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1. INTRODUCTION

In 1953 K. Shaidukov [1] proved by the method of theory of functions of real variable completeness in
L5]0; 27| of sequence

{ cos(nt + bt); sin(nt + bt)}oo_o, (1)
when b < 2/3 and start of a whole direction of research of such systems. In[2], [3] by the methods of
the monograph [4] it is shown that completeness and minimality in L,[0; 27] in a more general system
of functions

{ cos(nt 4+ «(t)); sin(nt + a(t))}oo_o (2)
depends only on the difference of values of the a(t) at the endpoints of the segment [0;27], «(t) €
Lip,[0;27] N Var[0;27],0 < v < 1. Where f(t) € Lip,[0;2n] if | f(t1) — f(t2)| < L|t1 — t2]*, 0 < a <
1, for arbitrary 1,2 € [0; 2] and any constant L; f(t) € Var[0; 27] if sup(33 71 | f(ter1) — F(tR)]) <
oo for arbitrary 0 < t; < tp < ... <t, < 2m. So that the sequence (2) is complete in L,[0; 2], p > 1,
when (2m)71a(27) — a(0)] < 1/2+41/(2p). That system (1)is complete in Ly[0; 2] for a(t) = bt when
b < 3/4. Moreover if a(t) # const, t € [0;27], then system (2) is complete and minimality in L,[0; 27],
1 < p < oo, if and only if (2p)~! < (27) " 'a(27) — a(0)] < 1/2 + (2p)~ L. It is interesting to describe
the complete and orthogonal sequence of the following type

oo

{eﬁ(t) cos[nt + a(t)]; €®® sin[nt + a(t)]} (3)

n:O’

where «(t), 5(t) are real functions on [0; 27].
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2. BASIC CONCEPTS
The definition of completeness and minimality of the sequence is given in ([5], p. 73). It is also shown
there that this sequence is a basis in some space.
Theorem 1. Let «(t), B(t) are real functions of bounded variation on the segment [0; 2],
(af(t), B(t) € Lip,[0;27] N Var[0;27],0 < v < 1, and «(t) is different from constant. Let
B.(z) = (la|/a)(a — 2)/(1 —az) if a€C,la] <1 and a#0; By(z)=z2

Then there is not complete and orthogonal sequence of type (3) in L|0; 27| which is different from
system

{Rcos [nt + (1/2) arg[Ba(e")])]; Rsin [nt + (1/2) arg[Ba(e")]] 1720, (4)

when 1/4 < (27) ta(2r) — a(0)] < 3/4, R >0 is arbitrary real number. If a =0 then this
sequence has the form {Rcos(nt+1t/2+r); Rsin(nt+t/2+ 1)}, where r is arbitrary real
number.

The result of Theorem 1 leads to one of the methods for constructing complete orthogonal sequences
of the form (3) in the space Ls0; 27].

Theorem 2. Let real function a(t) € Lip,[0;2x] N Var[0;2x], 0 < v < 1. The system (2) forms
orthonormal basis in Ly[0; 27|

{[w(l + a2 cos a(t); [r(1 — |a])] V2 sina(t)} U {w_l/z cos[nt + a(t));
—-1/2 - o0
1/ sm[nt—l—a(t)]}n:l,
if and only if a(t) = arg[Ba(e"))]/2 fora #0,a € C, |a| < 1; a(t) =t/2 + 1 fora = 0.
Proof. Orthogonality of complete and minimal sequence (3) in Ly[0; 27] forn = 1,2, 3, ... to function
e?®) cos a(t) equals to

27 27
/62’8(t) cos a(t) cosnt + a(t)]dt = 0, /626(t) cos a(t) sin[nt + a(t)]dt = 0.
0 0
2
Hence we obtain equality [ e280File®+nt cos o (t)dt =0, n=1,2,.... Similarly for e%®) sin a(t)
0
we get
27 27
/e25(t)+i[°‘(t)+m] sina(t)dt = 0, /ezﬁ(t)ﬂ[zo‘(t)ﬂﬂ dt=0, n=12,.... (9)
0 0

The orthogonality of the pair e?® cos a(t); e?® sin a(t) leads to the equality
2

/ezﬁ(t) sin 2a/(t)dt = 0. (6)
0

Equation (5) leads to the existence of a function ¢(z) of Hardy H; class ([5], p. 102), for angular bounded
values of which is right equation

exp2[B(t) +ia(t)] = o(e"), t e [0;2n]. (7)

Since a(t), 5(t) € Lip,[0;27] N Var[0;27], 0 < v <1, then by Theorem F. and M. Riesz (see [5],
p. 103), it follows from (5) that ®(z) is continuous in the disk |z|] <1 and absolutely continuous on
the unit circle (that is, for z = 1 the point is not a jump). This means that the change in the function
argument ¢(z) on the unit circle should be integer multiple of 27.

As it shown in [2, 3] for functions «(t) € Lip,[0; 2] N Var[0;2x], 0 < v < 1, conditions of com-
pleteness and minimality in spaces L,[0;27], p > 1, of sequences (2) and (3) and some of their gen-
eralizations depends only on values a(t) on the ends of segment [0; 27], (27) "'V ary.oq arg(¢(e)) =
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() 1a(27) — a(0)] = n, where n_is integer. According to Theorem 1 we have 1/2 < 7~ [a(27) —
a(0)] < 3/2 what is possible only if n = 1. Therefore, according to argument principle, function ¢(z)
analytical in |z| < 1 and continuous in |z| <1 has only one zero at some point a € C, |a] < 1 and
¢(a) = 0. Then there exists function (z), analytic in |z| < 1 and continuous in |z| <1, ¢(z) # 0 in
|z| < 1, for which equation (7) takes the form 2[8()+ie(®] /B (eit) = 4(e). So, if the sequence (3) is
complete and orthogonal in Lo[0, 27], then there is a point a € C, |a| < 1, and there is a function ¢(z)
analytical in |z| < 1 and continuous in |z] <1, and ¥(z) # 0, where |z| < 1, and right the equation

2POFiat] = g(eit) = B, (e (e'), t € [0;2x]. Equation (6) means [;" e 2(0) sin 2a(t)dt = 0. Then
we obtain

27
/¢(6“)dt =21$(0),  ¢(c") = Ba(e")i(e"), Ba(0) = |al.
0

[t means that ¢(0) is real value. Similarly to (5), we have
21 21

0= /ezﬁ(t)”[a(tHi”ﬂ [cos a(t) — isina(t)|dt = /625(t)+i”tdt, n=12...
0 0

Since ¢?*®) s real function, it means that e®®) = const, t € [0;2x]. Taking ’®) = R, t € [0; 2],
in the ratio (7), we get R2e¥*t) = ¢(e*) = R2B, (") ('), t € [0;2n]. Consequently, Y(et) =
%) | B, (¢*), where the function t(z) analytic in |z| < 1 and continuous in |z| < 1, ¢(z) # 0, |2| < 1.
Obviously, [¢(e)| = 1, t € [0;27] (u(t) is real function) then In[e2@® /B, (eit)] = In¢)(e'). Therefore
In () is analytic function in |z| < 1 and in view the fact, that Int)(z) on the unit circle takes only
imaginary values. It implies Ine(z) = ir, r is arbitrary real number. Since B,(0) = |a|, we get
R2¢(0) = B,(0)1(0) = |ale”. On the other hand ¢(0) must be real value. It is obvious that if a # 0,
then r = 7k (k is integer number, e™* = (—1)*) from periodicity of the sequence (4) shout be put r = 0.
If a = 0 then B,(0) = 0 and condition, that ¢(0) is real value, according to the ratio R=2¢(0) = B,(0)e™"
is performed when 7 is arbitrary real number. The ratio e**(®) /B, (e) = €', t € [0;2n], means that
a(t) = arg(Bg(e'))/2ifa # 0,a € C, |a| < 1and a(t) = t/2 + rif a = 0 for arbitrary real r.
The proof of orthogonality of system (4) follows from computing:

27 27 2

1 1
/cos(nt + a(t)) cos(kt + a(t))dt = ) /cos(n — k)tdt + 5 /cos((n + k)t + 2a(t))dt = D, 10F,
0 0 0

nk>0n+k>1, (553 =1,ifn =kand (553 =0,ifn # k, Dy, . > 0 are any const. This equality occurs,
because the function B,(z) is analytic in |a| < 1 and continuous in |z| <1
2

/cos((n+k)t+2a( ))dt = %/ 2ia(t) i(n+k)t gy — §R/ el gy —
0

where ¥z is the real part of complex number z. Similarly test the other pairs of functions. This means
that complete and orthogonal sequences of kind (3) in Lo[0; 2] it is systems (4). This completely proves
the Teorem 1. 0

For the proof of Theorem 2 let us calculate the norms of elements of systems (2) in case orthogo-

nality: Do = fo cos? at)dt = 7 + (1/2) f cos 2c(t )dt Because the condition orthogonality of the
sequence (2) is ) = B, (&™), we obtain fo cos 2a(t §Rf Ba(e®)dt = 27|al. Then we get
Do, =|| cos a(t) |17 9.0, = (1 + la|). Similarly
2
I sina(t) e =7~ (1/2) [ cos2a(tit, | sina(t) 3= (1 = la).
0
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For n=1,2,... we get D,, =| cos(nt+ a(t)) ||L2[027r T+ (1/2) fo cos[2nt + 2a(t )]d =,

f cos?[nt + a( )]t =m,i.e. || cos(nt + a(t)) ||L2 0.0m= - Similarly || sin(nt + (1)) ||L2[0 o=

So it is proved that sequence of the Theorem 2 is complete, orthogonal and its elements have norms
in L [0; 27] equal one. It means that system is orthonormal basis in this space, according [6] (see p. 85).
This completely proves the Theorem 2.

3. APPLICATION

The previously obtained relation for a(t) allow to obtain simples examples of complete and orthogonal
sequences of the form (2) depending on the choice of the parameter a, a € C, |a] < 1.

Example I.  If a # 0 then a(t) = (1/2) arg[B,(e")] and complete orthogonal sequence of the
form (2) in Lz[0; 2] is {cos [nt + (1/2) arg[B,(e™)]] ; sin [nt + (1/2) arg[B,(e™))]] }52,.

Example 2. If a = 0 (in B,(z)) then a(t) = t/2 and complete orthogonal sequence of the form (2)
in Lo[0; 27] is {cos (nt +t/2 4+ r); sin (nt +t/2 4 r)}o, for arbitrary real number r.

Moreover, these examples are described all complete and orthogonal sequences of the form (2) in
L5[0; 27], if real function «(t) C Lip,[0; 27] N Var[0;2x],0 < v < 1.
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