B-d)(38—a)(h—d)a—(e—d—1)h) ’
where3f +e—a—d=2and
(h—d)a—(e—d—1)h
3h—2d—e+1 ’
Proof. Rakha and Rathie [17, (2.5)] (see also [9, (3.1)]) extended the Piaff—Saalschiitz summation
theorem by adding a parameter pair with unit shift. Their extension can be written in the form

—j,a,b, f +1 (c—a—1)j(d—a)j(y+1); .
F _ , d=— b+2,
o ( e d, f ) (©);(d); (); . Jrathy

&=

where

(c—a—1)(c—=b-1)f

ab+(c—a—b—1)f "

Imposing the condition 38 + e — a — d = 2 we get Saalschiitzian 4 F3 with one unit shiit on the left hand

side of (23). Using the above formula to sum 4 F3 and applying (10) for Y1 (1, 3) after some simplifications
we arrive at (59). O

Theorem 19. For each r,n € N the following summation formula is true:

’Y:

P Al —1,3),-1/2 —n,—n o 3r@2n+3)I'Bn+a +3)
51 /2402 +3/2—1/3 —n.—2/3 —n (a+2)TBn+4)T(2n+ a+ 2)

y {1 mafa —1)(1—r)(B—r—1/2), (=B — 1 — 1/2),
(a4 3)(a+5)(a+2r)(a+2n+2)(B+1/2), (=B +1/2),

2r(a+1)
| o traos 1) } (0

Proof. Set 5 =3/2 — rin(29). O
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For r = 0 the above theorem takes a particularly simple form:
Al —1,3),-1/2 —n,—n
a/2,a/2+3/2,-1/3 —n,-2/3 —n

_ 3r@2n+3)I'Bn+a+3) (1 2n(a —1) >
(@ +2)TBn+4T(2n +a+2) (a+3)(a+5)(a+2n+2))"
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