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Abstract—We consider a linear-quadratic optimal control problem of a system governed by
parabolic equation with distributed in right-hand side control and control in Neumann boundary
condition. Pointwise constraints for control functions and for time derivative of the state function are
imposed. We construct a mesh approximation of this problem using two different approximations of
the objective functional. Iterative solution methods are investigated for the constructed approxima-
tions of the optimal control problems. Numerical results confirm the effectiveness of the proposed
methods.
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1. INTRODUCTION

Optimal control of time-dependent production processes plays an important role in many industrial
applications such as continuous casting problem, crystal growth, cooling of glass melts etc. (see [1—
5]). These processes are described by parabolic partial differential equations involving the temperature
as a state variable. A need to avoid the defects of the product leads to pointwise constraints on the
temperature variable. As a result, mathematical models of the processes appear as state constrained
parabolic optimal control problems. Theoretical aspects of parabolic optimal control problems with
pointwise constraints for state function are studied in [6—11] (see also the bibliography therein).
Numerical solution methods are analysed in [12—20]. In particular, in the articles [12—15] error
estimates are derived for discretizations of several classes of these problem, in [16, 17] convergence of
regularization methods are proved. Uzawa-type iterative solution methods for finite dimensional prob-
lems approximating state constrained parabolic optimal control problems with pointwise constraints
for state function are developed in the articles [18—20]. The parabolic optimal control problems with
pointwise constraints for time derivative of the state function are considered in [21—23]. In these papers,
convergence of Uzawa-type iterative solution methods for finite dimensional approximations of the
mentioned problems are proved.

In this paper we consider a parabolic optimal control problem with distributed and boundary control
and with observation in the domain. Constraints on the control and on time derivative of state are
imposed. We approximate this problem by backward Euler finite difference scheme, prove the existence
of a solution and develop iterative solution methods. We construct preconditioned Uzawa-type iterative
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ITERATIVE METHOD FOR SOLVING 917

solution method with block diagonal preconditioner for the corresponding saddle point problem. The
preconditioner is energy equivalent to the “main” matrix of the problem with the constants of the
equivalence which don’t depend on mesh parameters.

2. FORMULATION OF THE PROBLEM AND ITS APPROXIMATION
2.1. Formulation of Optimal Control Problem

Let Q € R? be a a rectangular domain with the boundary 9Q = I'p UT i, where T'y is a side of 99,
Qr=Qx(0,T),Xp=Tp x (0,T] and Xy = 'y x (0,T]. We denote by V = {u € H(Q) : u(x) =

0OonT'p} Sobolev space with inner product (u,v)y = / Vu - Vodz and norm ||ully = (u,u)'/2. We

consider a parabolic initial-boundary value problem that is used as a state problem:

?)?i_ gz:q on Yn; y=0 for t=0, z€Q. (1)
The functions u = u(z,t) and ¢ = ¢(z, t) are variable control functions, and the solution y(x,t) of (1) is
a state function.
If ge W = Ly(0,T; H/2(I'y)) N HY*(0,T; Ly(T'y)), then there exists a unique solution y of
problem (1), such that y € Lo (0, T; V) N HY (0, T; Lo(R2)) and the following stability inequality takes
place ([25]):

Ay=uinQ@Qp; y=0 on Xp,

sup ||y(8)[[v + < C (Ilu®)llza@r + lla®llw), € = const. (2)

0<t<T

Hﬁy(t)
ot

La2(QT)

The mentioned regularity properties of state function y allow us to define pointwise constraints for y and
for 0y /0t as well. We will consider the following sets of the constraints:

Uga = {U € LQ(QT) : \u(az,t)\ < Umax a.€. (:L’,t) € QT}, Qud = {q eWw: \q| < qga.e. EN},

0 0
Yoa = {y € L2(07T§ Hol (Q)) : 8(7; € L2(QT)7 dymin < a:z < dYmax a.€. QT}

Above constants @ > 0, g > 0 and —00 < dyYmin < 0 < dymax < 0.
Let the objective function be defined as

2
J(y,u,q) = ; /(y(a:,t) — ya(z, )2 dedt + ; / <g§ — zd(:r,t)> dxdt

Qr Qr

1 1
+, / w?drdt + ) / ¢*dl'dt, (3)
Qr N

where yq(x,t), zq(z,t) € L2(Qr) are given observation functions and e > 0.

Remark 1. When considering an optimal control problem which objective functional doesn’t contain
summand with dy,/0t, we approximate it by a mesh objective function with such kind of summand
with a small ¢ > 0 depending on mesh parameters. This allows us to construct a new iterative solution
algorithm for the corresponding mesh optimal control problem.

We will solve the following optimal control problem:

( mi;flKJ(y,u,Q), K ={(y,u,q) € Yaqg x Uga X Qaq : equation (1) holds}. (4)
URINAIS

Lemma 1. Problem (4) has a unique solution (y,u, q).

Proof. The sets of constraints U,y, Qqq and Y4 are convex, closed and contain zero elements,
moreover Uyq and Q,q are bounded. These properties together with linearity of state equation and
stability inequality (2) ensure that the set K is convex, closed, bounded and nonempty. Functional
J = J(y,u,q) is convex and continuous. The established properties of J and K ensure the existence of
a solution to problem (4). Its uniqueness follows from the strict convexity of the functional J on the set
K. To prove this property of J we observe that it is convex in y and strictly convex in v and ¢, and the
equalities u1 = ug and g1 = g2 imply y1 = yo for the solutions of problem (1). O
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918 LAPIN, ROMANENKO

2.2. Finite Difference Approximation

We approximate problem (4) by using @1 finite elements and simplest quadrature formulas (cf.,
e.g., [26]).

Let T}, be the set of mesh cells—nonoverlapping closed rectangales e (finite elements) with maximal
diameter h,—which composes a conforming and regular triangulation @ = |J e of Q. We consider for

ecTy

the simplicity that the function y4 is continuous (otherwise we can deal with mean values of ¢4 on the
cells). We suppose that T}, generates the triangulation 9T}, on I'y, i.e. I i consists of integer number of
sides Je of elements e € Tj,. We define the finite element space V}, C V of the continuous and piecewise
bilinear functions (bilinear on each e) which vanish on the boundary I'p. By @, we denote the space of
continuous piecewise linear functions on I'y (linear on each de € T'yy), which are the traces on I' of
the functions from V},.

To approximate the integrals of a continuous function g(x) over a finite element e € T}, or its side Je
we use the quadrature formulas

1
/g(a:)dac ~ Sc(g) = 4meas(e) Z 9(za), 4 arethevertices of e,

a=

=

e

/g(m)df ~ Soe(g) = ;meas(ae) Z g(xq), x4 arethevertices of Je.

de a=1
The corresponding composite quadrature formulas are Sa(g) = > .7, Se(9), Sr(9) = D pecor, Soe(9)-
Let further w; = {t; = j7,j =0,1,... N;; Ny = T} be a uniform mesh on the segment [0,7]. We
denote by y;, with subscript h a mesh function from the space V;, or @)}, and by y{L a time depending
mesh function at a time level t; € w;. Let also yflh and zéh be the continuous and piecewise linear in
functions which coincide, respectively, with y4(z, ;) and z4(x, t;) at the nodes of the triangulation 77,.

We approximate state problem (1) by the implicit (backward Euler) scheme:

J_ -1 ) . .

Sa <yh Tyh zh) + Sq (Vyi . Vzh) = Sa(u) zn) + Sr(qhzn) Van € Vi (5)
for j =1,2,..., N; and with initial value yg = 0. It is well-known that problem (5) is unconditionally
stable and the following stability inequality holds:

Nt ' Ny ' Ny '

> Sq (\yﬂz) <Cr | Sa (\Uﬂz) +) St (\Qif) ,  Cp = const. (6)

j=1 j=1 j=1

Remark 2. We can use another approximations of the state equation, such as explicit in time, ADI or
fractional steps methods, which satisiy stability inequality like (6) (possibly, under some conditions for
mesh steps h and 7, as for the explicit in time approximations). All forthcoming results on the existence
of the solutions to saddle point problems and convergence of their iterative solution methods remain
valid. Below we consider the specific case e = 0. The investigations in the case of ¢ > 0 doesn’t differ
from this one. Let us introduce the auxiliary mesh functions and constants:

. , - , . -
p?l = yi - yi > Zglh = yéh - yZlh , P1=TdYmin, P2 = TdYmax-
The initial mesh objective function in the case € = 0 reads as follows:

N

oS~ (Sal(y, — vin)) + Salu])? + Sr(d])?). (M)

Jon(Yn, un, qn) = 5

j=1

The function Jyp, doesn’t depend explicitly on pp,. Constructing Lagrange function for the corresponding
mesh optimal problem we obtain a kind of degenerate saddle point problem. Equivalent transformation
of this saddle point problem and iterative solution method was developed in [23].
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In this article we use another approach. Namely, we add to mesh objective function Jy, a finite

dimensional counterpart of the summand (72/2) / (Dy /ot — zq(x,t))*dxdt with zg ~ dyg/0t. This
Q

results in the modified mesh objective function
Nt
> (Sallyh, —yhn)®) + Sal(ph, — 20,)°) + Sa(u)* + Sv(qh)?). (8)

j=1

T

Jh(yhapfw Up, Qh) = 9

Let also the sets of constraints for mesh optimal control problem be given by the following equalities:

Uhd:{uh:thwt%RﬂuﬂgﬂVajeQ,jzl,Q,...,Nt},

Qb ={an: Qnxw = R:|q| <@ve €Ty, j=1,2,..., N},
Pfd ={pn: Vhxw = Rup <p, <pVoe Q,7=12,...,N}. (9)
Approximation procedures result to the following mesh optimal control problem:

find min Ih(Yn, Ph, Uk, qn),
(Yh>Phsun,qn) EKR

K = {(Yn,ph> un, qn) : pn € P € U g € QM) equation (5) holds}. (10)

Lemma 2. Mesh optimal control problem (10) has a unique solution (yp, ph, un, qn)-

Proof. The result follows from the facts that the set K} is nonempty, closed, convex and bounded,
while the function Jj, is continuous and strictly convex on Kjp,. a

3. SADDLE POINT PROBLEM AND ITERATIVE SOLUTION METHOD
3.1. Algebraic form of Problem (10), Saddle Point Problem

Denote by y € Rv the vector of nodal values of a function y, € Vj, (N, = dimV},). Then we get the
“onto” correspondence y < yy,. Similarly a vector ¢ € R« corresponds to g, € Qp.") By (.,.)y, (-, -)q
and [|.||y, ||-|l; we denote the inner products and euclidian norms in R¥v and R, respectively. By
(.,.) and ||.|| we denote the inner product and euclidian norm in R™¢Nv while [.,.] and [.] mean the inner
product and euclidian norm in RNtVa,

let yyp e Vy, 2 2z, € V3 and g & qn € Qn, p < pr € Qn. We define stiffiness matrix A €
RNo*Ny - diagonal matrices M € RNv*Nv and M, € RNe*Na and rectangular matrix S, € RMv*Na by
the following equalities:

(Ay,z)y = Sa (Vyn - Vap), (My,z)y = Sa(ynzn),

(Myq,p)q = Srlanpn),  (Sqq, 2)y = Sr(anzn).

With these notations mesh state equation (5) can be written for the vectors of nodal values of mesh
functions:

ad — g1
Y
h

+ Ay = M + 5,4, §=1,2,...,N;, y°=0. (11)
Further we use the block diagonal matrices with N; constant blocks, namely, M = diag(M, M, ..., M),
M, = diag(My, My,...,M,) and S, = diag(S,, Sy, - .., S;). We define also matrix L € RNtNy*NelNy 59
follows:

) — i1 )
Y Ty + Ay’ for j=2,..., Ny

1
~ y .
(Ly)' =M o Ay's (LyyY =M

Now we can rewrite mesh state equation (11) in the following short form Ly = Mu + Syq. Note, that
stability inequality (6) implies the estimate (My, y) < Cr((Mu,u) + [Myq, 4q]).

DSince hereaiter we consider only finite dimensional problems, we use the same notations for the vectors as previously for
the functions.
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Let us now rewrite mesh objective function (8) (divided by 7) in the algebraic form:

I(yvpvuv q) = ; Z ((M(y] - ygl)vyj - yzl)y + (M(p7 - Zzl)vpj - Zzl)y + (Mujvuj)y
j=1
(Wl 09)q) = 5 My = ya),y =) + (M0 = 2),p = 70) & ) (Muyw) + My,

Pointwise constraints (9) can be obviously rewritten for the vectors of nodal values of mesh functions,
and we denote by 6, ¢, and ¢, the indicator functions of the sets P, U" and Q",, respectively.
Recall that a function ¢(w) : S — R U {+oc} is the indicator function of a closed and convex set S if
¢(w) = {0 for w € S;+o0 otherwise}.

As a result we obtain the following algebraic form of mesh optimal control problem (10):

pyprin e, WP @) £ 0(p) + pulu) + ¢4 (a)}- (12)

We take following Lagrange function for problem (12):
L(y,u,q,p, A, 1) = 1(y,p,u,q) + 0(p) + pu(u) + ¢q(q) + (A, Ly — Mu — Sgq) + (1, Ry — p).
[ts saddle point satisfies [27] the system (saddle point problem)

M 0 o o0 LY RT y 0 Muyy

O M 0 0 —-M 0 u Oy (u) 0

0 0 M, 0 -SF o |, 0vq(q) S 0 ’ (13)
o 0 0 M 0 —-Ef||p 06 (p) Mz4

L -M -5, 0 0 0 A 0 0

R 0 0 —-E 0 0] \u 0 0

where 0y, Op, and 06 are the subdiiferentials of the corresponding functions and E is identity ma-
trix. With the notations z = (y,u,¢,p)", n = (A\, )", f = (Mya,0,0, Mzq)", ¥(2) = 0(p) + pu(u) +
©q(q), and

L —M —
A = diag(M, M, M,,M), B= Sa 0 ,
R 0 0 —-E

problem (13) can be rewritten in a compact form:

()G ) 6)

Theorem 1. Problem (13) has a solution (y,u,q,p, \, u) with unique y, u, q, p, which coincide
with the solution of problem (12).

Proof. Matrix A is positive definite, matrix B has a full column rank and function ¥ is convex,
proper and lower semicontinuous. Moreover, zero vector satisfies the equation Bz = 0 and belongs to
int domW. All these properties ensure the validity of the assumptions of proposition 1 from [24], whence
the result. O

3.2. Iterative Solution Method

We consider a preconditioned Uzawa-type iterative method for solving saddle point problem (13):

1
Azk’-i-l + a‘I/(Zk+1) B BTnk + f’ pD(,’,}k-i-l _ nk) + sz+1 — 0, (15)

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol.39 No.7 2018
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where D is a symmetric and positive definite matrix (preconditioner), p > 0 is an iterative parameter.
Iterative method (15) converges for any initial guess n° if the pair (D, p) of the preconditioner D and the
iterative parameter p satisfies the following assumption (24): D > (p/2)BA~'BT . It is easy to see that

BA-IET — LM~'LT + M + S,M; ST LM~'RT .
RM~1LT RM—RT + M1

An easy invertible block diagonal preconditioner D which is spectrally equivalent to BA~! BT with the
constants, which don’t depend on meshsizes h and 7, is constructed in[23]. More precisely, the following
result is true:

, LM~LT 0 , , 1T
Lemma 3. Matrix D = is spectrally equivalent to BA™ " B* with constants,
0 M1

which don’t depend on meshsizes h and . In particular,
(BA™'B"n,m) < (1 +0r+/C3+ 4> (Dn,m)¥n = (A, ).

As a consequence of this lemma and Theorem 1 from [24] the following statement holds:

Theorem 2. Method (15) for problem (13) convergesif 0 < p < 2/ (1 +Cr+ \/C’% + 4).

, y LM'LT 0
Expanded form of method (15) for problem (13) with preconditioner D = reads
0 M1
as follows:
Myk:-‘rl = My, — LT)\k — RT,uk, MuyF+1 + agpu(uk—i-l) 5 M)\k, (16)
Maq"™ ' + 0pq(¢"+h) 3 STAF, MpFHL 4+ 90(p"+1) 5 Mzq + pi*,
LM~'LT = Ly"*t — M — 5,5, = MRy"' — MpFtt. (17)

p

On every step of method we have to solve three inclusions in system (16) with diagonal matrices and
diagonal operators. The solution of the inclusions is reduced to simple pointwise projections (for all
coordinates of nodal vectors on every time level) on the corresponding sets of the constraints.

Solving a system of linear equations with the matrix LM ~'L” consists of sequential solution of the

systems with the matrices L and L (solution of forward and backward in time linear finite difference
equations).

3.3. One More Saddle Point Problem and Iterative Method

Along with method (16), (17) we use in the numerical experiments the iterative method constructed
in[23]. For the reader’s convenience we give this method and the conditions of its convergence (slightly
improved for the problem considered here).

A saddle point problem with the degenerate matrix Ay = diag(M, M, M, 0) that appears when using

objective function Jyy, is equivalently transformed to a saddle point problem of the form (14) with the
matrix

(1+T1)M —TlML_lM —TlML_ISq 0

0 M 0 0
A, = , >0, roa>0,
0 0 M, 0
—TQMR 0 0 TQM

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol. 39 No.7 2018
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and B defined above.

For (r1,72) € w = {0 <71 < (1+/1+2C7)/Cp,0 < ro < 14711 —r2Cr/2} matrix A, is positive
definite and energy equivalent to the matrix A = diag(M, M, M,, M) with constants of the equivalence,
which depend only on 71, ra:

co(Az,2) < (Arz,2) S c1(Az,2), 2= (y,u,q,p)". (18)
Above 0 < ¢ < ¢ are minimal and maximal eigenvalues of the quadratical form (1 + r1)y? 4+ u? + ¢% +

rop? — rlC}/zuy — rlC}/zqy — 2royp. Uzawa-type method for the corresponding saddle point problem
has the form:

Muf Tt + 9y (ut 1) 5 MAF, Myg™t + dipg(q" 1) 3 S7 A,
(1 +7)My*+t = Myy +r ML *Mub+t + r ML71S,g" 1 — LTAF — RT (19)
roMpFtt + 00(p**Y) 3 ro M RyF L + uF,

)\k-i-l _ /\k L —
T , - Lyt — MuMt — 54" , = MRy* — Mp*tt. (20)

LML

~1
Method (19), (20) converges if (r1,72) € w and 0 < p < 2¢y [1 +Cr + \/C% + 4] with ¢q is defined
in(18).

The implementation of (19), (20) is similar to the implementation of (16), (17).

Remarks on the accuracy control. Let z = (y,u,q,p) and zF = (y*,u*, ¢*, p*) be exact solution
and k-th iteration of the corresponding saddle point problem and iterative method. Let also A =

diag(M, M, M,, M) and residual vector r* of the k-th iteration equals 7 = (r%, k) with 7§ = Ly —
MuF — S,q%, vk = M RyF — MpF. According to general estimate from [28] the following estimate holds:

2 1/2
2 = 25lla = o152 = 0 (113 -z pp s + kI3 %) (21)

When iterative parameter p is close to 1 we can use the vector (\¥ — A*=1 A\*¥ — A\*¥=1) instead of r* in
this estimate. Note also that energy norm of matrix A in the leit side of (21) corresponds to mesh analog

of L(0,T; L*(Q))-norm for the components y* — 3, u* — u and p* — p of the error and to mesh analog
of L?(0, T; L?(T y))-norm for the component ¢* — q.

4. NUMERICAL RESULTS
4.1. Problem with Distributed Control Function

First series of numerical tests were carried out for the problem with distributed control, when the
state problem was Dirichlet initial-boundary value problem

dy

at—Ay:uin @1, y=0 on Xp, y=0 for t=0, ze€. (22)

\“\\\\ S n

0 : g
\\\\ ‘\ ’ I/,I;I//,,,,'

Fig. 1. Plot of statey att =T
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Table 1. Norm of residual vectors for distributed control problem
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41

J(y*,u)
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I3 1]
0.2347
0.1882
0.1509
0.1211
0.0971
0.0323
0.0107
0.0035
0.0012

4.0101 x 10~
1.3371 x 104
4.5393 x 1075

e=1
Iyl
0.0288
0.0224
0.0176
0.0139
0.011
0.0034
0.0011
3.5936 x 1074
1.145 x 10~*
4.4644 x 107°

0.02626

2018

923

x (0,1) € R2. We consider objective functional

2
g?i — Zd(x,t)> dxdt 4+ ; /quxdt (23)
Q1
e=0
1751 lignl
0.2347 0.0288
0.1888 0.0231
0.1519 0.0185
0.1222 0.0149
0.0984 0.0119
0.0332 0.0039
0.0112 0.0013
0.0037 4.3532 x 1074
0.0013 1.4310 x 10~4
4.2895 x 1074 4.5566 x 1075
1.4424 x 1074 -
4.8967 x 107° -
0.02812
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10° 10! 102
Number of iterations

Fig. 4. Plot of logarithm residual ||r};|| fore = 1.

x107°
3.0

0 5 10 15 20 25 30
Number of Iterations

Fig. 5. Plot of residual || Ly* — u* — S,¢"||p-1.

1072

10° 10! 10?
Number of iterations

Fig. 6. Plot of logarithm residual || Ly® — u* — S,q"||p-1.

with e = 0 and € = 1. The observation function is yg(z, t) = t? sin(27z1) sin(2mx2) and its time deriva-
tive z4(z,t) = 2t sin(27x;) sin(27wz2). Pointwise constraints on control and time derivative of state are
taken as follows: |u| < 1074, |8y/8t‘ < 1074, These very hard constraints ensure the appearance of a
significant number of active control and state constraints.
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Table 2. Norm of residual vectors for distributed control problem

i e=1 e=0
Ir4]] [l Ir4]] Il
1 0.0023 4.784 x 1074 0.1715 3.731 x 1074
2 0.0019 3.285 x 104 0.0014 3.273 x 1074
3 0.0015 2.399 x 104 0.0012 2.885 x 1074
4 0.0012 1.96 x 104 0.0011 2.55 x 1074
5 9.814 x 1074 1.85 x 1074 0.001 2.259 x 1074
10 3.307 x 10~* 2.449 x 10~* 6.12 x 10~* 1.253 x 10~*
15 1.203 x 10~* 2.731 x 10~* 3.274 x 10~% 7.025 x 107°
20 5.209 x 1075 2.788 x 10~* 2.162 x 1074 4.963 x 107°
100 - 1.695 x 10~* - -
250 - 1.232 x 1074 - -
500 — 5.032 x 10~° — —
J(yF,uk, ¢) 9.814 x 107° 1.0886 x 10~*

We approximate the problem by a mesh scheme using uniform in space mesh with mesh step
h = 10~2 and mesh in time with 7 = h. Let
Ay(z) = h2(4y(z1, x2) — y(x1 + h,x2) — y(z1, 20 + h) — y(z1 — h,20) — y(x1, 22 — D))
for an internal mesh point = be mesh Laplacian with homogeneous Dirichlet boundary conditions. Then
mesh state problem is backward Euler scheme

ko k—1
vy + AyF =P vk > 1.

We take iterative parameter p = 0.2 and use estimate (21) for stopping criterion. Namely, we stop
iterations when ||r*||p-1 < e = 5-1075. Table 1 shows the results of tests for (22), (23) and consists of
two residual columns for each e. For the brevity we use in the table the notations ||r|| and ||rfj|| instead
of ||r%]| -~ psp,-1 and HrﬁHM, respectively.

We emphasize the following features of the numerical results that can be seen from the table:

1. balanced speed reduction of norms for two components of the residual vector;

2. the difference between calculated optimal values for two objective functions is of order 72.

x107*

1 2 3 4 5 6 7 8 9 10 11
X

Fig. 7. Sectiony att = 7.
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Fig. 8. Sectiony at t = 27.
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4.2. Problem with Boundary Control Function

[n this example we solved optimal control problem with distributed and boundary control. We took the

objective functional (3) with parameter ¢ = 1. Numerical tests were were conducted with the following
input data: the observation functions yq(x,t) = t2x1(1 — x1)x2(1 — 22), T = 0.5, mesh steps h = 1072
and 7 = h. Control constraints were the same as in previous example, while the pointwise constraints
on time derivative of state function were |0y /dt| < 1072. We took iterative parameter p = 0.2 and the

same stopping criterion as before: € =5-107°. The calculated results are presented in Table 2 and
Figs. 5—10.
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