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One of the known scheduling problems is the problem of minimizing maximum lateness on a
single machine. That problem is NP-complete [7] in the strong sense. It means that there is no
pseudopolynomial algorithm for its solution by assuming that classes NP and P do not coincide. The
problem of minimizing maximum lateness can be solved from polynomial time if preemption in the
process of any job is allowed [1, 8, 9].

Algorithms complexity O(nlogn) for solving the problem in the case of equal release dates and equal
due dates were proposed in [9, 10]. A polynomial solution for the case of identical processing times
is obtained in [8, 11, 12]. In the article [6] algorithm pseudopolynomial complexity for solution NP —
complete special case of the problem where the jobs can be renumber simultaneously in non-decreasing
due dates and non-increasing release dates developed and proved. The general scheme for solving that
problem is proposed and proved in the [4].

Formulate the problem. n jobs have to be processed on a single machine not earlier than the time ¢.
Machine can process at most one job at a time and preemption in the process for any job is not allowed.
Assume that the jobs are specified numbers from 1 to n. Assume N = {1,2,...,n}. The following data
spesified for each job j, j € N: a release date r;; a processing time p; > 0; a due date d;. Numbers ¢, r;,
pj, dj are integer. We will understand a permutation of any subset of the set N as the schedule. We will
denote II(N’, ¢') the set schedules on the set of jobs N’ C N which are begining at time ¢’ > ¢. Schedule
of any subset of N C N will be called a partial on the set N’. Let m = (41, j2, ...jn) € II(N',t'), where
n' = |N’| is a number of elements in the set N, j is a number of jobs, which is served by place number
k in schedule w. Completion time t;, (7) of job ji, k = 1,n/, is as follows: ¢;, (1) = max{t',7;, } + pj,;
tj. (m) = max{t;,_,(7),7,} +pj.. k=2,3,....,n'. We denote the lateness L;(m) for job j € N’ in
schedule 7, that is L;(7) = t;(7) — d;.

Let 7* € II(N',t’) be schedule at which the function F(m) = max Lj(m), m € II(N', '), reaches a

J

minimal value on the set TI(N’,;¢'). We named 7* optimal schedule on the set TI(N’,¢). If N’ = @ then
assume F(7) = —oo, m € II(N',t'), and schedule on an empty set will be denoted as 7#©. Thus, the

problem of minimizing maximum lateness on a single machine consists in finding the optimal schedule
on the set II(V, t).
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We introduce the necessary notation in the future. Let N C N, N' £ @, t' > ¢, 7 e II(N', ).

Assume 7Ty (N') = minry; rmee(N') = maxri; pmes(N') = maxp;; T(m) = maxt;(m); J*(r) =
€N’ 1EN’ 1EN’ JEN'

{JeN' :F(n)=Lj(m)}; Jo(N)={jeN :d;= g}l\gdl}, II*(N',¢') = {r* e II(N",t') : F(7*) =
7r6%11%11\1%7t/)F(7T)} be a set of optimal schedules on the TI(N’,¢); Ii,(N’,t), ig(N’,t') be a sets of
schedules for the jobs from N’ at time ¢’ in which the jobs are ordered nondecreasing release dates
and decreasing due dates respectively. We will write i—>j if the job i is precedes the job j, i # j, in the
schedule 7 . Notation >N, where N C N, i ¢ N, means that i5j ¥V j € N, and notation NLN,
where N, N C N, NN N = @, means that for all the pairs 4, j such that i € N, j € N we have the
following relation i 7.

Lemma 1 [5]. Let N C N, N' # @, t' > t, jg € Jo(N'), # € II(N', ). Then there is such a job
j* € J*(m) that j* € {j € N': ja=3} U {ja}.

Lemma 2 [4]. Let N C N, N 4@, t >t, #* e I*(N',t'), ja € Jd(N’), the sets N', N2 C N’
such that N'5j,55N2, NYUN2 U {ja} = N'. Then schedule (71, jq, 7%*) € I(N", '), where 7\ €

IL, (N1, t), n2* € I* (N2, T(72, ja)), is optimal on the set TI(N', t/).
Further, we formulate and prove the properties of optimal schedules relating to the procedure service

the jobs in a partial schedules from which consists the optimal schedule adding specific jobs to the
original set.

Let N’ C N and in the set N exists such jobs j" and j” that
T‘jlg"f’j, dj’Zdj VjEN/, (l)

rin >rj, dy <d; Vje€ N'. (2)

Indexes j" and 5" will be denoted j°(N’) and j7*1(N'), respectively. If in the set N there are no 5" and
j” that satisiy (1), (2) then we define fictitious jobs 5’ and j” and assume such rj, r;», dj, d;» that to
satisfy (1), (2). Denote them as above through the 5°(N’) and j7*1(N"), respectively.

Lemma3.let N C N,t' >t, N' = NU{j""Y(N)}, where j"Y(N) chosen by (2). Then there are
such subsets N', N> C N’ that N'* UN2 N\ {j”“( N)}, and schedule o* = (7}, j"*1(N),72) €
(N, ') Jor any 7 € T, (N, '), 72 € Tig(N?, T(7}, j"t1(N))) is optimal.

Proof. By (2) ”*1( )€ Jd(N’) According to Lemma 2 we choose such the subset N, N2 C
N’ C NU{j"*Y(N)} that N' U N? = N and schedule 7 = (7}, ;"1 (), 72*) is optimal, where 7} €
0, (N1, ¢), 7% € (N2, (7}, j" 1 (N))).

By (2) follows that 7;n41 5y = 75, j € N2. It means that all jobs from the set N? ready to process
to the start process job 5"*1(N). Consequently, schedule 72 € Ti4(N?, (7L, 5°*1(N))) in which jobs
from the set N2 are sheduled in order of nondecreasing due dates is optimal ([3], p. 110) for start time
T(7}, j"TY(N)). Therefore, F(7%*) = F(72), and (7}, j" "1 (N), @3) is optimal schedule. 0

Lemma 4. Let NC N, t' >t, N' = NU{j°(N), " (N)}, where jO(N), ;71 (N) choosen by
(1), (2). Then exists an optimal schedule m* € II(N',t') in which rightly j°(N )—>] or ]—>] O(N)
foreach j € N'\ {j°(N)}.

Proof. According to Lemma 3 we choose such the subset N1 N2 C N' C NU{j%N), " H(N)}
that N'UN? = N\ {j7*1(N)} and schedule 7= = (7} ]”“(N) 72) € II(N', 1), is optimal, where
71 e (N, ), 73 € TLa(N2, TR, 7 (N)).

Let jO(N) € Nl. By (1) follows 705y <75 ¥ j € N'. Then exists the schedule 7' € I, (N1, ¢)
in which job jO(V) is to process the first, that is jO(N)ij V j € N'. Construct the schedule 7/ =
(7, j7TL(N), 72) which differs from the 7 the order of process jobs from the set N and in which

jO(N)—>j v j e N'\ {j%(N)}. We will show that 7" is optimal schedule. By (2) follows dn+1 (5 < d; ¥
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j €N\ {j"(N)}, s0 " (N) € Jy(N'). Then from Lemma 1 follows that exists the jobs j* € J*(r)
and j™* € J*(n') that j*, 5 € N2 U {j"*1(N)}, therefore,

F(m) = max Li(m 3
( ) jeN%{ﬁlH(}\?)} ]( ) ( )
and
F(r) = max Li(7). 4
( ) j€N2U{ﬁL+1(N)} ]( ) ( )

Since the 7, 7! € I, (N1, #') then T(&}) = T(='). Also the order of process the jobs from the set
N2 U {j*T(N)} same in the schedules 7 and 7. It follows considering (3), (4) F() = F (=), therefore,
the schedule 7’ is optimal.

Let j°(N) € N2 By (1) djov) > d; ¥ j € N? then exists schedule 72 € Iy(N2, T(7L, /" T1(N)))

in which job j°(N) to process latest, that is ]—>] O(N) V j € N2. Construct the schedule 7" =
(*,%,j”+1(N),7’r2), which differs from the 7 the order of process jobs from the set N? and satisfies

]—>] O(N)Vje N\ {5°(N)}. We will show that 7" is optimal schedule. By (2) follows that djnt1(yy <
d;jVj e N\ {j"*1(N)}, therefore, j"T1(N) € J4(N’). Then from lemma 1 follows that exist such jobs
g* € J*(w) and j”* € J*(x"), j*, 7" € N2 U {j"1(N)}, therefore, satisly (3) and
" "
F) = el 1)

Since the 72, 7% € T4(N?, T (=}, 7" (N))) then schedules 2,72 in which the jobs from the set N2
scheduled in order nondecreasmg due dates is optimal ([3], p. 110) for start time T(7}, ;" TL(N)).
Therefore, F(7%) = F(72). Furthermore, t;(7) = t;(z") V j € N' U {j7*1(N)}. Hence, con51dermg
(3),(4) F(m) = F(7r”), consequently, schedule 7 is optimal.

Thus, from the transformation arbitrarily chosen optimal schedule 7 we received optimal schedules
7/, n' satisfying the lemma. O

Let NV C N,N' # @,t' > t,jg € Jg(N'), 7w € II(N’,t'). Denote oz (7, ja) = {7 € N'\ {ja} : 7; >
Tjdajdi’j}7 Jmin(ﬂ-ajd) = {.7 €N \ {]d} RIS Tjd,jdi’j}- Note that the set Jma(E(ﬂ-)jd)’ Jmin(ﬂ-ajd)
can be empty. In the [4] proved the existence an optimal schedule #* € IT*(N’,¢') for which
Imaz (7%, 4a) = {j € N'\ {ja} : rj > rj,} and propose a general scheme for finding that schedule
assuming that the set Jy,in (7%, j4) can be found by some algorithm A complexity O(x(n)), where x(n)
is a function of the dimension of the problem.

Scheme [4]. Initially assume t1 = max{ry,(N),t}, Ny = N, 71 = n°. Suppose that known ty,
Nk, Tk, and k > 1.

If Ny =@ then m, € II*(N,t), and the process ends. Otherwise, choose j% € Jy(Ny), J&,. =
{j € Ne\ {j5}:r; > riu}, find a set Jﬁm = Jmin(m ,]d) 7% € II*(Ny, t1,) using of some algorithm
A7 and assume Nk’-‘rl J U Jrkr:mm’ Nk \ ( max U Jﬁun U {.75})’ Tk+1 = (ﬂ-ka rv]d)’ where
7?7]? € ﬁT(Nkvtk)’ tht1 = T(7Tk+1).

The complexity of the scheme O(n? + nx(n)) [4]. Despite the theoretical character of this scheme it

is possible to use it to solve new special cases of the problem which will be able to develop an algorithm
for finding the set Jpin (7, j4). Also scheme can be use for development a approximation algorithms for

solving the problem, different choice the set J¥ . on the each iteration of the scheme.

In this paper we propose a pseudopolynomial realization scheme using the lemmas 3, 4.
Describe the procedure J(N’,#, ") which we will use to build the set J* . at the each iteration of

the scheme. The procedure consists from n iterations. Inside each 1terat10n?c§? each integer time point

the number of which does not exceed P = max{ry42(N),t} + > pj — max{rmyn(N),t} the following
j=1
schedule is obtained by adding to the already constructed schedule job it have maximum release date
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among nonsequencing jobs. Adding jobs is performed so that the schedules are constructed procedure
will satisfy the properties formulated in lemmas 3, 4.

Procedure J(N',t'.j). If N' =@ then assume N = @, and the process ends. Otherwise,
enumerate jobs from the set N’ so that j’ was the first and the Jollows inequalities are valid dy <
dy < ... <dp. Assume Ny = {1}, Py = max{ri,t'} + > p; —p1, 7} = (1), 7} € II(Ny,4), N = @,

JEN'
N =oVi=*t,P. Suppose that known Ny, Py, 7%, N}, N} Jor eachi=t', Py, and 1 < k < n.

Assume Niy1 = Ny U{k + 1}, Pyt = Py — piyr, 1 = (T, 1, 7a), T € L (Ni U {k 4 1},4), 74 €
f[d(N,i,tl(wg)), ! = (mp,k+1), w,, =argmin{T(n):7ell}, II;={rec{n),n]}:F(r)=

min  F(7)}, wf, ), m_ € I(Npj1,i) ¥V i =1, Py If =) then Ni = NiU{k+1},

re{mm! o
Nj,, =Nj.liri, , ==/ then Nj =N}, Nj , =NjU{k+1}.

If k =n'then N = ]fff:, and the process ends.

Theorem. Suppose that on each iteration of the scheme is faithful equality J*. = N, where
the N is constructed by procedure J(Ng,ty, j%). Then the complexity realization of the scheme is
O(n?P) operation, where P = max{rmax(N),t} + Y. pj.

jEN'
Proof. To evaluate the complexity for the procedure J(N’, ¢, j'). The O(nlogn) operations enough

for renumber jobs in nondecreasing due dates ([2], chapter 5). Number of construction schedules

7}, is no more than P on the each iteration of procedure. To calculate values F(x}), F(«), T(x}),

T'(w}'), obviously, required O(n) operations. Therefore, to construct each schedule 7}, enough O(n)
operations, and to build all schedules 77,1,+1 on iteration k require O(nP) operations. Consequently, the
complexity of the one iteration is O(nP). Since the procedure J(N’,t', j') consists from n iteration then
it complexity is O(n?P) operations.

Considering complexity of the scheme is O(n? 4+ nx(n)) operations, then its realization using
procedure J(N', ¢, j') require O(n?P) operations. O

Realization of the scheme using the procedure J(N', ', ') showed good experimental results. From
1000 conducted experiments which had dimensions 3 < n < 15 in 243 examples were built optimal
schedule, in the remaining 767 cases F(my)/F(m*) < 55, where * € II*(N, t), shedule w; € TI(N, t) is
constructed by scheme using the procedure J(N', ¢, j').
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