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1. INTRODUCTION

It was shown in [1] that under the assumption of uniform integrability of jumps of local martingales
the weak convergence of a sequence of local martingales to a continuous Gaussian martingale holds if
and only if a convergence in probability of corresponding quadratic variations takes place. It should be
noted that some particular cases of this result may be found in[1] (see also[2, 3]).

Many authors have investigated the weak convergence of martingale difference arrays and for scheme
of a series of Hilbert-valued random variables [4—9]. The aim of this work is to disseminate the results
of [1] on the case of local martingales with values in a Hilbert space.

Let (Q,F,P) be a complete probability space, F" = (F{"),;>o,n > 1 and F' = (F;),~, be non-
decreasing right-continuous family of o-algebras of F such that the o-algebras FJ and F contain
the P zero sets from F. We denote by M(H), Mje.(H), M§ (H), ML (H), M2 (H) the classes
of uniformly integrable martingales, local martingales, locally continuous, purely discontinuous local
martingales and locally square-integrable martingales X = (X3, F3; H), Xy = 0 with values in Hilbert
space H.

Let X be Hilbert-valued process. Then for ¢ > 1 we denote by x;-process (z;); = (e;, X¢), where
{e;} is orthonormal basis in H. For X € M2 (H) we have the set of real predictable processes of
locally integrable variation ((x;,x;)); j>1 such that x;z; — (x;, z;) is local martingale ((z;) = (x4, z;)).
In addition, there is a real predictable increasing process (M) such that ||M||> — (M) is local martingale
and (M) =32, <mi,m; > For X € M,.(H) we denote by [X]; = (X); 4+ > o <y IIAX ||,
[25, 2] = (2F, 25)e + Dogcp D)5 A2)s.

Suppose further that M is continuous Gaussian martingale with values in Hilbert space. Then
((mj,m;)); j>1 are continuous and deterministic functions, and quadratic variation is (M); = E||M||?.
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2. THE RESULTS

Theorem 1. Let X" € M,.(H),n > 1 satisfies the condition (R): for any t > 0 the set of
random variables (supy.s<; ||AXT||) is uniformly integrable. Then the conditions

P P ..
[ZL'?,ZL‘;L]t - <mi7mj>t7 [Xn]t - <M>t7 1, > 17 t> 07 (1)

holds if and only if X™ 2om.

Corollary 1. Let X" € M7, (H),n > 1, then the conditions
() = i), (XM (M) 21, >0, (2)

holds if and only if X™ LM
The semimartingale X™ = (X}, F; H) has a canonical representation [10]:

1 t
Xt":XO+Bf+Mt"C—|—/ / xd(,u”—u”)+/ / xz p" (ds,dx),

0 [lz]|<1 0 Jlz|[>1

where B™ = (B}, F;; H) is predictable process of class Aj.(H) (processes with locally integrable

variation), M™¢ € M7 _(H), u" = p"(ds, dz) is an integer-valued random measure associated to jumps

of X" and v"™ = v"(ds,dx) its compensator. Then from the theorem 2 in [11] it follows that for

X" € Mio.(H)
¢
Bi' = —/ / xdv".

0 [lz[|>1
Furthermore, B™ = B™ 4+ B™ where
BM = — Z / xv"({s},dx).

0<SSHWH>1

Consequently, the variation V;(B"™?) of the function B"? on the interval [0, ¢] is defined by the formula:

VB = 3| [ an(shda). 3)
0<s<t lal|>1
Theorem 2. Let X" € M,,.(H),n > 1 satisfies the condition
sup [|B7<|| + Vi(B™) S50, t>0. (4)
0<s<t

Then the conditions (1) holds if and only if X™ =Ny VS

Corollary 2. Let X™ € M,.(H),n > 1 quasi-continuous from the left (for any predictable
stopping time TAX" = 0) and satisfies the condition

sup [[BY]| 50, > 0. (5)
0<s<t

Then the conditions (1) holds if and only if X™ =Ny VS
Following [12], we introduce conditions for any ¢ > 0 and n — oc:

P P ..
[m?lvmq]ﬂ]t - <mi7mj>t7 [Mnl]t - <M>t7 1,)] > 17 (6)

(s, i) 2 (mi,my)y, (M) 25 (M), > 0,5 > 1. (7)
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140 LAVRENTYEV, NAZAROV
Corollary 3. Let X™ € M? _(H),n > 1, satisfies Lindeberg condition:

t
// 2|2 (ds, dz) B> 0, &> 0. )
0

|lz||>¢

Then the following statements are equivalent:
D

(1) 6)< (7)< (2)e (X" —= M).
3. THE PROOFS
3.1. The Proof Theorem 1 and Corollary 1

Following [12], we introduce conditions for any ¢ > 0 and n — oc:

/ / "(ds, dz) e € (0,1], (9)

0 [lz||>e

sup [|B2]| £ 0, (10)
0<s<t

Following the scheme proposed in [1] for the one-dimensional case, in accordance with the [12] it
suffices to establish the following implications hold:

R,1) =Y (R,1,9) =2 (R,1,9,10) =¥ (R,9,10,6) =¥ (R, X" 2 M) =% R, X" 2 M, 9)
6 (R, x™ 2 11,9,10) =7 (R,9,10,6) =% (R, 1).

To this end, we prove that (1) =(9), (9, R)=(10), and verify that under conditions (9) and (R) condition
(1)is equivalent to (7).

Since (M) is non-decreasing continuous function, then by Lemma 1, in [13] from the condition (1)
we obtain

sup |[X™, X", — (M)s| 250, ¢> 0.
s<t

Since [M]; = (M€); + 3, [|AM,]]* then sup,<, [|AM,|? L, 0 and from the condition (1) it follows

that supg s« [|AX]| LR 0, t > 0, which is equivalent to (9) according to Theorem 2 in [12].

In order to check the relation (9, R) = (10), we note that the condition (9) by the Corollary from
Lenglart inequality [ 14] implies that

o~

n n P
Zt=/ / ] dy £ 0.
0 |lz||>1

Variation of the function B™ has the property (3) and

t
Vi(B") < / / l|dv = 2.

0 [lz|[>1
Then, since ||AZ?|| < ||AX"||, then from the condition (R) and the corollary of Lenglart inequality [ 14]
implies that V;(B") Lo0,t>0.
The inequality supg.s<; || B[] < V;(B™) implies the validity of (9, R) = (10).
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A FUNCTIONAL CENTRAL LIMIT THEOREM 141
To prove the equivalence (1) and (7) (under the conditions of (9) and (R)) we denote h = e;, e; + ¢;;
i, > 1,
Ty (h) = (X" W) = [(M™, h)] = Y (AXT,h)?I(||[AXT| > 1)

0<s<t

+2 3 (AXEmI(AXD] < 1) /(a:,h)y”({s},dm)

0<s<t
[|z||<1

2

-y /(x,h)u”({s},d:p)

0<s<t lzl|<1

TP = (XM= MM = ) AXTPI(IAXY| > 1)
0<s<t

w2 Y [axrrgaxy <, [ o))
0<s<t

2| <1
2
-3 [ wrdshan
<= laf <1
Thus, it suffices to show that
9,R) = Jr(h) L0, J* L0, t>o0. (11)

In the proof of Theorem 2 in [11] it has been shown that for s > 0 fH\{O} xv"({s},dxr) = 0 a.s. From
this and V;(B"™) £,0,¢ > 0 we have
[ < RIPIE, 7] < 17,
I = IAXYPIIAX]] > 1) +2Vi(B™) + VA(B™). (12)
0<s<t
From the condition (9) and the corollary of Lenglart inequality [14] imply that

> lAXy|PI(IAXE] > 1) = o. (13)
0<s<t
We have already proved the implication (9, R) = V;(B") £, 0. Thus from Vi(B") < V,(B™), (13) and
(12) we get (11).

So, the implications 1), 2), 3), 6) and 8) are proved and implications 4), 5) and 7) follow from [12].
This completes the proof of the theorem 1.

Corollary 1 is the evident consequence of Theorem 1.

3.2. The Proof of Theorem 2 and Corollaries

In the proof of Theorem 1, it was shown that (R, 1) = V;(B") 2,0, ¢ > 0. Hence the condition (4)
is satisfied. Further (4) = (10). Then from (9) and (4) implies the equivalence of (1) < (7) therefore

(4,1) = (9,10,6) = X" 2 A1,

On the other hand (4, X™ 2, M) = (4,9,6) = (1). Since the function B™ is continuous a.s. for
quasi-left continuous process X™ [15] then corollary 2 follows from theorem 2.
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142 LAVRENTYEV, NAZAROV

The proof corollary 3. For X™ € M3 (H) we have
¢

X = X)¢ +/ / x(p" —v")(ds,dx) +/ / zp"(ds,dz) + By*®
0 ||zf|<e 0 |l=l[>e
where BJ"* = — fot f||x||>8 xv"(ds, dx) and
¢
ssliE)HBQEH S/ / xv™(ds,dz) < i/ / ||z||2v" (ds, dz) 2o

o~

0 |lz|[>e 0 [lz|[>e

Note that s > 0, fH\{O} av™({s},dx) = 0 a.s. (see proof theorem 2 in [11]), therefore

t
(X", h))e = (X" R t+/ / z, h)? " (ds, dx),
0 H\{0}

(X 1) = (X7, B, + / / (2, )2 " (s, d),
0

H\{0}
the same way

t

(X™); = (X7€) t+/ ||| 20" (ds, dz),
0 H\{o}
t

(X", X”Ct+/ / ||| [2p™ (ds, dz).
0 H\{0}

Condition (8) and the corollary of Lenglart inequality [14] imply that fot waH>6 || |2 (ds, dx) o
With these remarks Corollary follows easily from [12] and conditions (8).

4. THE COROLLARY FOR SUMS OF RANDOM VARIABLES

Let X7 = Z[m] Enk, Fit = 0{ X2, s <t},0<t<1,&,0 =0, (§4) is the arrays of random variables
with values in Hilbert space, 0 < /-c <n, n>1. Later on we will be denote by W = (W, Fy; H)
Hilbert-valued Wiener process with covariance operator S (S-operator ), i.e. a continuous process with
independent increments that for any u < ¢, h € H the real random variable (W, — W,,, h) has a Gaussian
distribution with zero mean and variance (¢t — u)(Sh, h) [16].

Corollary 4. Let for any n > 1 a sequence " = (&1, Fj'sH) is a martingale difference (i.e.
E|l&uk]] < 00, E(§uk|Fj_1) = 0,1 < k < n) and the set of random variables (supy<p<p ||§nkl|)n>1
is uniformly integrable. Then the conditions

[nt]

> (ks €)(En€g) > tSeie), i > 1, (14)

k=0

[nt]
S lgarl? B tTrs (15)
k=0

. D
are necessary and sufficient for the convergence of X™ — W.

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol.37 No.2 2016



A FUNCTIONAL CENTRAL LIMIT THEOREM 143

Proof. This corollary is a simple restatement of Theorem 1 for this special case.

Corollary 5. Let for eachn > 1 a sequence " = (&ur, Fi's H) is a square-integrable martingale
difference (i.e. E||&k|? < 00, E(&ui|FR 1) = 0,1 <k <nand &, =0 foranyn > 1).

1) Let for allt € [0,1] the following conditions are satisfied:

. P
> El&rlPI(1Ensl| > &) Ff_y) =0, e>0, (16)
k=1
[nt] ,
ZE((gnkaei)(fnkaejﬂf}?—l) —>t(S€i,6]’), i,j > 17 (17)
k=1
> E(lléukl PIFf) = TS, (18)
k=1
then X" 2 W
2) The conditions (14) and
[nt]
E|> gl —tTrS| -0 (19)
k=0
are also sufficient for the convergence of X" 2w,
3) Let forany y € H
limsup » B, )?) < (Sy,y), 0,4 > 1, (20)
" k=1

then conditions (14) and (16)—(19) are also necessary for the convergence of X™ Pow.
Proof. The sufficiency of (16)—(18) follows from Corollary 3.
[t follows from (19) (see the proof of Corollary 6 in [2]) that

B &nrl PI(IIgntl| > €) = 0.
k=1
Hence, irom the condition of (14), (19), applying Corollary 3 we obtain the convergence of X" 2ow.

To prove the necessity we set y € H and we note that the convergence of X" 2w implies the
convergence of

X%y o, W) @21)
V(Sy,v) V/(Sy,y)
where w is standard real Wiener process.
By Theorem 2 in[17] from (20) and (21) it follows that
[nt]
E | B((&uw 1| Fir) — t6Sy,m)| — 0, (22)
k=1
[nt]
E|Y (& y)* = t(Sy,y)| — 0, (23)
k=1

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol.37 No.2 2016



144 LAVRENTYEV, NAZAROV
i.e. conditions (17) and (14) are fulfilled. Further, we note that forany N > 1

—tTrS| < ZZE (€nky €i)?
i=N k=1
N—1 [nt]
+ Z E Z gnkaez _t(Seuez + Z Sezaez
=1 k=1 i=N

Hence, (20) and (23) imply condition (19) and, as shown above, the condition (16).
The necessity of (18) follows from (20), (22) and the following relationship:

< ZZE énkaez

[nt]

ZE &k |21 F7—y) — tT7S

i=N k=1
N-1 [nt] 00
+ > B E((Gnks )| Fiy) — H(Sei )| + D (Sei ).
=1 k=1 i=N

Remark 1. For the scheme of series of independent (for each n) random variables (&), 1 < k < n,
in Corollary 4 and 5 conditional expectations are replaced by unconditional. For a fixed t = 1 Corollary 5
implies the following central limit theorem for series such random variables.

Corollary 6. Suppose for a scheme of series of independent square integrable random
variables with values in Hilbert space (&,1),0 < k < n,n > 1, the following conditions:

Z E(gnka ei)(fnlm 6]) - (Seia ej)a 17] 2 17 ZE‘|€nkH2 — TrS. (24)
k=1 k=1
If, moreover,
> EllnklPI(|Iénk]] > €) — 0 (25)
k=1

then X™ = ZZ:l Enk i’ N(O, S)
Remark 2. Let S™isS-operator defined by (S"y,y) = E Y 7_, (éuk, y)?, y € H. Conditions (24) can
be rewritten as follows:

(Sneiaej) - (Sei,ej),'i,j 2 17 (26)
TrS™ — TrS. (27)

One can easily verify that under the assumption (26) condition (27) is equivalent to compactness of the
family S-operator {S"}, i.e.

sup Z(Snei,ei) < 0, supz S"e;,e;) — 0,1 — 0. (28)
"o=1 i=r

Thus, the conditions (24) are equivalent to (26), (28), which have been used in the works [4, 5] in the
proof of the corresponding central limit theorem, i.e. Corollary 6. It has been shown in [5] that under the

additional assumption

ez P(|[énk]| >€) — 0, >0,

condition (25) is also necessary.

Remark 3. Fort = 1 the first part of Corollary 5 is proved in [9]. The functional central limit theorem
for continuous processes built by partial sums of square-integrable martingale differences with a few
more stringent assumptions than (16)—(18), has been obtained in [8].

The first assertion of Corollary 5 implies the corresponding results of [4, 5, 8, 9].
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