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Abstract—A positive definite differential eigenvalue problem with coefficients depending nonlinearly
on the spectral parameter is studied. The problem is formulated as a variational eigenvalue problemin
a Hilbert space with bilinear forms depending nonlinearly on the spectral parameter. The variational
problem has an increasing sequence of positive simple eigenvalues that correspond to a normalized
system of eigenfunctions. The variational problem is approximated by a finite element mesh scheme
on a uniform grid with Lagrangian finite elements of arbitrary order. Error estimates for approximate
eigenvalues and eigenfunctions are proved depending on the mesh size and the eigenvalue size. The
results obtained are generalizations of well-known results for differential eigenvalue problems with
linear dependence on the spectral parameter.
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INTRODUCTION

We study the positive definite differential eigenvalue problem —(p(\, z)u/(z)) + ¢(\, z)u(x) =
Ar(A, z)u(x), A € (0,00), z € (0,1), u(0) = u(1) = 0, with given coefficients p(u, z), q(u, z), r(u, ),
p € (0,00), z € [0,1]. Forafixed z € [0, 1], the functions p(u, ), ¢(u, z), p € (0, 00), are nonincreasing,
while the function r(u,x), p € (0,00), is nondecreasing. The differential problem is equivalent to
the following variational eigenvalue problem: A € (0,00), u € V'\ {0}, a(\, u,v) = Ab(\, u,v) for any
function v € V. Here, V = {v: v € W}(0,1), v(0) = v(1) = 0} is a Hilbert space with norm |- |;.
According to [1], this problem has an increasing sequence of positive simple eigenvalues Mg, k =
1,2, ..., with a limit point at infinity: 0 < Ay < XAy < -+ < A < -+-, Ay = 00 as k — oo. This sequence
of eigenvalues is associated with a system of normalized eigenfunctions ug, k = 1,2,.. ..

The variational eigenvalue problem is approximated by the following finite element mesh scheme:
Mg (0,00), ulh € Vi, \ {0}, a(\*, ul o) = APp(AR ul o™) Tor any function v® € V. Here, V}, is the
space of Lagrangian finite elements of order n. For sufficiently small h, the mesh eigenvalue problem
has N}, positive simple eigenvalues A?, where Ny = dim Vj,, k = 1,2,..., Nj,,and 0 < )\? < )\g <<
)\?Vh. The eigenvalues A", k =1,2,..., Ny, are associated with a system of normalized eigenfunctions
uz, k=1,2,...,Ny. Forsufficiently small h, we prove the error estimates

0< AN — ) < ch® \i L luft — gl < ch”)\,(gnﬂ)p,

where ¢ is a constant independent of h and A, the signs of the normalized eigenfunctions uZ and uy, are
chosen according to the conditions b( g, uZ, ug) >0, b()\Z, uﬁ, uZ) =1, b( Mg, ug, u) = 1.
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Nonlinear eigenvalue problems arise in various areas of science and engineering, for example, in
plasma physics, structural mechanics, numerical algorithms for discrete equations, and the theory of
dielectric waveguides [1—5]. Computational methods for solving nonlinear matrix eigenvalue problems
were investigated in [5]. As applied to nonlinear differential eigenvalue problems, the finite element
method was addressed in [6], and the influence of numerical integration in finite element schemes was
studied in [1, 7, 8] with the help of the results from [9—12]. In [13] errors in approximate methods for
solving nonlinear eigenvalue problems in a Hilbert space were analyzed using general results for the
linear case[14—16]. Approximate methods for solving nonlinear boundary value problems and variational
inequalities arising in applications were investigated in [17—23].

1. VARIATIONAL FORMULATION OF THE PROBLEM

Let @ =(0,1), 2 = [0,1], G be an interval of the number line R, and A = (0, 00). As usual, Ly (G)
and W3"(G) denote the real Lebesgue and real Sobolev spaces, respectively, equipped with the norms

1/2 . 1/2
|ulo.c = (/(u(m))%lﬂc) » o Nullme = <Z Iulf,a)

G =0

and seminorms |ul;q = [u@|o.q, i = 0,1,...,m, where v = diu(z)/dz’, i =1,2,...,m, u® =,
and m is a positive integer. Additionally, let W(G) = Lo(G). If G = €, then, for brevity, the domain
index is omitted from the notation of the norms and seminorms.

Let p(u, ), q(pu,x), r(p, z), p € A, x € Q, be given infinitely continuously differentiable functions.
Assume that p(u, z) and r(pu, x), p € A, € Q, are positive, while the function ¢(u, ), p € A, z € Q,

is nonnegative. For fixed € 2, the functions p(u, ) and ¢(u, z), p € A, are nonincreasing, while the
function r(p, x), p € A, is nondecreasing. Assume that there exist positive constants py, pa, ps, p4, g2,
g3, 71, T2, and 73 such that

p1 < p(p, ) <p2, 0<q(p,) <qo, 11 <r(p,x) <o,

‘ op(p, ) ‘ dq(p, x) or(p, x)
S P3, g qs, g s,
ou ou ou
d'p(p, ) 'q(p, ) o'r(u, x)
< <
oz’ = b oz’ = 4 oz’ =T

foranype A,z € Q,i=1,2,....
Consider the following differential eigenvalue problem: find numbers A € A and nonzero functions
u(zx), x € Q, such that

—(p\, ) (2)) + g\, 2)u(z) = (N, 2)u(z), z€Q, u(0)=u(l)=0.

We introduce the Hilbert space V = {v: v € W3 (Q), v(0) = v(1) = 0} with norm |- |;. It is easy to
see that the Friedrichs inequality |v|g < |v|; holds forany v € V. For u € A and u,v € V, we define the
bilinear forms

1 1
anu0) = [ (lnon's' + gl zjuodde, o) = [ rip,z)unds.
0 0

The generalized formulation of the differential eigenvalue problem is as follows: find A € A and
u € V' \ {0} such that

a(A, u,v) = b\, u,v) YveV. (1)

Consider an auxiliary linear eigenvalue problem for a fixed o € A: find functions v = v(u) € A and
y=y(p) € V\ {0} such that

a(p,y,v) =vb(p,y,v) Vv eV (2)
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According to [24], problem (2) has a sequence of positive simple eigenvalues ~, = vk (p), k =
1,2,..., arranged in increasing order: 0 <y <y < -+ <Y < -+, Y — 00 as k — oo. These
eigenvalues are associated with an orthonormal system of eigenfunctions yx = yx (1), k = 1,2, ..., such
that a(u, v, y;) = vidij, b(1, yi,y5) = 0ij, 1,5 = 1,2,.... The eigenfunctions y, k=1,2,..., form a
complete system in the space V. It is true that v () > vi(n) for u < n, where p,n € A.

Lemma 1. For any functions v € V and any numbers u,n € A, it holds that

Otl"l)‘% < CL(,U,,’U,'U) < O[Q"UE, |CL(M,’U,'U) - CL(T],'U,’U)‘ < 043|N - "I’]HU@,
/81|’U|3 S b(,LL,'U,'U) S ,82|'U|3, ‘b(luﬂv7v) - b(7777)7v)| S /B3|N - "I']H'U%,

where ay = p1, g =pa + q2, b1 =11, B2 =12, 03 = p3 + g3, B3 =T3.
Proof. The required inequalities follow from the definitions of the bilinear forms and the properties of

the coefficients of the problem. The lemma is proved. O

Theorem 1. Problem (1) has a sequence of positive simple eigenvalues M\, k=1,2,...,
arranged in increasing order: 0 < A\ < Ay < - < A < -+, Ay = c0as k — oo. Each eigenvalue
Xi, 1 > 1,is aunique root of the equation p—v;(u) =0, u € A, i > 1. The sequence of eigenvalues
M,k =1,2,...,is associated with a sequence of eigenfunctions uy, k = 1,2, .... The eigenfunction
uy coincides with the eigenfunction yy, corresponding to the eigenvalue ~i(u) of the linear
parametric eigenvalue problem (2) with p = Xi. The eigenfunctions uy, k = 1,2, ..., are infinitely
continuously differentiable and satisfy the estimates |uy|; < sikzp, k=1,2,...,i=0,1,2,...,
where s;,1=0,1,2,...,are constants independent of \,, k =1,2,....

Proof. The theorem is proved using the results of [1, 13, 24]. The theorem is proved. O

2. MESH APPROXIMATION OF THE PROBLEM
The interval Q is divided by equidistant points x; = ih,i = 0,1,...,m, into elements e¢; = [z;_1, 2],
i=1,2,...,m, h=1/m. Let V}, denote the space of Lagrangian finite elements consisting of
continuous functions v” on Q that are polynomials of degree at most n on each element e;, i =
1,2,...,m,v"(0) = v"(1) =0, N, = dim V}, = mn — 1.
The variational problem (1) is approximated by the following finite element mesh scheme: find \*» € A
and u" € V3, \ {0} such that

a(\" ul oy = Mp(NP o) ol e V. (3)

Consider the following auxiliary linear eigenvalue problem with a fixed p € A: find functions v =
V(i) € A, y" = y"(u) € Vi \ {0} such that

a(p,y",0") = b,y o) V" € V. (4)

Problem (4) has Ny, positive simple eigenvalues v = v (u), k = 1,2,..., N, arranged in increasing
order: 0 <P <h <... < 7]’(,}1. These eigenvalues are associated with an orthonormal system of
eigenfunctions yf = y(u), k =1,2,..., Np, such that a(u,yfb,y]h) = 165, b(,u,yih,y?) = 0ij, 1,] =
1,2,..., Np. The eigenfunctions yz, k=1,2,..., Ny, form a complete system in the space V},. The
inequalities 2 (1) > v(n) hold for u < 7, where j1,1 € A.

Theorem 2. Problem (3) has Ny, positive simple eigenvalues N}, k =1,2,..., Ny, arranged
in increasing order: 0 <\ < My <--- < AR . Each eigenvalue A?, i > 1, is a unique root of the
equation g —yM(u) =0, p € A, i > 1. The eigenvalues !, k=1,2,..., Ny, are associated with
eigenfunctions uz k=1,2,...,Np. The eigenfunction u’,z coincides with the eigenfunction y,’;
corresponding to the eigenvalue ’y,}g(u) of the linear parametric eigenvalue problem (4) with
W= )\Z.

Proof. It is similar to the proof of Theorem 1 taking into account that problems (3) and (4) are finite-
dimensional. The theorem is proved. O
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3. ERROR ANALYSIS OF THE MESH SCHEME

Let uy be the eigenfunction of problem (1) corresponding to the eigenvalue Ag, and let uZ be the

eigenfunction of problem (3) corresponding to the eigenvalue Af.. Denote by c different positive constants
independent of h and .

For i € A, the orthogonal projector P, (i) : V — Vj, is defined by the formula a(, v — Py, (p)u, v") =
0 for any v" € Vj,, where u € V. Define P, = Py ().
Lemma 2. The error of the orthogonal projector satisjies the estimates

\uk — Phuk|i < Chn+1_i)\](€n+l)/2, 1=0,1.

Proof. The error estimates from the lemma are derived using the results of [25]. The lemma is proved.
O

Theorem 3. For sufficiently small h, we have the error estimate
0 < A=A, < ch?ATH
Proof. The required estimate follows from the relations
0 <A =Xk =70 — (%) < k) — (M),

the error estimate for approximate eigenvalues of the linear eigenvalue problem [12], and Lemmas 1 and
2. The theorem is proved. O

Theorem 4. For sufficiently small h, the following error estimate holds:
luft — gl < ch”)\,(gnﬂ)p,

where b()\k,uz,uk) > 0, b()\Z,uZ,uZ) =1, and b(A\g, u, ug) = 1.

Proof. Let g' = b()\Z, Poug,yt), i =1,2,..., Ny, where y?',i = 1,2,... Ny, are the eigenfunctions
of problem (4) with = AP and b(\y,ug,u) = 1. Note that y? = ul'. Since the eigenfunctions y?,
i=1,2,..., Ny, form an orthonormal basis in V},, the element P,u; € V}, can be represented in the
form of the decomposition Pyuy = Blul + vl + wh, where

k—1 N,
h h h h h. h
Uk::E Bi'yi's wg = E Bi'yi'-
i=1

i=k+1
Let
AL Prug, o) — Ab(AR, Py, v”
é‘]il — sup |CL( ko ThUE, VU ) h k ( Ly LUK,V )|
vheV;,\{0} [vh]y

Itis true that & < chm A9/,
Fork > 1 and A\g = 0, define

P Ak—1 Ak+1
Ak — Ak—1 Akr1— Ak
Theorem 3 implies that )\? — XN ash—0,i=1,2,... k+ 1. Therefore, for sufficiently small h, we have
AL — )\Z_l > 0 and )\ZH — X\ > 0, where k& > 1 and A} = 0; moreover, for a positive constant c,
)‘Z—l )‘Z—H
< cpr, < cpy.
Ak — )‘Z—l )‘Z+1 — Ak

For & > 1 we prove the estimate |v,if|1 < cpkflif. Obviously, this estimate holds for k = 1. Let k£ > 2.
Then

a(>‘27 Phukvvli:L) = a()‘27vlf<:L7UZ)v b()‘27 PhukyUZ) = b()‘27vlf<:LvUI}<:L)a
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()‘kvvkvvk) < )‘k 1b(>‘kvvkvvli:L)

Thus, we obtain the chain of inequalities

|U1}cl|1£l}<:l > _a()‘27 Phukvvllg) + Akb(AZ’Phuk’UI}cl) ()‘ ’Uknvk) + )‘kb()‘kvvkvvllg)

)\k — )\Z 1
= ()‘k - )‘Z—l)b()‘hﬂv;:?vllg) 2 AP ! ()‘Iw k?vk) 2 c ‘UI}H%? k>2,
k-1 Pk

which yield the required estimate.
For k > 1 we prove the estimate |w|; < cpp€l. It is easy to see that

a()\k,Phuk,w,}j) = a()\h,w],;‘,w,}j) b()\’kl,Phuk,wZ) = b(Ah,wZ,wZ),
(>‘kn wka wk) > )‘k—i-lb()‘kv wka wk)
Then we have the relations
w1 > a(AL, Phug, wpt) — Aeb(Af, Phug, wy)

A=A 1
= a(A\F, Wi, wh) + Ab(AF, wit, wi) > k;:;l ka()\h,wz,w,@) > lwhf?, k>1,
k+1 Pk

which lead to the required estimate.
Now, using the above-derived estimates, we have

+3)/2
|Pau — Blultly < [of]1 + [wlth < coréf < cpphm AN/

for sufficiently small h.
Define [|v|[7 = b(Ak,v,v) and [[v"]|7 = b(A}, v",v") Torany v € V and v" € V},. Then the relations

B = 18k uille, < 1+ |lur — Paugllp + | Phus — 8w, + ||| Phull, — | Prullol,

B = 18R uills, =1 = [lur — Prugllo — [ Prur — 8wl lo, — I Prunlln, — || Paulls)
yield

188 =11 < [lug — Paugllp + | Pauk — B[y, + || Phuslls, — | Paul[3],
Bt — wkle = 188 = Ulufh < ev/AlBE — 1] < epghm A2
for sufficiently small h. Finally, we conclude that
g, — up | < |uk — Pougly + | Poug — Bruply + [Brup — uph < Chn)\,(fnﬂw-

The theorem is proved. 0
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