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Abstract—Chow and Lou in 2003 had shown that the analogue of the Hamilton Ricci flow on
surfaces in the combinatorial setting converges to the Thruston’s circle packing metric. The
combinatorial setting includes weights defined for edges of a triangulation. Crucial assumption in
the paper of Chow and Lou was that the weights are nonnegative. We show that the same results on
convergence of Ricci flow can be proved under weaker condition: some weights can be negative and
should satisfy certain inequalities. As a consequence we obtain theorem of existence of Thurston’s
circle packing metric for a wider range of weights.
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1. INTRODUCTION

We start from the basic definitions. Consider a closed surface M with a triangulation 7. Let
V ={A1,..., An} be the set of verticies of T. Denote by E and F' the sets of all edges and faces of
the triangulation 7. A weight is a function w : E — [—1,1], w(A4;A;) = w;j = wj;. For a fixed triple
(M, T,w) define a metric on M in the following way: (1) the metric is flat on each face of T'; (2) the
metric depends on parameters r = {r; > 0|i = 1,..., N} € RY;(3) the length [;; of an edge A;4; € E
is given by

lij:\/ri2+r]2-+2nrjwij. (1)

Clearly these conditions determine a metric on M in a unique way provided for any face A;A; Ay, € F
the lengths I;;, Lk, l;; satisly the triangle inequalities. Hence it is natural to consider the subspace
R C RY of those r which define {I;;|A;A; € E} satislying the triangle inequalities on each face of F.
This combinatorial setting has very simple geometrical meaning. Namely, consider on the Euclidean
plane circles Cj, C; of radii 75, rj. Assume 6;; is the intersection angle of the circles (6;; is chosen in
such a way that 0;; = 0 for externally tangent circles). Then the distance between A; and A; is given
by (1) where w;; = cos 0;;.

The curvature of such a metric is concetrated in the vertices of the triangulation. The curvature
at the vertex A; is defined to be K; = 27 — > ZLAjA;Ag. The combinatorial Ricci flow is the

AiAjAkEF
differential equation dr;/dt = —K;r; which defines the evolution of the metric in terms of the evolution
of the parameters r = {r; > 0[i = 1,..., N}. Hence it is natural to consider the Ricci flow on the space

‘R. This definition of a combinatorial Ricci flow is taken from [1] and is inspired by papers [2, 3].
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For surfaces of genus g > 2 it is also natural to discuss metrics on (M, T, w) which are not flat on
each face but has constant negative curvature. So we consider another type of metrics which are defined
in the following way:

(1) the metric on each face of the triangulation T" has constant curvature —1;

(2) the metric depends on parameters r = {r; > 0i = 1,..., N} € RY;

(3) the length I;; of an edge A; A; € E is given by coshl;; = coshr; cosh r; + w;; sinh r; sinhr;.

[t has the same geometrical meaning as described above but instead of circles on the Eucledean plane
one considers circles on the hyperbolic plane. In this case the combinatorial Ricci flow is the differential
equation dr;/dt = —K; sinhr;.

In [1] Chow and Lou proved that under certain conditions on weights and combinatorics of a
triangulation T' the Ricci flow for any initial 7(0) = (r?,...,7%;) converges exponentially fast to the
metric of constant curvature K; = 27&(M)/N in the euclidean background and to the metric with
K; = 0in the hyperbolic background. For the precise statements see Theorems 1.1 and 1.2 in[1].

Most important assumption on weights {w;; } in the paper[1]is the inequality w;; > 0for all ¢, j such
that A;A; € E. For other conditions (on combinatorics of the triangulation T") and for discussion of the
Ricci flow for spherical background also see [1]. Detailed analysis of the arguments from [1] shows that
assumptions w;; > 0 were used to prove two statements on which other arguments are based.

(A) The space R coincides with ]Rf.

(B) For any triangle ANA;A; Ay, € F denote by 0;, 0; and 0, the internal angles at the corre-
sponding vertices. Then one has 06;/0r; < 0,00;/0r; > 0 foralli # j. Also 0(0; +60; +0y)/0r; =0
in the Eucledean plane and 0(6; + 0; + 6y,)/0r; < 0in the hyperbolic plane.

The purpose of our paper is to weaken assumptions on the weights w = {w;;} in such a way that

these two statements still hold. As a consequence we obtain theorem of existence of Thurston’s circle
packing metric for a wider range of weights than it was proved for example in[1, 4].

Let us make important remark on extremal values of weights (w;;| = 1). The case w;; = w;, =
wjp, = 1 correspond to pairwise external tangent circles C;, C}, Cy. This case was considered in[1, 5].

In other cases of |w;;| = |wix| = |wji| = 1 points A;, A;, Ay, belong to some line hence the triangle
AA;A; Ay degenerates to a line segment for any r;, 75, 7. Though this case could have some geometrical
meaning we exclude it from our consideration. So in what follows the case when |w;;| = |wi| = |w;x| =
1 and at least one of the weights is negative is not considered and we will not mention it in assumptions
of statements.

2. EUCLIDEAN GEOMETRY

First of all we investigate the space R. Fix a triple (M, T, w). Consider a triangle of the triangula-
tion T'. To simplify notation suppose this is the triangle A A As A3. For positive numbers 71, 72, r3 define
l3 = l19,11 = lag,ly = l13 by formula (1). In [6, Lemma 13.7.2] it was shown that for w > 0 numbers
ly, 12,13 satisfy triangle inequalities for any positive r1,ry and r3. We generalize this statement in two
following Lemmas for more general assumptions. Three triangle inequalities on [y, l2, [3 are equivalent
to one inequality (I1 + la + I3)(—l1 + o + I3)(l1 — l2 + I3)(l1 + l2 — I3) > 0, which can easily be written
in squares of I1, I3, l3:

—(IF + 13+ 13)% + 4713 + 41313 + 41313 > 0. (2)

Lemma 1. Let w1z = B, wie = v and wez = a. Assume f =~ > 0> a. Then for anyri,ra,r3 >0
lengths 11, lo, I3 satisfy the inequality (2).
Proof. Expressing squares of [y, ls, I3 by (1) we obtain the condition on ry, ro, 73:

41— )i + 41 — )i + 41 — a®)r2rd 4+ 8rirors (o 4+ %)
+ (v +ay)r2 + (ay +y)r3) > 0.
All the summands are positive except 8r17or3(a 4+ 72)r1. Divide the inequality by 4 and transform it to

(1= a®)rgrs +2(1 + a)yrirars(ra + r3) + r1((1 — 713 + 2(a+ %) rars + (1 — ¥°)r3) > 0.
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The left hand side can be transformed to
(1- a2)r§r§ +2(1 4 a)yrirars(rg + 13) + 73 (1 — ) (rg — r3)? + 2r (1 + a)rors,

which is obviously positive. 0

Lemma 2. et wi3 = f, wie = and waz = a. Assume [ and v are positive, « is negative,
and By +a >0, and v or g or |a| # 1. Then for any r1,ra,r3 > 0 numbers 1y, ls, I3 satisfy the
inequality (2).

Proof. Expressing in (2) squares of l1, I3, I3 by (1) we obtain

4(1 — 72)7“%7’3 +4(1 - 52)7*%7’32, +4(1 - az)rgrg + 8rirars((a + By)r1
+ (B4 ay)ra + (aB 4+ 7)r3) > 0.

This inequality is satisfied for any ry > 0, r9 > 0, r3 > 0, since from our assumption 8y 4+ a > 0 it

follows that 5+ ay > 0 and a8 + v > 0. O
Remark 1. [t is not difficult to show that (2) cannot be proved for any positive ry, r2, r3 for
positive B, v and negative o without additional assumptions. Namely for « = —0.6, 5 = 0.9,

~v = 0.1 the inequality (2) is satisfied not for all positive ry, o, r3.

Now we address the question (B) from the introduction. Consider the triangle AA; As A3. For given
positive numbers 71,79, r3 denote by 601, 62, 65 the internal angles at the corresponding vertices of the
triangle (provided 1, lo, I3 satisfy the inequality (2)).

Theorem 1. Assume the weights «, 3,7 satisfy one of the following conditions: (i) all three
weights are nonnegative; (ii) two weights § and v are nonnegative, « is negative, and By + «a > 0
(or By +a = 0but fand vy are not equal to ). Then (a) 06;/0r; < 0 for all i; (b) 06;/0r; > 0 for all
Jj # i (C) 8(& + 9j + Gk)/(‘)n =0.

Proof. The statements under the assumption () were proved in [6, Lemma 13.7.3].

We address the assumptions (i7). Note that our arguments also apply to the assumption (). From
Thurston’s proof [6] it follows that the inequalities (a) and (b) can be deduced from the fact that radical
center of three circles with radii 1, ro, 73 and the centers in the corresponding vertices of the triangle
A A1 Ay As belongs to interior of the triangle.

Consider in the Euclidean plane the cartesian coordinate system with origin at A;. Choose the
axes in such a way that the vertex Ay has coordinates (l3,0), and the vertex As has coordinates
(I3 cosB1,lzsin 61). Then coordinates of the radical center can be found from the system of equations

2yt —ri=(r B2 +y* -3, 224y’ —ri=(r—1lycos0;)® + (y — lasinfy)? — 3.
From the first equation one has x = (r? + r1ra7)/l3. Substitute it for z in the second equation and
B+13-1

5
under assumptions (i7) one has y > 0. This means that the radical center and the vertex As belong to the
same halfplane with respect to the line A1 As. For this purpose we need to check that for all 1, 79,73 > 0
one has 13(2r? + 2r17r383) — (12 + 13 — 13)(r? + rirey) > 0. Substituting for I1, l2, I3 their expressions in
terms of weights and r1, ry, r3 we reduce the inequality to

2r179((1 = 4% rire + (o + By)rirs + (8 + ay)rars) > 0, (3)

From the assumptions (%) it follows that 8 + oy > 0. Hence (3) is satisfied for all 7, o, 73 > 0.

The radical center and the vertex A, are checked to belong to the same haliplane with respect to the
line A1 As in the same way. It is left to check that the radical center and the vertex A; belong to the same
halfplane with respect to the line A3 A3. In previous calculations change the indices (1,2,3) — (2,3,1)
and correspondingly change the weights: (a, 8,7) — (8,7, «). Then instead of (3) we need to check
that

obtain the equation on y: 2yls sin 6 = 27’% + 2rirgf — (r% + r17r27y). We need to prove than

2rors((1 — a®)rors + (B 4+ ya)rary + (v + Ba)rary) (4)
is positive for all 79, 9,73 > 0. Under assumptions (ii) one has 5 4+ ya > 0 and v + Sa > 0, hence (4)
is positive for all 71, 79,73 > 0. O
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Remark 2. /t is not possible to prove the statements of Theorem | for v = > 0 > a without
assumption v+ a > 0. Indeed, in this case the inequality (4) is satisfied for all ry, ro, r3.
Nevertheless the inequality (3) can be reduced to

2rro((1 — 72)7*17’2 + (a+ ’y2)rlr3 + (v 4+ ay)rers) > 0,

and for a4+ ~? < 0 one can easily find positive ry, ro, T3 which do not satisfy this inequality.
Indeed, one should fix some ry and rs, and choose sufficiently small ro > 0.

3. HYPERBOLIC GEOMETRY
In hyperbolic geometry let wes = «, w1z = § and w2 = . When for lengths 19, l13, l23 one has
cosh l19 = cosh 7y cosh g 4+ v sinhry sinhry, coshlis = cosh ry cosh r3 + 5 sinhry sinhrg,
cosh ls3 = cosh ry cosh rg + asinh g sinh rg (9)

Lemma 3. Assume f=~v>02>«. Then for any ri,re,73 € ]Ri”r there exists a triangle with
edges li2,113,lag defined by formulas (5).

Proof. 1t is enough to prove the inequalities l13 + 112 > lo3, l13 + l23 > l12. Indeed, arguments for
l13 + log > l12 are easily applied for l15 + la3 > [13 by interchanging weights 5 and ~, and the indices 1
and 2. Since cosh t is strictly increasing for ¢ € [0, 00) one needs to prove the inequalities

cosh(li3 + l12) > cosh a3, (6)
cosh(lys + lag) > coshlya. (7)

We start with the inequality (6).

Expanding the lefthand side we obtain cosh l13 cosh l15 + sinh l13 sinh l15 > cosh lo3. We are going to
prove stronger inequality

cosh 13 cosh l15 > cosh log (8)
Substitute l19, I13, l23 from (5) and reduce (8) to
(cosh 7y coshrg + v sinh 7 sinh r3)(cosh r1 cosh rg + 7 sinh r1 sinh )
> cosh 1o cosh s + asinh ro sinh r3. (9)
Using assumption on o and ¥ now we obtain (9):
(cosh 7y coshrg + ysinh 7 sinh ) (cosh r; cosh rg + 7 sinh 71 sinh )

> (coshry coshrs)(coshry coshre) > coshry coshrsg > coshrg cosh rg + acsinh rg sinh rs.

The inequality (7) is more involved. Rewrite it as
cosh 13 cosh lo3 + sinh 13 sinh l93 > cosh 1. (10)
First of all we need to estimate cosh ly3 cosh la3 — cosh l12:
cosh l13 cosh log — cosh l19 = cosh l13(cosh rg cosh rs + asinh rg sinh r3) — cosh /19
> cosh l13(cosh rg cosh rg — sinh rg sinh rg) — cosh /15 = (cosh ry cosh rg + vy sinh 7 sinh r3)
X (cosh rg cosh rg — sinh rg sinh rg) — (cosh 1 cosh rg + 7 sinh ry sinh rg)
= (sinhry coshrg + v sinhrg cosh 1) (sinh r1 cosh ro — cosh ry sinh r3)
= (coshrq sinhrg + vy cosh rg sinh ;) sinh(rs — r2). (11)
[f ro < rgthen (10) clearly follows from (11). For r3 > ry we obtain (10) from two estimates:
sinh /13 > cosh ry sinh r3 4+ 7 cosh r3 sinh 7y, (12)
sinhlog > |sinh(rg — r2)|. (13)
For (12) note that

cosh? l13 — (cosh ry sinh rg + 7 cosh 3 sinh r1)2 = cosh?ry — 72 sinh? ry > cosh?ry — sinh? 7 = 1,
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hence cosh 1 sinh rg + « cosh rg sinh r; < \/cosh2 {13 — 1 = sinh l13. Further

cosh ly3 = coshry coshrg + asinh 7o sinh g > cosh 7 cosh g — sinh rg sinh 3 = cosh(rg — r3).

Hence sinh log = v/cosh?lpg — 1 > \/COSh2(T'2 —1r3) — 1 = |sinh(ry —r3)|, and (13) is proved. 0

Lemma 4. let 5>0,v>0, and 0> . Assume fy+a >0 (or fy+a=0 but §#1 and
v #1). Then for any positive ri,r9,13 there exists a triangle with edges li2,113,l2s defined by
formulas (5).

Proof. We need to check two inequalities
cosh(lig + l12) > cosh a3, (14)
cosh(l13 + l2g) > coshlys. (15)

since the equality cosh(l12 + l23) > coshl;3 can be proved by the same argument as the last one.

We start with the inequality (14). As in the proof of previous Lemma 3 we are going to prove the
stronger inequality

cosh l13 cosh l192 > cosh lo3. (16)

Substitute for Iy, l13, lo3 their expressions from (5) and reduce (16) to
(cosh 7y coshrg + sinh ry sinh r3)(cosh 71 cosh 79 + v sinh r sinh rg)
> cosh 1o cosh s + asinh ro sinh r3. (17)
Using assumption on «, § and -y one has
(cosh 7y coshrg + B sinhry sinh r3)(cosh 71 cosh 7o + v sinh r; sinh rg)
> (coshry coshrs)(coshry coshre) > coshrg coshrg > coshrg cosh rs + acsinh rg sinh rs.
The inequality (15) is more difficult. Assume 5 > 7 and substitute  for 5 in (15). Then the lefthand

side of the inequality decreases but is still greater than righthand side by the proof of (7), see the proof of
Lemma 3.

Now assume v > 3. Then it is enough to check the inequality (15) fory = 1 and & = —f, which can
be written as

sinh [13 sinh l93 > cosh rq cosh ro + sinh rq sinh 7
— (coshry coshrs + B sinhry sinhrg)(cosh rg cosh rg — B sinhrg sinh rg). (18)
The righthand side can be transformed to
A = — cosh ry cosh 7y sinh? r5 + sinh 7 sinh ro(1 + 5% sinh? r3) — [ coshrgsinhrg(sinh(r; — rq)).
Note that for (18) it is enough to prove stronger inequality B? > A%, where B = sinhly3sinhls3. Let
uj = €', 5 =1,2,3. Then one has
16uruzudA = —(u + 1)(u + 1)(ud — 1) + (u — 1)(u] — 1)(4u3 + B2(u3 — 1)%)
+ B(ui + D3 = 1)((uf + 1)(u3 — 1) = (uf = 1)(uj + 1))
Also one has
[(uf + 1) (u + 1) + Bui — 1)(uj — 1)) — 16ufu3
16u3u?
@3+ D5 +1) = Bz = D(ug — D] = 16u5u3
16u3u? '

B? = (cosh? I3 — 1)(cosh? I3 — 1) =

To finish the proof one can show by cumbersome but straightiorward computation that
(16uugu3)?(B% — A% = 16(1 — £%)(udu3 — 1)*u3(ui — 1)® > 0.
(]

Before we address the question (B) for the hyperbolic geometry we need to remind some useful
notions and facts. Consider on the hyperbolic plane a point P and a circle C of radius r with the center
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in the point O. Consider a geodesic line which contains P and intersects the circle in the points A and
B. The degree of the point P with respect to the circle Cis degr P = d(lap)d(lpp). Here Iy is
the distance between points M and N of the hyperbolic plane, and d(I) = (! — 1)/(e! +1). It can be
shown that the degree deg P does not depend on the choice of the line. Hence if the distance from P to
the center of the circle C'is equal to [ then

B el—i—r -1 el—r -1
et lelr 417
For circles C1 and C; the set of all points P such that deg,, P = deg, P is a geodesic line, which is
called the radical axis of the circles C and Cs. For two intersecting (but not coinciding) circles C; and
(' the radical axis contains their common points. For any three circles the radical axes of every pair of

the circles pass through certain point. This point is called the radical center of three circles. For details
of the proofs of these results see for example [7].

[t is suitable to perform calculations in the Klein model of the hyperbolic plane. Remind that in this
model the points are the points of the open unit disk A = {z € C: |z| < 1}, lines are the chords and the
diameters of the disk A. The distance between two points A, B € A is defined as one half of the logarithm

of the cross ratio:
1 B-pP A-P
lAB_21n<B—Q'A—Q>’ (20)
where P and @) are the points of intersection of the line AB and the unit circle |z| = 1 such that the order
of the points on the line AB is PABQ.

We need a particular case of this formula then A coincides with the origin (0,0) and B = (z,0) is a
point on the real axis. Then P = (—1,0),Q = (1,0), and

1 <x+1‘0+1> L 1+e el —1

dego P =d(l+r)d(l —r) (19)

lap= _In co1'0-1 = = tanh/. (21)

2 o M1 TT ey
Lemma 5. Consider the circle Cy of a radius r1 with center in the origin and the circle Cs of a
radius ro with the center at a point (x,0). Then the radical axis of the circles Cy and Cy is given

by the equation x = p, where p = COShzés?ﬁ?é;lflolSh "2

Proof. 1t is clear that the radical axis is perpendicular to the real axis Ox. Hence it is enough to find
the point P = (p, 0) on the real axis such that deg., P = degc, P. Calculate deg., P by formulas (21)
and (19):

e%ln(ifﬁ)—kn 1 e?“(ii)‘” -1 1- /1 —p2coshry

deg, P = . = . (22)
“ eé“‘(}fi)”l +1 e§1n<}f§>—7“1+1 14 /1 — p2coshr
Now calculate dege, P by formulas (19) and (20):
(i)t am(iE )y
degcz P = 1 ln<1+m.l—p>+r 1 1n<1+w,1—p>_r
e2 1—z 1+p 2 +1e2 1—z 14p 2 +1
_ (1 — zp) — coshroy/1 — 224/1 — p2 (23)

(1 — zp) 4 coshroy/1 — 22/1 — p2’
From (22) and (23) we obtain the equation on p:
1—+/1—p2coshr (1 —zp) - coshroy/1 — 22/1 — p2

1+\/1—p2coshr1 (1—:Ep)+coshr2\/1—x2\/1—p2'
cosh 7y cosh l—coshr
COISh rq1sinh{ 2. O
Theorem 2. Assume the weights «, 8 and v satisfy one of the conditions (i) all three weights
are nonnegative; (ii) two weights 8 and ~ are nonnegative, the weight « is negative, By + a >0

From this one can deduce that p =
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(or py+a =0, but 5#1 and v# 1). Then (a) gfz <0 for all i; (b) gﬁi >0 for all j #1; (c)
200+ < 0foralld,

Proof.  For (c) note that [;;, does not depend on r;, while gﬁj >0 and gif > 0. Hence
8Area(§:31AJAk) > 0’ S0

00; +6;+0r) O(r— Area(AA;AjAL))
= < 0.
ari 87“2-

The statements of Lemma under assumptions (7) were proved in [6].

We address the assumptions (i) but our arguments also apply for (7). As in proof of Lemma | the
inequalities (a) and (b) follow from the fact that radical center  of the circles C1, Cs, C5 of radii r1, 2,73
with centers at the corresponding vertices of the triangle A A; A2 A3 belongs to the interior of AA; Ay As.
Hence we need to check that 2 and the vertex Ay belong to the same haliplane with respect to the line
AjAjfork =1,2,3and {3,5} = {1,2,3} \ {k}. We start from k& = 3. In the Klein model we consider the
following configuration of points Ay, As, A3. Namely, the vertex Ay coincides with the origin, the vertex

Aj belongs to the positive direction of the Ox axis, and the vertex As belongs to the upper haliplane. By
Lemma 5 the radical axis of Cy and C is given by the equation z = p, where p = COSh;gsioﬁ;léiﬁEfl‘fh "
cosh lo3 cosh [12—cosh i3

sinh l12 sinh lo3

The radical axis of the circles Cy and C5 can be obtained by rotating the line z = ¢, where by Lemma 5

The angle £ZA; A3 A3 = 6 can be found from the cosine theorem: cos 6§ =

cosh ro9 cosh l93 — cosh rg
q =

)

cosh r9 sinh l93

by angle € counterclockwise. Hence the radical axis of the circles Cy and Cj is given by the equation
xcosfh + ysinf = q. Thus the coordinates of the radical center Q2 can be found from the system of
equations x = p, xcosf + ysinf = q. Now it is clear that y > 0 if and only if ¢ — pcos6 > 0.

In the inequality ¢ — pcos @ > 0 substitute for p, ¢ and cos 0 their expressions in terms of 4, l;;:
cosh r cosh l93 — cosh rg B cosh r9 cosh {19 — cosh r1 cosh los cosh 19 — cosh l13

cosh r9 sinh l93 cosh ro sinh l19 sinh /15 sinh I3 > 0.

Multiply by positive expression cosh 4 sinh loz sinh? l15 = cosh ry sinh l23(COSh2 l12 — 1) and reduce the
inequality to (cosh 7 cosh ly3 — cosh 7’3)(cosh2 l12 — 1) — (cosh g cosh l19 — cosh 1) (cosh la3 cosh 119 —
cosh l13) > 0. This one can be transformed to

cosh 1 (cosh lag cosh l19 — cosh l13) + cosh ry(cosh l12 cosh l13 — cosh lo3)
+ coshrg(1 — cosh? 1) > 0.
Using expressions (5) for l12, I13, l23 reduce the inequality to
sinh 7y sinhr9((1 — ’y2) cosh r3 sinh r{ sinh 79
+ (a + B7v) cosh rg sinh ry sinh rs + (8 + ary) cosh ry sinh rg sinhrg) > 0.

Under our restriction on «, 8 and -y all the summands are positive for all r1, 72,73 € R,

The case k = 2 is similar. To be precise one needs to interchange the indices 2 and 3 in the previous
formulas.

For k=1 we need to check the inequality p — qgcosé > 0. Substitute for p,q and cosé their
expressions in terms of r; and [;;:

coshrg coshlis —coshry  coshrycoshlos — coshrg  coshlis coshlss — coshlys

> 0.
cosh ro sinh [ cosh r9 sinh l93 sinh lo3 sinh {19

Multiply it by the positive quantity cosh 7 sinh 15 sinh? log = cosh 5 sinh llg(COSh2 las — 1) and reduce
the inequality to

(cosh rg cosh l12 — cosh 7“1)(cosh2 l13 — 1) — (cosh rg cosh ly3 — cosh )
X (cosh lag cosh l19 — cosh ly3) > 0.
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This one can be transformed to the inequality
cosh rg(cosh log cosh l13 — cosh l13) + cosh r3(cosh l12 cosh a3 — cosh ly3)
+ coshr (1 — cosh?ly3) > 0.
Using expressions (5) for l12, I13, l23 reduce the inequality to
sinh o sinh r3((ay 4+ ) cosh rg sinh ry sinh 7o
+ (a8 + 7) cosh ry sinh ry sinhrg + (1 — %) cosh 1 sinh 9 sinh 73).

Under our assumptions on «, 8 and + all the summands are positive for all 1, 7,73 € R... O
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