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Abstract—The main subjects of the present paper are the Goursat and Darboux boundary-value
problems for hyperbolic systems with two independent variables. We show that obtained by
T.V. Chekmarev in terms of successive approximations formulas for solution of the Goursat problem
can be built also by the Riemann method, work out an analog of the Riemann—Hadamard method
for the system, and introduce its Riemann—Hadamard matrix. We solve the Darboux problem in
terms of the introduced matrix.
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1. INTRODUCTION

System of equations of the first order
8u2- "~ '
am,:Zaik(ml’”"x")uk+fi(m1""’x")’ 1217___7717 (1)
tok=1

was studied by a number of authors (see, for instance, [1—6] and references in these papers). It is of
interest, in particular, in connection with differential equations of mixed type. The most number of
publications concerns the case n = 2.

The author prposed [7] a version of the ariemann method for systems of differential equations both
with simple and multiple characteristics.

The Darboux problem for hyperbolic equations and systems is of great interest. This problem for
equations of second order with two independent variables is considered by a number of authors. We
mention here the works [8, p. 228—233], [9—14]. There exist also investigations of the Darboux problem
for hyperbolic equations of the third order [15, 16].

2. THE GOURSAT PROBLEM

We consider the following system of equations

U1z = ar(z,y)ur + ar2(z,y)uz + fi(z,y), (2)
ugy = az1(x, y)ur + ax(z,y)uz + f2(z,y),

in rectangle D = {z¢ < < x1, yo < y < y1}. Here a1, a12, as1, age, f1, fo € C(D). A solution u is
called regularin D if u1, ug, uia, ugy € C(D).
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The Goursat problem: Find regular solution of system (2) in domain D which is continuously
extendable on the boundary of domain D and satisfies boundary conditions

ur(zo,y) = (y), ua(z,y0) = (),
e(y) € Cllyo, ),  ¥(x) € C([zo, z1]). (3)
The Goursat problem has unique solution [3, p. 15—23].
A linear transformation of the desired functions reduces (2) to the case
ail = asy = 0. (4)
In what follows we conider these identities as fulfilled.

Chekmarev [2, 3, p. 15—22] by means of the successive approximations method obtained solution of
the Goursat problem (2), (3) in the form

u1(z,y) = p(y) +/90(T)L(w,y,a:o,7)d7+/¢(t)K($,y,t,yo)dt+/fl(t,y)dt

Yo Zo

Ty
—i—//(L(a:,y,t,T)fl(t,T) + K(z,y,t,7)fa(t, 7))drdt, (5)

Zo Yo

Y Y

us(z,y) = (x) + / ()M (2, y, 20, 7)dr + / BN 2,y t,yo)dt + / fol, 7)dr

Yo Yo

Ty
+//(M(:L’,y,t,7’)f1(t,7') + N(z,y,t,7)fa(t, 7))drdt, (6)

Zo Yo

where L, K, M, N are determined by coefficients aj2, ag; as uniformly convergent series, and satiffy
relations

xT

K(l‘, Y, t7 7_) = 12 (t7 y) + / (112(5, y)N(é.v Y, t7 T)d£7

t
T

L(z,yt,7) = / ana(€, y) M (€, . £, 7)dE,

t

Y
M(%y’tﬂ') = CL21(.’E,T) + /a2l(m7n)L(x7n7taT)dna
t

y
N(z,y,t,7) = /agl(m,n)K(m,n,t,T)dn. (7)

T

There exists other approach to solving of described aboveproblems. We can apply to system (2) the
Riemann method. Rewrite (2) in vector-matrix form

L(U) = F7 L(U) = AU;(: + BUy - CU, U= COlOl’l(ul, 'LLQ),

A— 10 . B= 00 C= 0 a2 ,
00 01 az1 0
F = colon(f1, f2). (8)
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Introduce Riemann matrix R = colon(Rq, Rz2), where vectors R;(z,y,&,1) = (ri1,r2), i = 1,2, are
solutions of systems

xT

rit(z,y) = 61 — /6121(@,9)7"@2(@,9)(1@,

% (9)
ri2(z,y) = di —/alz(x,ﬁ)Til(ﬂf,ﬂ)dﬂ,
L n

d;; is Kronecker symbol. The solutions of systems (9) exist and are unique in the class of continuous
functions. We differentiate (9), and see that system (9) is equivalent to two Goursat problems

Tile = —a21(T,Y)12,  Tizy (2, y) = —ar(z,y)ri1, (10)
Titlz=¢ = 0i1, Ti2ly=p = 02, 1=1,2.

Clearly, function R with respect to the first pair of variables satisfies the conjugated to (2) system
L*(V)=0, L*(V)=-(VA),—-(VB),— VC.

We integrate identity
RL(U) = (RAU), + (RBU), (11)
over rectangle D; = {zg <z < &, y0 <y < n}, (§,n) € D, and obtain

n £ n
/7“11(5,9,5,77)“1(5,9)(19‘1'/T12($77775777)U2($777)d$:/7“11(53073175777)“1(330,9)‘19

Yo zo Yo
3
+/7"12(537?/0,5,77)@(%?/0)(133+//(T11($7y75777)f1($7y) +7"12(17,:1/,é',’l’})fg(il?,y))dl'dy, (12)
o Dl
n £ 7
/721(£7y7£7n)u1(£7y)dy+/T22($7n7£7n)u2($7n)d$ = /7“21(53072175777)%(330,9)‘19
Yo zo Yo

3
+ / ran(@, g0, €, mua (@, yo)dz + / / (rar (@9, E0) (@, y) + ooy, €,0) folrsy))dady.  (13)

o Dl

We use the properties of the Riemann matrix, differentiate (12) with respect to variable  and (13) with
respect to &, and obtain solutions of the Goursat problem in the following form:

& &
Tlln(x07y7§77])go(y)dy+/T12n(m7y07€777)¢(x)dx+/fl(m777)dm

x0 xo

u1(&,m) = p(n) +

I

Yo To

\m g\s

T1117 x y7£7 )f1($7y) —I—rlgn(:r,y,ﬁ,n)fg(:r,y))dxdy, (14)

& n
7“215(330,%5,77)90(2;/)(1?;/+/T22§($,yo,§,77)¢(33)d33+/f2(5ay)dy

Zo

uz(€,m) = ¥(§) +

g\:
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y
y=x
D,
P, p
D, D,
o P, P, x
Fig. 1.
n £
+ / / (rave @y, €,1) f1 (@, ) + rase (@, €, 1) fo (2, ) dady. (15)
Yo Zo

The formulas (5), (6), (7), (9), (14), (15) imply relations

L(fﬂ%x,y) = 7“1117(3771/75777), K(gﬂ%x,@/) = 7"1277(1‘,:1./,6,’[’]),
M(gﬂ%x,y) = 7”215(51%1/75777), N(gﬂ%x,@/) = 7“225(33,@/,5,77)-

3. THE DARBOUX PROBLEM

We consider the Darboux problem: Find regular solution of system (2) in domain Dy =
{(z,y) : 0 <y <z < T}, which is continuable on the boundary of domain D and satisfies bound-
ary conditions

Ul(y,y) = )‘(y))u2($7 0) = /.L(I’),
Ay) € C([0,T]), p(x) € C([0,T7). (16)

Solution of the Darboux problem exists, and it is unique [3, p. 26—29].

We fix a point P(&,n) € Dy, and consider corresponding quadrangle D, = {(z,y) 1y <z < §,0 <
y < n} C Do with vertices at points O(0,0), Pi(n,n), P(&,n), P3(&,0), rectangle Dy = {(z,y) : n <
x < &,0 <y < n}withvertices at points P, Py, P»(n,0), Ps, and triangle Dy = {(z,y) 1y <z < n,0 <
y < n} with vertices at points O, Py, P» (see Fig. 1).

Define Riemann—Hadamard matrix for the Darboux problem H (z,y, &, n). Let

— R(xayaéan)v (IL’,y) € Dl:
H, &) = {V(x,y,&n), (z,y) € Dy, (")

where R is the defined above Riemann matrix, and matrix V = colon(Vy, Vy), with vectors V;(z,y,
&,n) = (Tin,m2), t = 1,2, needs to be specified in domain Ds.
We require that V;, Vs be solutions the Darboux problems in domain D5 for systems

F7;1:1: - _a2l(xay)fl27 fiQy(xay) = _al2(x7y)fll7 1= 17 27 (18)
with conditions relatively

(v, §m) =ruuny, &), T2y, y,&m) =0 (19)
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for vector V1, and
f2l(7]7y7§77]) = 7’21(7772%5777)7 f22(y7y7€777) =0 (20)
for vector V5.
We integrate identity (11) over rectangle D;:
&

n
m(é,y,ém)ul(é,y)dw/m(m,n,f,n)w(m,n)dw = /m(n,y,f,n)ul(n,y)dy
n 0

\s

_|_

S

r1a(2,0,€, m)ua (2, 0))de + / / (i@, €)1 (2, y) + mio(sy, £0) folay))dady,  (21)
Dy

n '3 n
/rzl(é,y,é,n)ul(é,y)dw/rzg(m,n,f,n)w(m,n)dw = /rzl(n,y,f,n)ul(n,y)dy
n 0

0
13
+ / ran(,0,€,m)us (,0))dax + / / (rar (s, €, 1) o (2, 9) + T, €.0) folr, )y, (22)
n Dy

Integration of identity (11) over triangle D5 gives
U U

0
_/TIQ(m7OJ€7n)u2(x70)dm+/rll(n7y7§77])ul(n7y)dy+/(Tll(y7y7€7n)ul(yay)
n

0 0

— F1a(y, 9, €, mua(y, u))dy + / / (Fia(e €0 f1 (@0 y) + Pro(a €0 fole, y))dady, (23
Do

n n 0
- /7722(33,075777)@ (':L‘v O)dl‘ + /7721(777y7£777)u1 (777y)dy + /(f21 (yvyvé.vn)ul (yvy)
0 0 n

~ oy, Em)us(y, ) dy + / / (For (2., €0 f1 (@,9) + Pon (9,6, 0) forl, )y, (24)
Do

We add (21) with (23) and (22) with (24), and obtain

n £
/rll(§7 Y, 67 77)“1 (57 y)dy + / 12 (.T, m, 67 7'])'LL2 (.T, T,)dx
0

n

n 0
+ /fll(n,y,ﬁ,n)ul(n,y)dy+/(f11(y,y,£,n)ul(y,y) —r12(y, 9, &, muz(y, y))dy
0 n

3

n
- /7’11(777 Y, 67 77)“1 (777 y)dy + 12 (x7 07 67 77)“2 (‘T? O))dl’
0 n

n
+/7712(33707£777)u2($70)d$+//(Tll(l‘vyvé.vn)fl(wvy) —|—r12(a:,y,§,77)f2(a:,y))dxdy
Dy

0
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+ //(fll(l‘vyvé.vn)fl(wvy) +7712('1773/7é.vn)fQ(wvy))dmdyv (25)
D

n 3
/T21(£7y7£7 Ui 57 dy + /T22 X 7775 n u2($ n)d
0 n
n 0
+ /rzl(n,y,f,n)ul(n,y)dy+/(r21(y,y,£,n)ul(y,y) — 722(y,y, &, nua(y, y))dy
0 n
n 3
- /T21(777y7£7 Ui 777 dy+/r22 Z, 0 57 ’LLQ(J‘,O))dQZ'
0 n

7
+ /7’12($70,€,77)U2(a:,0)dm + //(Tzl(x,yafm)fl(x,y) + r22(, y,&,m) f2 (2, y)))dody
Dy

0

-+l/;f(rgltt,y,é,n)fi(x,y)-%TQz(x,y,é,n)jé(x,y))dxdy. (26)
Do

It fO”OWS from (9)» (19)» (20) that T11(£7 Y, 57 77) = 17 T12(aj7 , 57 77) = 0, T21 (57 Y, 57 77) = 0, T22($7 m,
57 77) = 1’ 7712(:’/7 Y, 57 77) = 0, 7722(9, Yy, f, 77) - 0, and

T11 (777 Y, 57 77) - T11(777 Y, 57 77) =0, T (777 Y, 57 77) - T21(777 Y, 57 77) =0
Consequently, (25) and (26) are representable as

n £
/m@w@:ﬂ@m /mmmmzﬁ@m (27)
0 n

where Fy(€,n), Fo(€,n) are completely determined by the Riemann—Hadamard matrix H and boundary
data of the Darboux problem.

We differentiate the first equality (27)in 7, and second in £, and obtain explicit solution of the Darboux
problem in terms of the Riemann—Hadamard matrix.
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