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Abstract—Iterative solution method for mesh approximation of an optimal control problem of a
system governed by a linear parabolic equation is constructed and investigated. Control functions
of the problem are in the right-hand side of the equation and in Neumann boundary condition,
observation is in a part of the domain. Constraints on the control functions, state function and
its time derivative are imposed. A mesh saddle point problem is constructed and preconditioned
Uzawa-type method is applied to its solution. The main advantage of the iterative method is its
effective implementation: every iteration step consists of the pointwise projections onto the segments
and solving the linear mesh parabolic equations.
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1. INTRODUCTION

State constrained parabolic optimal control problems arise when solving real world applications
(see [1, 2] and bibliography therein). While state constrained elliptic optimal control problems are
thoroughly investigated, only a few contributions are known on numerical analysis of state constrained
parabolic optimal control problems [3—6]. In [3, 4] the problems with point-wise constraints for the
state function are investigated. In particular, Lavrentiev-type regularization is applied to the problems
with distributed and boundary control in [3], and error bounds for control and state mesh functions
are obtained in [4] when approximating the state equation by linear finite elements in space and a
discontinuous Galerkin scheme in time. In [5, 6] new iterative solution methods are proposed for finite-
dimensional approximations of the problems with point-wise bounds on time derivative of the state.
In our knowledge the convergence of mesh approximations of the parabolic optimal problems with
constraints for time derivative of the state is not investigated.

A common way to solve optimal control problems consists of using Lagrange functions and con-
structing the iterative solution methods for the corresponding saddle point problems. Unconstrained
saddle point problems are thoroughly investigated (see survey paper [7] containing exhaustive list of
references on this subject and recent articles [8, 9]). The development of the efficient numerical methods
to solve large scale constrained saddle-point problems is too far from complete. In this way, Uzawa,
Arrow—Hurwitz and operator-splitting iterative methods for the constrained saddle point problems
arising from augmented Lagrangian approach are investigated in monographs [10, 11]. Solution
methods for different classes of the constrained saddle point problems can be found in [12—18].

In this paper we consider a parabolic optimal control problem with distributed and boundary control
and with observation in a part of the domain. Constraints on the control, state and on time derivative of
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state are imposed. We approximate this problem by finite element in space and weighted finite difference
in time scheme, prove the existence of a solution and construct iterative solution method.

We construct preconditioned Uzawa-type iterative solution method with block diagonal precondi-
tioner for the corresponding saddle point problem. The preconditioner is energy equivalent to the “main”
matrix of the problem with the constants of the equivalence which don’t depend on mesh parameters.
The crucial point in constructing the effectively implemented Uzawa type methods is an equivalent
transformation of the original saddle point problem following [14].

2. FORMULATION OF THE PROBLEM AND ITS APPROXIMATION

Let Q € R? be a bounded domain with the boundary Q2 = T'p UT'y, meas I'p > 0 and let Q; €
Q be its subdomain. Let further Q7 = Q x (0,7], @1 =21 x (0,T], ¥p =Tp x (0,7] and Xy =
'y x (0,T). Denoteby V = {u € H'(Q) : u(x) = 0 onT'p} Sobolev space with inner product (u,v) =
Vu - Vo dz and norm ||u|| = (u,u)"/2.
Q
We consider a parabolic initial-boundary value problem

ZZZ—A:UZU in Qr,
dy
y=0 on Xp, =q on X,
on
y=0 for t=0, ze€q, (1)

which will be a state equation. The functions u = u(z,t) and ¢ = ¢(z,t) are variable control functions,
and the solution y(z,t) of (1) is a state function.

Proposition 1. Let 90 € C? u € Ly(Qr) and g € W = Ly(0,T; H'/2(I'y)) N HY4(0,T; Ly (T'y)).
Then there exists a unique solution y of problem (1), such that y € Lo (0,T;V) N H(0,T; Lo(52))
and the following stability inequality takes place:

oy(t
s ol + |37 < (e + @), Ca=const. @)

0<t<

L2(Qr)

The proof of the proposition above can be found in [19] on page 34.

The mentioned regularity properties of state function y allow to define, in particular, the point-wise
constraints for its time derivative. Define the following sets of constraints:

Upa = {u € La(Qr) : |u(z,t)] < umax a.e. (z,t) € Qr},
Qua=1{q€W: |q/ <q ae Xy},

0
Yo = {y € Ly(0,T; H () : 8?

0
8z;<dymax a.c. QT}

S L2(QT), Ymin < y(ac,t) < Ymax

and  dymin <

Above constants @ > 0, § > 0 and —00 < Ymin, Ymin < 0 < Ymax, Wmax < 00.
Let an objective function be defined by the equality

1 1 1
J(y,u,q) = 5 /(y(m,t) — ya(z,t))2dedt + 5 /uzdazdt + 5 /qzdfdt
Q1 Qr In

with a given observation function yg(x,t) € La(Q1).
We will solve the following optimal control problem:

min  J(y,u,q),
(y,u,q) €K ( )

K ={(y,u,q) € Yaq X Ugqg X Qqq : equation (1)holds}. (3)
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PRECONDITIONED UZAWA-TYPE METHOD 563

Lemma 1. Problem (3) has a unique solution (y,u,q).

Proof. The sets of constraints U,y, Qg and Y., are convex, closed and contain zero elements,
moreover Uyy and @Q,q are bounded. These properties together with linearity of state equation and
stability inequality (2) ensure that the set K is convex, closed, bounded and nonempty. Functional
J = J(y,u,q) is continuous. The established properties of J and K ensure the existence of a solution
to problem (3). Its uniqueness follows from the strict convexity of the functional J on the set K. To
prove this property of J we observe that it is convex in y and strictly convex in u and ¢, and the equalities
uy = ug and q; = qo imply y1 = yo for the solutions of problem (1). O

We construct an approximation of problem (3) supposing for the simplicity that the domains €2 and
Q1 have polygonal boundaries and that the function g, is continuous.

Let a family T} of nonoverlapping closed triangles e (finite elements) with maximal diameter h

compose a conforming and regular triangulation Q@ = J e of Q ([20], p. 124). We suppose that T}
ecTy,

generates the triangulations T}} on €4 and 9T}, on 'y, i.e. 1 consists of integer number of e € T}, and

I'n consists of integer number of sides de of elements e € T},. Define the finite element space V;, C V of
the continuous and piecewise linear functions (linear on each e) which vanish on the boundary I' p and
the finite element space Uy, € Lo(I'y) of the piecewise linear functions on I' - (linear on each de € I'y),
which are the traces on I'y of the functions from V},.

To approximate the integrals of a continuous function g(x) over a finite element e € T}, or its side de
we use the quadrature formulas

1
/g(:r)d:p ~ S.(g9) = 3meas(e) Z g9(xs), o arethevertices of e,

e a=1

/g(m)df ~ Soe(g) = ;meas(ae) Zg(xa), xo are the vertices of Oe.

de a=1
The corresponding composite quadrature formulas are

Sa(g) = Y Selg), Sai(9) = > Sel9), Srlg)= > Saclg).

ecTy, GET& OecdTy,

Let further w, = {t; = j7, 7 =0,1,... N;; Ny7 =T} be a uniform mesh on the segment [0,7]. We
denote by yp, with subscript A a mesh function from the space V}, or Uj, and by y{l a time depending mesh
function at a time level ¢; € w;. Let also yéh be the continuous and piecewise linear in space variables
function which coincides with y4(z, t;) at the nodes of the triangulation T}!.

Approximation of state problem (1) is the following weighted finite-difference in time and finite
element in space problem:

J_ 01 ) .
SQ (yh Tyh Zh> + SQ (V(in + (1 — O‘)yfl_l) . Vzh)

:Sg(ui Zh)—l-Sp(qi zp) Ve € Vi, j=1,2,..., Ny, (4)
with initial value y) = 0 and a weight o € [0, 1]. This scheme includes: forward Euler (¢ = 0), backward
Euler (¢ = 1) and Crank—Nicolson (¢ = 1/2) schemes.

Define the approximations of the objective function and the sets of constraints by the following
equalities:
Ny

TS (Sen (] — w4 1)?) + Sa(ul)? + Sr(d])?), (5)

In (Y, un, qn) = 5

j=1
Ul ={luj| <u YreQ, j=12,....N},
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564 LAPIN, LAITINEN
ha=1{lagl <a VreQ, j=12..,N},
YafZl = }/Ohmylhv }/E)h = {yi D Ymin S yi < Ymax, VT EQ, j=1,2,... ,Nt},

Ylh ={y: 7dymin < y% — y{l_l <Tdymax Ve Q, j=1,2..., Ny, (y2 =0)}. (6)
Approximation procedures result to the following mesh optimal control problem:
find min_ Jp(Yn, un, qn),
(Yn,un,qn)EKR
K= {(yn,un,qn) : yn € Yy up € UL, qn € Q" equation (4) holds}. (7)

Lemma 2. Mesh optimal control problem (7) has a unique solution (yn,up, qn).

Proof. Similar to lemma 1 the result follows from the facts that the set Kj, is nonempty, closed,
convex and bounded, while the function Jj, is continuous and strictly convex on K. O

It is well-known that problem (4) is unconditionally stable for ¢ > 1/2. In the case 0 <o < 1/2

it is stable under the additional condition for time-step 7 < 79(h) ~ h2. More precisely, the following
statement takes place (this is a slightly modified result of [22], p. 391):

Proposition 2. Let 0 < 0 < 1/2 and 7 < 2(Vmax (1 — 20)) ™!, where v,y is the maximal eigenvalue
of the following eigenvalue problem:

(yn,v) = Sa (Vyp - Vzn) =vSalyn zn) Vzp € V.
Then for a solution to problem (4) the following stability inequality holds:

sziSQ <|yi|2) < Cr sziSQ (|ugl|2) + ]th:SF (|qu|2) ,  Crp = const. (8)
j=1 j=1 Jj=1

3. ALGEBRAIC FORM OF PROBLEM (7) AND SADDLE POINT PROBLEM

Denote by 3y € RNv the vector of nodal values of a function i, € V}, (Ny = dim.V},) Then we get the
“onto” correspondence y <> yj. Similarly a vector ¢ € R™a corresponds to g, € Qp.") By (.,.)y ((-,)q)
and |||, (]|.||4) we denote the inner product and euclidian norm in RNv (R¥e) and by (.,.) and ||.|| as the
inner product and euclidian norm in RN*Ns and R™Na (concrete case will be obvious from the context).

Define stifiness matrix A € RNv*Nv diagonal matrices M, M, € RNv*Nv and M, € RNo*Na and
rectangular matrix S, € RNv*Na by the following equalities:

(Ay,2)y = Sa (Vyn-Van), (My,z), = Sa(ynzn),

(Myy7 Z)y = Sﬂl (yhzh)7 (MQQ7p)q = SF(thh)7 (SqQ7 Z)y = SF((]hZh)-

Above y Sy, € Vi, 2 25, €V, and g & qn, € Qn, p < pr, € Qn. With these notations mesh state
equation (4) and objective function (5) can be written for the vectors of nodal values of mesh functions:

) — i1
My )

; —i—A(ayj—i-(l—a)yj_l):Muj—i-gqu, j=1,2,...,N;, y’=0, (9)
’7' Nt ~ . . . . ~ . . . .
Iy, u,q) = > My (7 = v,y = yh)y + (M )y, + (Mg, ¢7),). (10)
j=1

Further we use also the block diagonal matrices with constant blocks, namely, M = diag(M, M, ...,
M) € RN NNy and similarly defined M, € RN N> NelNy pp - RNNaxNeNa gpd g ¢ RN Ny xNelNo,
Define also matrix L € RNtNuxNeNy.

-yl =y : IR
(Ly)j ={M - + Aoy +(1—0)y’ ), j=12,...,N;},

DSince hereaiter we consider only finite dimensional problems, we use the same notations for the vectors as previously for
the functions.
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PRECONDITIONED UZAWA-TYPE METHOD 565

with formal component y° = 0.

Now we can rewrite mesh state equation (9) and objective function (10) in the following short manner
(we scale objective function by dividing to 7):

Ly = Mu + Syq,
1 1 1
I(y7 u, q) - 92 (My(y - yd)7 Yy — yd) + 9 (MU, 'U,) + 9 (qu7 q)
Note, that stability inequality (8) implies the estimate
(My,y) < Or((Mu,u) + (Mqgq,q))- (11)

Point-wise constraints (6) can be obviously rewritten for the vectors of nodal values of mesh
functions. Let further

R e RNt NuyxNelNy = (Royd = {yf — =V for j=2,..., M; y' for j=1}

Then we can replace the constraint y € Y1 in the discrete optimal control problem by the following
constraints:

p S P;Ld = {Tdymirl gp] < TdymaX7 ,7 = 1727"'M}7 Ry_p: O
At last, denote by v, 6, ¢, and ¢, the indicator functions of the sets Yoh, P;Ld, Ugd and di, respectively.

As a result we obtain the following algebraic form of mesh optimal control problem (7):

Ly:MuI}rlé?q’ p:Ry{I(y, u,q) +Y(y) +0(p) + vu(u) + ¢q(q) }- (12)

Construct Lagrange function for problem (12):
L(y,u, q,p, M ) = 1(y,u, q) +(y) +0(p) + @ulu) +94(q) + (A, Ly — Mu — S4q) + (1, Ry — p).
A saddle point of this Lagrangian satisfies the following saddle point problem (cf., e.g. [21], p. 169):

M, 0 0 0 L' RT) [y 9 (y) Myyq
0O M 0 0 —-M O u Oy (u) 0
0 0 M, 0 —=SF 0 . 0pq(q) S 0 ’ (13)
o 0o 0 0o 0 —-E|]|p 80(p) 0
L =M -8, 0 0 o0 []Ax 0 0
R 0 o0 —-E 0 0] \u 0 0

where 0v, 0y, Oy, and 00 are the subdifferentials of the corresponding functions and E is identity
matrix. With the notations z = (y,u,q,p)T, n = A\, w)T, f = (Myya,0,0,0)T, U(z) = ¥(y) + 0(p) +
pu(u) + ¢q(q), and

M, 0 0 0

0 M 0 O L -M -5, 0
_A: , B: q
0 0 M, 0 R 0 0 -E

0 0 0 O

problem (13) can be rewritten in a compact form:

)0 C)-6)
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566 LAPIN, LAITINEN

The degenerate matrix A is an obstacle to the application of Uzawa-type iterative methods for solving
this saddle point problem. To overcome this deficiency we use two last equations of system (13) to
transform it to the equivalent saddle point problem

6 )0

My+nrM —rML'M —r{ML7'S, 0

with

0 M 0 0
A, = , >0, 79>0,
0 0 M, 0
—T’QMR 0 0 TQM

instead of A and with the same matrix B and function W.
Lemma 3. Let (r1,r2) €ew={0<r;1 <2/Cp, 0<re<rm— r%C’T/2}. Then matrix A, is
positive definite and energy equivalent to block-diagonal matrix
Apo = diag (M, M, M,, M)
with constants of the equivalence, which depend only on ry, ro:

CO(T17T2)(AOO'Z7Z) < ("47“27 Z) < C(T17T2)(AOOZ7 Z)v = (y7u7Q7p)T' (15)

Proof. Let z = (y,u,q,p)", then
(Apz,2) = (My + mM)y,y) — rl(L_l(Mu +549), My) + (Mu,u)
+ (Myq, q) + r2(Mp, p) — ro(Mp, Ry).

Denote by gy the solution of the equation Ly = Mu+ Sy,q. Then due to the stability inequal-
ity (11) (Mg,5) < Cp((Mu,u) + (Mgq,q)). Using this estimate and the inequality |(Ry, Mp)| <
2(My,y)'/*(Mp, p)'/? we get

(Arz,2) =2 ri(My,y) + (Mu,u) + (Myq, q) + r2(Mp, p)
— 1Oy (Mu,w) 2 (My, y)/? = 11Cy* (Myq, @) (My, y) /2 = 2ro(My, y) /> (Mp, p) /2.
For (ry,79) € w the quadratical form F(y,u,q,p) = riy? + u? + ¢* + rop? — rlCzlppuy — rlC’%/zqy —

2royp is positive definite and there exists cg > 0 such that F(y,u,q,p) > co(y? + u? + ¢*> + p?). As a
consequence (A, z, z) > ¢o(Aooz, 2). Since (Myy,y) < (My,y), we obtain

(Arz,2) < (L+711)(My,y) + (Mu,u) + (Myq, q) + r2(Mp, p)
+ 11Oy A (Mu, w) 2 (My, y) ' + 1 Cy* (Mg, )V (My, y)'/? + 2ry(My, y) /> (Mp, p) /2,
whence (A, z, z) < ¢1(Agoz, 2) with a constant ¢; depending on 71, r9. O

Theorem 1. Problem (13) has a solution (y,u,q,p, A, ) with unique y,u,q,p, which coincide
with the solution of problem (12).

Proof. Matrix A, is positive definite, matrix B has a full column rank and function ¥ is convex,
proper and lower semicontinuous. Moreover, zero vector satisfies the equation Bz = 0 and belongs to
int dom W. All these properties ensure the result of the theorem (cf. [23]). a
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PRECONDITIONED UZAWA-TYPE METHOD 567
4. ITERATIVE SOLUTION METHOD FOR SADDLE POINT PROBLEM

A preconditioned Uzawa-type iterative method for solving saddle point problem (14) reads as follows:
ATZk+1 + a\II(zk-'rl) 9 BT,’,}k + f7

1

P

where D is a symmetric and positive definite matrix (preconditioner), p > 0 is an iterative parameter.
Iterative method (16) converges for any initial guess n° if the pair (D, p) satisfies the following
assumption ([14]):

D@+ — by + B =0, (16)

(1+¢)
2
where A,; = 0.5(A + A7) is the symmetric part of A,.

Below we construct an easy invertible block diagonal preconditioner D which is spectrally equivalent
to BA; ! BT with the constants, which don’t depend on meshsizes h and 7.

D> PBAZIBT, c>o, (17)

Due to lemma 3 the matrix BA; ! BT is spectrally equivalent to

LM~ LT+ M +S,M; ST LM'RT
RM~LT RM~'RT + M1

In turn, this matrix is spectrally equivalent to a block-diagonal one. More precisely, the following
statement takes place for K =1+ Cp + \/C’% +4.

, LM~'LT 0 , ) T
Lemma4. Matrix D = is spectrally equivalent to BAyy B* with constants,
0 Mt
which don’t depend on meshsizes h and T. In particular,
(BAgy B n,m) < Kr(Dn,n) ¥ = (A p). (18)

Proof. Using the inequalities
(M) + (M;7PSENSIN) >0 and  (MT'RTp, RTp) < 4(M 'y, )
we estimate the quadratical form (B.AaolBTn, n) from below:
(BAg B™n,n) = (MT'LTX, LX) + (MAX) + (M 'STA, ST
+ (MR p, RTp) + (M~ ) +2(M LT R )

> <1 — i) (M7YLTXN, TN 4+ (1 — ) (M RT yu, R 1)

1
+ (M, p) > <1 - €> (MILTA LT + (1= 41— e) (M pa, o).

For a fixed 0 < £ < (V2 —1)/2 we get (BAgy B™n,1) = c(e)(Dn,n), c¢(e) > 0.
Let us prove estimate (18). For any € > 0 we have

1
(BAy B'n,m) < (1 + E) (MTLEN, LX) + (M, N)

+ (MSTN SEN) 4+ (1 + de) (M, ). (19)
Due to Cauchy inequality and stability estimate (11) the following chain of the inequalities is true:

(M~Y2LTAv) (A Ly)

(|M~Y2LT )| = sup = sup
v [[ol] y [[M12y]]
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568 LAPIN, LAITINEN
> sup (A, Mu + Syq) > 1 sup (A, Mu + Syq) .
wa [[MV2(LH(Mu+Se@))ll ~ ) wa || MV20)| + 1155 %q|

Choosing subsequently ¢ = 0 and u = 0 in this inequality we have

_ 1 (A, Mu) 1
/27Ty > ) _ 1/2
T T
1 (A,Sqq)

_ 1 _
I|M 1/2LT)\||> — 1/2”]\4 1/25«;.1“)\”‘

sup
Ci* |15yl oy
Estimates (19) and (20) yield

(BAy B'n,n) < (1 + i + 2CT> (M7YLTXLTA) + (1 +4e) (M, o).
Fore = (Kt — 1) /4 we get estimate (18).

LM~LT 0

Method (16) for problem (13) with preconditioner D = (
0 M1

([ Muk+! 4+ 9, (uF+1) 3 MK,

quk-i-l —|—8goq(qk+1) 5 Sg)‘kv

(M, + i M)yFtt + 0 (yF ) 5 Myy 4+ 1 ML~ MuF+!

+ rlML—lsqqk—H _ LT)\k _ RT k’

roMpF+l 4+ 90 (p* 1) 3 ro M Ry* ! + ¥,

LM—lLT )\k—l—l _ )\k

k+1 _ Iuk p
) — MRyk+1 o Mpk+1.

— Lyk’-i-l _ Muk'H _ Sqqk+1,

7

Theorem 2. Method (21), (22) converges if (r1,r2) € w and
0<p<2c(r,re)/Krp,
where the domain w and the constant cy(r1,72) are defined in lemma 3.
Proof. From inequality (15) we get the following estimate:
Ard <t (rn,m) Agg
This estimate and (18) yield
BA; BT < cgt(r1,7m9)BAy BT < cgt(r1,m2)KrD.

) reads as follows:

(20)

(21)

(22)

(23)

Thus, assumption (17) is satisfied if the iterative parameter p satisfies the inequality cgl(rl, ro)Kp <

2/p, which is just (23).

|

Implementation. On every step of method (21), (22) we have to solve three inclusions (21) with
diagonal matrices and diagonal operators. Solving the inclusions reduces to pointwise projections (for

all coordinates of nodal vectors on every time level) on the corresponding sets of the constraints.

Solving a system of linear equations with the matrix LM ~*L” consists of sequential solution of the

systems with the matrices L and L. In the particular case of the explicit finite difference approximation
of state equation (o = 0) these matrices are triangle ones and the solutions can be found by explicit

calculations.
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