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Abstract—Let m,n > 1 are integers and D be a domain in the complex plane C or in the m-
dimensional real space R™. We build positive subharmonic functions on a part of D vanishing on
the boundary 9D of domain D. We use such (test) functions to study the distribution of zero sets of
holomorphic functions f on D C C™ with restrictions on the growth of f near the boundary 0.D.
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1. MOTIVATION AND STATEMENT OF THE PROBLEM
1.1. Notations, Definitions, and Agreements

We use an information and definitions from [1—4]. As usual, N := {1,2,... }, R and C are the sets of
all natural, real and complex numbers, resp. We set

R_goi={—0}UR, Ry :=RU{4+00}, Ry :=R_o UR

RT:={z e R: z >0}, Rf =R\ {0}, Rf :=R" U {400},
where the usual order relation < on R is complemented by the inequalities —oo < x < +o0 for all
€ Rio. Let f: X — Y be afunction. ForY € Rin, g: X1 =& R4 and S € X U X1, we write
“f=gonS’or"“f <gonS”if f(x) = g(x) or f(z) < g(x) for all x € S respectively.
Let m € N. Denote by R™ the m-dimensional Euclidean real space. Then RZ := R"™ U {00} is

the Alexandro]f (<one-point) compactification of R™. Given a subset S of R™ (or RY), the closure
closS, the interior intS and the boundary 95 will always be taken relative R7.

Let Sp € S C RZ. Ii the closure closSy is a compact subset of S in the topology induced on S from
R7, then we write Sy € S. An open connected (sub-)set of R™ is a (sub-)domain of RZ,. Given
z € R™ and reRY , we set B(z,r) := {2’ € R™: |2/ — z| < r}, where | - | is the Euclidean norm on
R™, |oo| := +00; B(r) := B(0,r). Besides, B(co,r) :={x € R™: |z| > 1/r}, B(z,r) := closB(z, )
forr > 0, but B(z,0) := {z} and B(400) := RZ.

Let A, B are sets, and A C B. The set A is a non-trivial subset of the set B if the subset A C B is
non-empty (A # @) and proper (A # B).

We understand always the “positivity” or “positive” as > 0, where the symbol 0 denotes the number
zero, the zero function, the zero measure, etc. So, a function f: X — RCR, is positive on X if
f(xz) > 0forall z € X. In such case we write “f > 0 on X”.

The operation of superposition of functions denoted by o.
By M™(S) denote the class of all Borel positive measures on S.
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Let O be a non-trivial open subset of RZ.. We denote by sbh(©) the class of all subharmonic functions
u: O = R_, on O for m > 2, and all (local) convex functions u: O - R_,, on O for m =1. By
*: R — R7 denote the inversion in the unit sphere 9B(0, 1):

0 forx = oo,
*: x>t = |m1|2x forx # 0, 00, (1)
00 forz = 0.

A function w is subharmonic on a neighborhood of co € RZ if its Kelvin transform
u(z*) = |z|™ 2u(z), 2* € 0% :={z*:x € O}, (2)
is subharmonic on a neighborhood of 0. The class sbh(Q) contains the function —oo: x +— —o0, x € O
(identically equal to —o0);
sbh™(0) := {u € sbh(0): u > 00on O}, sbh,(O) :=sbh(O) \ {—oo}.
For u € sbh,(0O), the Riesz measure of w is the Borel (or Radon [2, A.3]) positive measure
I'(m/2)

w = e A (o ) m = )
. emu € MT(O), e 21/2 max{1, (m —2)}

(3)

where A is the Laplace operator acting in the sense of distribution theory, and I' is the gamma function.
In particular, v, (S) < +oo for each subset S € O. By definition, v_o(S) := oo forall S C O.

1.2. Test Functions

Subjects of our investigation are presented by
Definition 1. Throughout what follows m,n € N and @ # K = closK € D C R}, where D is a
subdomain in R™ or C%. A function v € sbh™ (D \ K) is a test function for D outside of K if

lim wv(z') =0 foreach z € dD, (4)
Doz’ —x
sup v(x) < 4o0. (5)
zeD\K

The class of test functions for D outside of K is denoted by sbh{ (D \ K).
We give elementary properties and simple examples of test functions.

tl. The condition (4) can be replaced by the condition: for each number ¢ € R} there is a subset
Se @ D suchthat0 <v<eonD)\ S..

t2. If a function v € sbhi (D \ K) is continued (extended) by zero as

(@) = v(z), forze D\ K, 6)
"~ o,  forzeRZ\ D,

then the extended function v is a subharmonic function on R \ K and v € sbh (R™ \ K).

t3. If v € sbhf (R™ \ K) and v = 0 on R \ D, then v € sbhy (D \ K). Throughout what follows we
identify a test function v € sbhd (D \ K) and its continuation (6) of the class sbhf (R \ K).

t4. The condition (5) can be replaced by the condition

sup limsup v(2') < +oo (the maximum Principle for sbh(RZ \ K)).
x€0S D\S>z' —x

t5. Ifv € sbhf (D \ K) C sbh (R \ K), then its Riesz measure v, belongs to M* (closD \ K).
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40 KHABIBULLIN, TAMINDAROVA

Example 1. Let D C R™ be a domain, D C D a regular (for the Dirichlet problem) subdomain of D,
and Jzo € D. Then the extended Green’s function g5 (-, o) for D with pole at x is a test function

from the class sbh{ (D \ {xo}). Its Riesz measure is the harmonic measure wg (o, -) for D at xq such
that

suppwz(wo, -) € M*(OD) ¢ M*(closD), wg(wo,dD) = 1.

1.3. Holomorphic Functions

Let n € N. Denote by C" the n-dimensional Euclidean complex space. Then CZ := C" U {o0} is
the Alexandroff (<one-point) compactification of C™. 1 it is necessary, we identify C" (or CZ, ) with
R?" (or R?%). Let O be a non-trivial open subset of C%,. We denote by Hol(©) and sbh(O) the class of
holomorphic and subharmonic functions on O, resp. For u € sbh,(Q), the Riesz measure of u is the
Borel (and the Radon) positive measure

— 1)
- P (7)

7" max{1,2n — 2}

For k € {0} UN, we denote by o the k-dimensional surface (<Hausdorff) measure on C" and its
restrictions to subsets of C". So, if £ = 0, then 0¢(S) = >, g 1foreach S € C",i. e. 0¢(S) is equal to
the number of points in the set S ¢ C™.

Theorema A (see [5, Corollary 1.1] for the case n = 2, and [6—8, Corollary 1] forn > 1). Let D
be a non-trivial domain in C2,, K a compact subset of D with intK # @. Let M € sbh.(D) be a
function with the Riesz measure vy € M* (D), and v € sbhd (D \ K) a test function for D outside
of K. Assume that

Vui=canAu € MHT(0),  con:

/ vdryr < 4o00. (8)
D\K
Let f € Hol(D) and Zeroy :=={z € D: f(2) =0} D Z. If

|| <eMonD, / vdog, 2 = +o0, (9)
Z\K
then f =0on D, i.e. Zeroy = D.

This Theorem A shows that each constructed test function of the class sbhj (D \ K) gives a
uniqueness theorem in terms of the distribution of the zero set of holomorphic functions. The main
goal of our article is to give some methods for constructing of test functions in the sense of Definition 1
with applications to the distribution of the zero sets of holomorphic functions. Many such constructions
have been proposed for domains in the complex plane C in our work [5, sections 4—35].

2. RADIAL CASE
2. 1. Radial Subharmonic Functions

A subset S C RY is radial, if from the conditions = € S and |2/| = |z] it follows that 2’ € S. A
function f on radial set S'is radial, if f(x) = f(2') for all |z| = |2/|, z € S. By imf denote the image of
f. Further

spS = {|z|: x € S}, spp:spS —imf, spy(r):= f(|z]) forr = |z],
is the spherical projection of radial function f onradial set S. Let0 < r; <19 < +ocand h: (ry,r2) —
R be a strictly increasing function. A function f: (r1,r2) — R is convex of h if the function f o h=1 is
convex on (h(r1), h(rz)) C R. Givent € R, we set
t form =1,
B (t) := { logt form = 2, t e R

1
— form > 3,
tm—2
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A(ry,re) i={x e R™: ry < |z| < ro}. (10)

Proposition 1. Let Q: A(r1,r2) — R be a radial Junction and q :=spgy. The Jollowing five
conditions are equivalent:

. The function Q is subharmonic on A(ry,r32), Q # —o0;
1. The Junction q is convex of huy, on (hm(r1), b (r2)) C R;

[II. The function q has the following properties: i) q is continuous; ii) there exist the left
derivative q/y and the right derivative qﬁight(r); iii) g/ is continuous on the left, and qﬁight is

continuous on the right; i) the functions v+ r™ 1ql.(r), r rm_lq;igm(r) are increasing; V)
Qo < qﬁight on (r1,72); Vi) there is a no-more-than countable set R C (r1,r2) such that ¢z = qﬁight
on (ri,r2) \ R;

IV. For any vy € (r1,r2) there is an increasing function py: (r1,72) — R such that

o) =atro) + [ 00)at, e (rara),

o

where the function pg can be chosen in the form

po(?“) = Tm_lql,eﬁ(r) or po(?“) = Tm_lqﬁight(r)v re (7“1,7"2);

V. The function q is upper semicontinuous, locally integrable on (ry,r2), and r — (™1 (r))’
is a positive distribution (measure).

The proof is omitted (see[1]—[4] and [5, § 4] form = 2 or C).

22 Radial Test Functions

Let 0 < 79 < R € RT . The following statement describes all radial test functions for the domain
D = B(R) C RY. Recall that B(+00) = R™.

Proposition 2. Let v: B(R)\ B(rg) = R™ be a radial function on B(R) \ B(ry). The following
three conditions are equivalent:

1. The function v is a test function for B(R) outside of B(ro);
2. There is a decreasing function d: (rg, R) — R such that

R
v(z) = / dlt) dt < +o00, z € B(R)\ B(ro);

tm—1
||
3. The function sp,, o h,,! is convex on (hy(ro), h(R)) and

Ii =0.
hm(R)>1:cH—l>hm(R) 5Py ()

Proof. 1f we apply the inversion and the Kelvin transform from (1)—(2) to the extended function
(6) with D = B(R) and K = B(rg), then the equivalences 1<2 and 1<3 follow from the equivalences
[<1V and [« 11 of Proposition 1 respectively. 0

We can easily add other equivalences to Proposition 2 based on Proposition 1.
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2.3. Cases D = B(R)

The following result follows immediately from Theorem A and Proposition 1 (see [5, § 4] form = 2
or C).

Theorem 1. Let 0 < rg < R € RE. Let M: B(R) — R be a continuous radial function and q :=
spys- Suppose that q is convex of hay, on (0, R) and there is a decreasing function d: (rg, R) — RT
such that

R

(8)
/d(r)q;ight(r)dr < +4o00.

T0
If the function f € Hol(B(R)) with zero set Zeroy D Z satisfies the conditions (see 9)

R
fleMonBw), [ di)sar) ", =+,

7o
where sz(r) = 0an—2(Z N B(r)),r € (ro, R), then f = 0o0n D.

The proof is a direct computation of (8)—(9) for radial case with D = B(R) and K = B(rg) using the
integration by parts. So, in (8),

dVM(TZ):CQnd(T’m_lql{ight('f’)) ® doon—1(2), =z€ 0B(1),

and we consider the test function v from Proposition 2 (2), in (9),

R R
d d(t
/ vdogn o = /d(r)sz(r)r%r_l _SZ(TO)/tnE—)l dt.
Z\B(ro) To o

10
Radial test functions can also be considered for sets A(ry,r9) (C) C™. But it is not of interest for
holomorphic functions on A(ry,r2) C C™ in view of the classical Hartogs extension phenomenon. Here
we do not consider also holomorphic functions on polydiscs in C"*, n > 1.

3. GREEN’S CASE

Throughout this section 3 D C RY is a regular domain with Green’s function gp := gp (-, zo) (with
the pole at g € D). We set

Dy:={x € D:gp(w,x0) >t} D9, 0<t<ty€cRS. (11)

3.1. Superpositions of Convex Functions and Green’s Functions

Proposition 3. Let q: [0,t9) — R be a convex function such that q(0) = 0. Then the superpo-
sition q o gp is a test function for D outside of Dy, i.e. qogp € sbhf (D \ Dy,).
Proof. The superposition of convex function f and harmonic function gp(-, o) is subharmonic. For

v := f o gp, the condition (4) follows from the condition f(0) = 0, since the Green’s function gp(-, z¢)
vanishes on the boundary 9D of regular domain D. 0
Proposition 4. Let F: (—=R}) — R* be a convex increasing function, F(—oo) := li)r_n F(z) €

R_ o, where (=R} ) := R_o \ RT. Then the superposition F o (—gp) is subharmonic on D.

Proof. Obviously, the function —gp(-, o) is subharmonic on D. The superposition of convex
increasing function F' and subharmonic function —gp(+, z¢) is subharmonic on D. 0
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3.2. A Uniqueness Theorem with Green’s Functions

For simplicity, we assume that the boundaries 9D and dD; of Dy from (11) belong to the class C?.
Theorem 2 [see [5, Theorem 7] forn = 1]. Suppose that the functions q and F are the same as
in Propositions 3 and 4. Let ¢ € C1(0,ty) and F € C*(~R}), and

to
/q’(t)F’(—t)dt < 400. (12)
0

If the function f € Hol(D) with zero set Zeroy D Z satisfies the conditions

to
fi<exp(Fo(~gn)) on D, [ ¢ (sz.nlthdt = +oc, (13)
0

where sz p(t) = oon—2(Z N Dy), t € (0,t9), then f =0on D.
Proof. Let vy be the Riesz measure of M := F o (—gp) € sbh(D), and v := g o gp. We have the
following equalities:

v (Dy, \ Dyy) = F'(—t2) — F'(—t1), —to< —t1 < —ta<0 [5,6.2.1],

to
[ v = [ @ogp)ivas = [ aa(-F(-1). (14)
D\Dy, D\Dy, 0
to
/ vdog, o = / (qogp)dog,_—o = /q(t)dsz,p(t). (15)
Z\D(to) Z\D(to) 0

Next we apply the integration by parts to the right-hand sides of (14)—(15) and Theorem A with
K = Dy,. O
Remark 1. The conditions to the boundaries 9D and 0D, can be considerably weakened [9]. In

addition, if we replace the derivatives ¢’, F’ by q;ight, Fr’ight in (12) and by ¢[.; in (13) respectively, we can

remove the conditions ¢ € C1(0,ty) and F € C*(—R]).
We will provide a more general and subtle results on the test functions and their construction
elsewhere.
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