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Abstract—We study the family of Sturm—Liouville operators, generated by fixed potential ¢ and
the family of separated boundary conditions. We prove that the union of the spectra of all these
operators can be represented as the values of a real analytic function of two variables. We call this
function “the eigenvalues’ function” of the family of Sturm—Liouville operators (EVF). We show that
the knowledge of some eigenvalues for an infinite set of different boundary conditions is sufficient to
determine the EVF, which is equivalent to uniquely determine the unknown potential. Our assertion
is the extention of McLaughlin—Rundell theorem.
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1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS
Let us denote by L(q, «, 3) the Sturm—Liouville boundary-value problem

ty=—y" +q(x)y =py, xze(0,7), peC, (1)
y(0)cosa +y'(0)sina =0, o€ (0,7, (2)
y(m)cos B+ (m)sinB =0, B€l0,n), (3)

where ¢ is a real-valued function, summable on [0,7] (we write ¢ € L§[0,7]). By L(g,, 3) we
also denote the self-adjoint operator, generated by the problem (1)—(3) (see [1—=3]). It is known,
that under these conditions the spectrum of the operator L(q, «, ) is discrete and consists of real,
simple eigenvalues (see [1—4]), which we denote by p, = pn(q, o, 8) = X2(q, o, 8), n=10,1,2,...,
emphasizing the dependence of i, on ¢, a and 8. We assume that eigenvalues are enumerated in the
increasing order, i.e.

MO(qvavﬁ)<M1(q7a7ﬁ)<'“<Mn(q7a7ﬁ)<"" (4)
For eigenvalues u,, we have proved (see [4]) that
lim MO(qv avﬁ) = lim MO(q7a7ﬁ) = -
a—0 B—m

and also we obtained new asymptotic formulae (when n — o0)

pola.008) = [0+ 8l B + | [ a(®)dt +1a(a.0,9) (5)
0

where 0, (o, 8),n = 2,3,. .., are smooth and bounded (-1 < §,(«, 5) < 1)functions, defined on [0, 7] x
[0, 7] (for more details, see [5]) and r,(q, o, ) — 0 (when n — o), uniformly by a, § € [0, 7] and ¢ is
from the bounded subsets of L}, [0, 7).
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Fig. 1. The domain (0, 00) x (—oo, ).

With the aim to investigate “the movement” of the eigenvalues dependending on « and g we
introduced the concept of “the eigenvalues function (EVF)” of the family of operators (see [4, 6, 7])
in the following way.

First, we note that arbitrary v € (0, 00) can be represented in the form v = a + 7n, where « € (0, 7]
and n=0,1,2,...; and arbitrary 6 € (—oo, ) can be represented in the form 6 = 8 — 7n, where
B e€l0,m) and n=0,1,2,.... In what follows, we assume ¢ is fixed, so when we say “the function
u(q,y,0) of two arguments” we understand that arguments are - and 4.

Definition. The function p(q,v,0) of two arguments, defined on (0,00) x (—oo,m) by the
formula

lu(q777 5) = /J/(q,Oé + 7T’I’L,5 - 7T’I7’L) = :U’n-i-m(qv a?lﬁ)’ (6)

where u(q,a,B), k=0,1,2,..., are the eigenvalues of L(q,«, ), enumerated in the increasing
order (see (4)), we shall call the eigenvalues’ function of the family of operators {L(q, o, 3), €
(0,7, 8 €[0,m)}.

The meaning of this definition is easy to understand from Figure 1.

The values of EVF is the union of all spectra ({un (g, @, 8)}72 ) of operators L(q, o, ), when (v, )
changes on (0, 7] x [0, 7). For the case ¢(z) = 0 we constract the part of the graph of EVF 1(0,7,9),
which contains the part of 1 (see Figure 2).

In [4] we have proved, that EVF is a real analitic function of two arguments. This property gives us
hope, that the following assertion may be true.

Theorem 1. Let the EVF u(qu,-,-) and u(qs, -, -) be such that

M(qlvlykwﬁl) :M(Q27’Ykaﬁ2), k:1)27"') (7)
where By, B2 € [0, ) and {y}32, is the sequence with distinct positive elements -y, that converges
to some vy > 0, i.e. limg_, o0 v = Y0. Then q1(x) = q2(x) a.e. on [0, 7] and 1 = Po.

Similarly, if

wqr, o1, 0k) = p(ge, a2,0k), k=1,2,..., (8)
where oy, ay € (0,7] and {0,}32, is the sequence with distinct elements 0y € (—oo,m), that
converges to some §y € (—oo,m), i.e. limg_,o 0p = Op, then q1(z) = g2(x) a.e. on [0, 7] and aq = .

The paper is organized as follows: in Section 2 we give some preliminaries, in Section 3 we prove
Theorem | and in Section 4 we consider the connection of our theorem and the theorem of McLaughlin—
Rundell.
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Fig. 2. The graph of the function 1(0,~, ).

2. SOME PRELIMINARIES

Let us denote by ¢(z, u, a, q) (sometimes, for brevity, we will write ¢(z, 1)) the solution of (1), that
satisfies the initial conditions

and by ¥(z, u, 8, q) (for brevity ¢ (z, u)) the solution of (1), that satisfies the initial conditions
¢(W7M)B)q):Sinlﬁv W(Wﬂaﬁﬂ):—cosﬁ- (10)

It follows from (9) that ¢(z,u,a,q) satisfies the boundary condition (2) and from (10) that
W(z, u, B, q) satisfies the boundary condition (3). Therefore, p* will be the eigenvalue of L(q, «, 8) if
Y(x, pw*, B, q) satisfies (2), orif p(z, u*, o, q) satisfies (3). Thus, the following statement is true.

Lemma 1. u* is an eigenvalue of L(q,«, B) if and only if

or
o(m, 1, o, q) cos B+ ¢ (m, p*, o, q) sin B = 0.
Thus, o(x, pn (g, o, B), «, q) and ¥ (x, un(q, o, B), B, q) are eigenfunctions of L(q, o, ), correspond-
ing to the eigenvalue uy, (g, o, 8),n =0,1,2,....

It is well-known (see [1, 8]) that p(z, u), ¢'(z, 1), Y(x, 1), ¥ (x, 1), for a fixed x[0, 7], are entire
functions of p.
Let us define the functions fy and f; by formulae

fO(lu) = WQ%ﬁb%)W(Q%ﬁ% QQ) - 71[)/(0’”7/817 Q1)¢(0,M7ﬁ2,Q2),
fﬂ'(lu’) = C,D(ﬂ',,u,()él,(h)(,D/(ﬂ',,u,OéQ,QQ) - (,0/(77,/.//,al,Q1)SO(W,M,a2,QQ)-

[t is easy to see that fy and f; are also entire functions of u.

Lemma 2. [f both w(wvﬂ*)ﬁlv ql) and w(wvﬂ*wﬁ%qQ) Satisfy (]1)’ then fO(M*) = 0.
Lemma 3. I (x, u*, B1,q1) satisfies (11) and fo(p*) = 0, then p(z, u*, B2, q2) satisfies the (11).
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The proofs of these lemmas are carried out by direct verification.
Similar lemmas are true for the functions p(z, u*, «, q).
Denote (see (7))
vk i= p(qu, Ve, B1) = (g2 e, B2), B =1,2,....

Since, by the condition of Theorem I, the sequence {74}, converges (limj_,o % = 70), then,
according to the smoothness of EVF, the sequence {v}}2° ;| also converges:

lim v = lim p(q12, v, B1,2) = 1(q1,2,%, B1,2) = .
k—o0 k—o0
Since the positive v, we can represent in the form v = oy + wm, where oy € (0, 7] and some m =
0,1,2,...,and
vk = (q1,2, g +7mm, B12) = pum(q1, ., B1) = pin (g2, ok, B2),

are eigenvalues of the operator L(qi, ay, 81), then the functions ¥ (x, vk, B1, q1) and ¥ (x, vy, B2, g2) are
eigenfunctions of this operator and, therefore, they satisfy the conditions

1[)(0, Vkaﬁl)Ql) cos i, + 1[)/(0, Vkaﬁl)Ql) sin ap = 07
1[)(0, Vkaﬁ%QQ) cos a, + 1[),(0, Vkaﬁ%QQ) sin ap = 07

forall k=1,2,.... By Lemma 2 it follows that fo(vx) = 0. Since fy is entire function and {r}72
converges, it follows that fo(u) = 0, u € C. Thus, the following assertion is true.

Lemmad4. /f the condition (7) is satisfied, then fo(n) = 0, € C. Similarly, if the condition (8)
is satisfied, then fr(p) =0,u € C.

3. THE PROOF OF THEOREM 1
Let now qu) = u(qr, 00 +7mn,B1) = pn(qr,1,61),n =0,1,2,...,i.e. {;é}’ o0 is the spectrum of
L(q1, a1, 1) for some ay € (0, x]. In particular, this means that the equality

Qp(onuq(ml)vﬁbql) cos a1 + wl(omuq(ml)vﬁDQI) sin Q)] = 0

holdsforalln =0,1,2,.... Since fo(r) = 0, then fo(u,(ll)) =0foralln =0,1,2,...,and from Lemma 3
it follows that the equality

w(()? :u7(11) ) 1827 q2) COSs (1 + 1/}/(07 ,u7(11) ) 1827 q2) sin a1 = 0

holds for all n =0,1,2,.... This means that all ,qu) are eigenvalues of the operator L(gq, a1, 52), or,

which is the same, {un(q1, 01, 81) 1520 C {un(g2, a1, B2)}5°,. This implies that each p,(q1, 010, 61) =
tm (g2, a1, B2) for some m. But from the asymptotics of eigenvalues (see (5)) it follows that m = n, i.e.

/Ln(q17a1751) :Hn(q27a17ﬁ2)7 n:071727"" (12)

Similarly, if we take u,(f) = un(q1,00,01),n=0,1,2,..., where as € (0, 7], o # o, we will obtain,
that

Mn(QhOQ,ﬁl) :Hn(q27a27ﬁ2)7 n:071727"" (13)

[t follows from the equalities (12) and (13), that ¢; () = ¢2(x) a.e. on [0, 7] and $; = B2 according to the
classical two spectrum version of the inverse Sturm—Liouville problem, studied by G. Borg (see [9—13]).
Thus the first part of our Theorem 1 is proved. The proof of the second part is completely analogous.

[e.e]

It should be noted that the same proof shows, that the spectrum {p,(q1, ., 5)}52, of the operator
L(q1,a,B) coincides with the spectrum {u, (g2, @, 8)}5%, of the operator L(ga,a, 3), for arbitrary

a € (0,7]and 8 € [0, 7). [t means that EVF u(q1,7,d) = wu(qe,7,d) forally € (0,00) and § € (—oo, 7).
For this reason we call our theorem the uniqueness theorem for the EVFE.
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4. THEOREM OF MCLAUGHLIN-RUNDELL
In[14]J. McLaughlin and W. Rundell considered the Sturm—Liouville problem

" +q(x)y =Xy, y(0)=0, y'(n)+By(r)=0,

for ¢ € L&[0,7] and denoted by A,(g,8) the eigenvalues of this problem, and proved the following
theorem:

Theorem 2. Let qi,q2 € L3[0,7]. Fix j, a positive integer. Suppose By for k=1,2,... are
distinct real numbers and \j(q1, Br) = N\j(q2, Bk), k=1,2,....Then qi(z) = q2(x), a.e.

Itis clear that each real number S}, can be represented as 8, = cot 3y, where 3}, € (0, 7). Since S, are
distinct, then gy, are also distinct. The sequence {8}, forms a bounded set in [0, 7] and, consequently
has at least one accumulation point B9, i.e. there exist a subsequence 5kz s.t. limy, 00 5kz =39 If we
define o5, = 5kz — j, then {dg, } forms a real distinct sequence, which converges to 50 — mj. Note, that

~ ~ 70
limy, o coOt By, = cot 80 = C?S ?0 . And so, the boundary condition y'(7) 4+ By(7) = 0 we can write in
sin
the form y () cos B + ¢/ () sin # = 0 and the whole problem can be considered as the problem L(g, 7, )
in our notations. Thus, McLaughlin—Rundell uniqueness theorem is the particular case of our, where
the condition (8) is written in the form

N(qlaﬂ-75m) :ILL(QQ,T(',(sm), m = 1727"'7

where 6, = 3, — mj converges to 30 — ;.
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