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Abstract⎯A two-dimensional numerical parametric study is made of the interaction of a shock wave with a
system of cylinders modeling a bed of a granular medium. The mathematical model is based on the Euler
equations. The integration of the defining system of equations in a multiply connected domain is taken using
an original computational algorithm of the Cartesian grid method. Computational experiments are carried
out with various values for bed permeability and length, the diameter of the cylinder, and channel width. The
formulation of the problem imitates natural experiments. The results of all the computational experiments in
terms of overpressure behind the reflected and transmitted waves are generalized using a dimensionless cri-
terion. The calculated results are compared with the data from the natural experiments.
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INTRODUCTION

Multidimensional gas-dynamic modeling is used
to refine the qualitative and (less frequently) quantita-
tive characteristics of shock-wave processes in two-
phase media [1]. A few recent examples can be given.
Bedarev et al. [2] considered a lattice of immobile
transverse cylinders, with classified types of interac-
tions of detached shock waves, and demonstrated that
the wave patterns emerging in the f lows past a cylinder
and a sphere significantly differ. Bedarev and Fedorov
[3] analyzed the case of two immobile spheres (two-
dimensional calculations in the axisymmetric formu-
lation) aligned with the propagation direction of a
shock wave, obtaining the drag coefficient versus time
curves at various distances between the spheres.
Regele et al. [4] used two-dimensional gas–dynamic
calculations for quantitative description of multidi-
mensional effects in the interaction of a shock wave
with a cloud of particles in the three-dimensional case.
This solution was used as an exact solution for subse-
quent comparison with the results of one-dimensional
calculations. These results showed the importance of
multidimensional effects related to Reynolds stresses
within the particle cloud and in the turbulent wake.
Despite the progress in computational experiment
methods, such studies in three-dimensional statement
are still scarce. Mehta et al. [5] calculated the drag
coefficients of the spheres as functions of time in the
case of a regular array of immobile spheres by solving
the three-dimensional Euler equations with a detailed

grid resolution and determined the integral character-
istics of the transmitted and reflected waves.

An important aspect influencing the possibility
such multidimensional gas–dynamic modeling is the
computational algorithm: gas–dynamic equations are
solved in a multiply connected domain, which cannot
be covered by a structured computational grid.
Bedarev et al. [2, 3] made their calculations using the
ANSYS Fluent software; the computational grids in
the two-dimensional case were tetragonal; no details
of the grid design in the multiply connected domain or
any relevant features of the computational algorithm
were not presented. Regele et al. [4] used a square
computational grid and the standard Riemann Solver.
Thus, the boundaries of the bodies were obtained
stepwise, which could generate artificial nonphysical
perturbations. The results presented in this work were
obtained using a computational algorithm of the Car-
tesian grid method for numerical integration of gas–
dynamic equations in domains of complex shape [6].

The problem of the interaction of a shock wave with a
system of bodies has practical importance in the context
of the suppression of shock waves during emergencies in
mines [7, 8]. The solution to this problem is also useful
for better understanding the mechanisms of propagation
of combustion waves in porous media [9].

In this work, we made a parametric numerical study
of the interaction of a shock wave with a system of cyl-
inders, which qualitatively imitated natural experiments
tests [7] of shock wave attenuation in beds of granular
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Fig. 1. Schematic of the computational domain.
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materials, with varying determining geometric param-
eters for the problem.

FORMULATION OF THE PROBLEM
The extended computational domain is rectangle Π

of length L and width H in Cartesian coordinate sys-
tem (x, y), which is filled with still air under normal
conditions (Fig. 1). At the left boundary (x = 0),
inflow conditions are specified with f low parameters
corresponding to the f low behind a Mach 1.47 shock
wave. At all other boundaries, impermeability condi-
tions are set. The zero time is chosen for the time when
the shock wave is ahead of the bed. In the computation
time, the transmitted and reflected waves have no time
to reach the domain boundaries x = 0 and x = L. The
left boundary of the system of cylinders of diameter D
has the coordinate xL = 0.4 m. The length of the filled
space is l and is a parameter being varied. The right
boundary of the system of cylinders has the coordinate
xR and is at a distance of 0.4 m from the right boundary
of the computational domain, which, thus, has a
length of L = 0.8 + l.

For a constant intensity of the incident shock wave,
the determining parameters of the problem are the
permeability S of the system of cylinders (the ratio of
the area occupied by gas in rectangle [xL; xR] × [0; H]
to the area of this rectangle), its length l, and the cyl-
inder diameter D [7]. The possible influence of the
RUSSIAN JOURNAL O

Table 1. Parameters of computational experiments with
varying S (H = 0.04 m, l = 0.06 m, and D = 0.006 m)

Δ, 10–2 m S θ

3.5 0.971 0.30
1.7 0.894 1.19
1.2 0.756 3.23
0.9 0.566 7.67
0.7 0.319 21.32
channel width H was also studied. For this purpose, a
special procedure of arranging cylinders was devel-
oped, which requires only one of the parameters S, l,
D, and H to be varied, leaving the other three
unchanged. The centers of the cylinders are located at
the nodes of a lattice of regular triangles. The coordi-
nates of all the nodes of such a lattice are uniquely
determined by the coordinates of any three pairwise
neighboring nodes, e.g., O1(xL + D/2, 0), O2(xL + D/2 +
Δcos(π/6), Δsin(π/6)), and O3(xL + D/2, Δ) (Fig. 1).
The cylinders whose distance from their centers to the
upper or lower boundary of the extended computa-
tional domain are less than their radii are only partially
contained within this domain. Tables 1–4 present the
geometric parameters of all the performed experi-
ments. For the considered geometric parameters, the
values of the quantity θ = (1 – S)l/SD are also given,
which were used for analyzing the obtained results.
The described procedure of arranging cylinders is
more f lexible and functional than the approach pro-
posed by Regele et al. [4]: the latter used a single
arrangement of cylinders, which qualitatively imitated
natural experiments for shock wave interaction with a
particle cloud with a volume fraction of the dispersed
phase of 0.15.

The object of investigation was the transmitted and
reflected waves formed following the interaction of an
incident shock wave with a system of cylinders. The
intensities of the two waves were determined by four
pressure sensors installed at the points with the coor-
dinates (x1, H/2), (x2, H/2), (x3, H/2), and (x4, H/2),
where x1 = xL – 0.33 = 0.07 m, x2 = xL – 0.13 = 0.27 m,
x3 = xR + 0.13 = L – 0.27 m, and x4 = xR + 0.33 = L –
0.07 m [7].

COMPUTATIONAL PROCEDURE

The mathematical model is based on a two-dimen-
sional system of Euler equations, which are solved in
the main computational domain obtained by subtract-
ing the cylinders from the rectangle Π (see Fig. 1). The
F PHYSICAL CHEMISTRY B  Vol. 12  No. 5  2018
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Table 2. Parameters of computational experiments with
varying D (H = 0.04 m, l = 0.06 m, and S = 0.44)

Δ, 10–2 m D, 10–2 m θ

3.5 2.75 2.78
1.7 1.36 5.61
1.2 0.91 8.39
0.9 0.68 11.23
0.7 0.58 14.14

Table 3. Parameters of computational experiments with
varying l (H = 0.04 m, D = 0.01 m, and S = 0.44)

Δ, 10–2 m l, 10–2 m θ

1.3 2.2 2.80
'' 4.4 5.60
'' 6.6 8.4
'' 8.8 11.2
'' 11.0 14.0
'' 13.2 16.8

Table 4. Parameters of computational experiments with
varying H (l = 0.06 m, D = 0.01 m, and S = 0.698)

Δ, 10–2 m H, 10–2 m

1.7 0.9
'' 1.7
'' 2.6
'' 3.5
'' 4.3
computational algorithm is based on the Cartesian
grid method and has been described in detail [6]. The
main idea of the method is the use of square computa-
tional grids with special consideration for small grid
cells obtained by the intersection of regular square
cells and the curvilinear boundaries of the bodies; this
consideration is made in terms of the so-called
h-boxes [10]. The numerical f luxes are computed
using Godunov’s scheme [11] in Toro’s implementa-
tion [12]. The computational algorithm allows the
problems of shock wave propagation to be resolved in
domains of arbitrary shape, while not requiring man-
ual construction of the computational grid, which
enables the performance of parametric studies in the
formulation described in the previous section. Cell
size for all calculations is 2 × 10–4 m.

The computational algorithm and its implementa-
tion in software were tested in our previous work [6] on
a number of problems of shock wave theory. For the
problems of regular and simple Mach reflection of a
shock wave from a wedge, qualitatively correct shock-
wave f low patterns were obtained. The discrepancies
between the calculated and experimental [13] values of
the gas density along the wedge in both cases did not
exceed 8%. In the problem of shock wave interaction
with a cylinder, the determined pressure distribution
over the surface of the cylinder was within 1% of the
results of detailed calculations using Navier–Stokes
equations [14]. The problem of the interaction of a
Mach 1.4 shock wave with an array of 16 cylinders
located at nodes of a regular square lattice was also
considered [15]. Chaudhuri et al. [15] solved this prob-
lem numerically, using two-dimensional Euler equa-
tions, with the immersed boundary method of high
approximation order. The curves of the pressures at
points upstream of, within, and downstream of the
system of bodies were recorded. The calculated posi-
tions and amplitudes of pressure peaks differed from
the published data [15] by no more than 5% and 10%,
respectively.

The theoretical order of approximation of the algo-
rithm is the first; nonetheless, it provides quantitative
agreement with experimental data on the order of sev-
eral percent. At the same time, use of the computa-
tional algorithm of the first order of approximation
and Godunov’s monotonic scheme for computing
fluxes ensures the physical meaning of the obtained
solutions and the absence of numerical oscillations,
which is quite important in the considered problems of
the interaction of many shock waves.

RESULTS OF COMPUTATIONAL 
EXPERIMENTS

The general evolution of the interaction of shock
waves with the system of cylinders follows. Early in the
interaction of the incident shock wave with the system
of cylinders, a reflected wave forms, consisting of
numerous components produced by reflections from
RUSSIAN JOURNAL OF PHYSICAL CHEMISTRY B  Vo
individual cylinders. The intensity of the reflected
wave increases over the course of the process due to
the additional contribution made by perturbations
resulting from the interaction of the leading wave with
downstream cylinders. As a result, after some time,
almost f lat transmitted and collective reflected waves
are formed. The wake f low behind the cloud is turbu-
lized, and patterns resembling von Kármán vortex
streets can be observed because the inviscid gas model
is used in the presence of numerical viscosity in the
computation.

Figure 2 illustrates typical spatial pressure distribu-
tions in the performed computational experiments. At
S ≈ 0.971, a highly rarefied cloud of particles appears,
and for S ≈ 0.319, a dense one. The changes in the
characteristics of the reflected and transmitted waves
with varying S are easily seen. In the denser bed, the
amplitude and velocity of the reflected wave are
higher, and multidimensional effects are less pro-
nounced. The behavior of the transmitted wave is the
opposite. With decreasing bed permeability, the trans-
l. 12  No. 5  2018
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Fig. 2. Pressure distributions at the time 0.3 ms in the calculations with varying S (Table 1): (a) S ≈ 0.971, (b) S ≈ 0.756, and
(c) S ≈ 0.319. The numbers at the coordinate axes are distances in meters; the pressure scale is in atmospheres.
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(c)
mitted wave weakens, its front becomes more diffuse,
and turbulence effects in the wake behind the cloud
are exhibited more strongly.

Figure 3 shows typical curves of the pressure at the
pressure sensors for the calculation, the results of
which are presented in Fig. 2b. Sensors 1 and 2 detect
the reflected wave. Sensor 2, which is closer to the bed,
indicates that, because of multiple reflections of the
leading shock waves from the cylinders, the pressure
reaches the medium level in a time on the order of 1 ms
after the beginning of the shock wave interaction with
the cylinders. The portion of the slow increase in the
pressure to the medium level after the initial jump is
due to multidimensional effects of the problem and
cannot be obtained using one-dimensional models.
Sensors 3 and 4 detect the transmitted wave, the
parameters of the f low behind which reach the quasi-
stationary level, experiencing oscillations related to
the formation of vortex patterns in the wake down-
stream the bed.

From the curves of the pressure at the pressure sen-
sors, the stationary pressures behind the reflected and
transmitted waves were calculated by averaging over
time and space. For example, the pressure behind the
reflected wave is expressed as
RUSSIAN JOURNAL O
where Pi(t) is the pressure at the ith sensor as a func-
tion of time, tfin is the time of the completion of the
calculation, and trefl is the time at which the reflected
wave passed by sensors 1 and 2 (determined visually by
analyzing the curves). For example, for Fig. 3, tfin =
2 ms and trefl = 1.5 ms. The integrals were calculated
numerically by the trapezoidal rule.

Figures 4 and 5 generalize the results of all the com-
putational experiments in terms of overpressure behind
the reflected and transmitted waves with respect to
background normal pressure P0: Δr = (Prefl – P0)/P0,
Δt = (Ptrans – P0)/P0. On the abscissas in these figures,
the above-introduced dimensionless complex θ is
plotted, which is proportional to that used for similar
purposes by Medvedev et al. [7]. At θ < 7.5, the points
representing the results of the set of calculations with
varying S have a significant distance from the other
points. This is because this range corresponds to not
too dense beds (Figs. 2a, 2b), whereas the parameter θ
is a dimensionless criterion for dense beds.

In all the sets of calculations, the intensity of the
reflected wave increases with increasing θ, i.e., with
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Fig. 3. Curves of the pressure at four pressure sensors (the
number at a curve is the number of a sensor) for the case at
S ≈ 0.756 (Table 1).
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Fig. 4. Overpressures behind the reflected wave with vary-
ing S (triangles), D (circles), and l (boxes). Open symbols
represent the results of the computational experiments;
filled symbols represent experimental data [7].
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increasing bed length and decreasing cylinder diame-
ter and permeability. In Fig. 4, the level 4.0 corre-
sponds to the overpressure behind the shock wave
reflected from the impermeable wall. This figure also
presents the experimental data [7] obtained for beds of
granular media of minimum length. The discrepancy
between the calculated and available experimental
data within the range 2.5 < θ < 5.0 is within the range
5–7%.

Figure 5 illustrates the dependence of the overpres-
sure on θ for the transmitted wave. Along with the cal-
culated and experimental data, this figure also shows
the analytically obtained curve [7]. This curve is the
solution of the differential equation, which is obtained
by substituting the Rankine–Hugoniot relations for
the gas pressure, density, and velocity behind a shock
wave in terms of the Mach number into the equation
for the C+-characteristic. For the drag coefficient of
the bed, the published expression [16] is used. The dis-
crepancy between the calculated and experimental
data for the transmitted wave is much higher than that
for the reflected one and can reach tens of percent at
θ > 7.5. Among the main causes of these discrepancies
are the following:

—error related to the formulation of the problem,
which describes a system of immobile round bodies
arranged in a certain way. It is of interest to investigate
systems of bodies arranged differently and bodies of a
more complex shape.

—errors because the given studies were carried out
in the two-dimensional formulation, using the invis-
cid gas model. An experimental study [17] showed
that, for the same intensity of the incident shock wave
RUSSIAN JOURNAL OF PHYSICAL CHEMISTRY B  Vo
(Mach 1.5), a system of spheres attenuates the shock
wave more strongly than a system of cylinders of the
same diameter and cross-sectional arrangement (Fig. 1
can present both a system of cylinders [top view] and a
system of spheres). Although the permeability of the
system of spheres is greater than that of the system of
l. 12  No. 5  2018
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cylinders (0.46 as against 0.37 in the performed exper-
iments), the surface area per unit volume for spheres is
larger, which ultimately results in a greater attenuation
of the incident shock wave. To reproduce this effect, it
may be necessary to use a viscous gas model. The
results presented in Fig. 5 qualitatively agree with the
conclusions of the experimental study [17].

The agreement between the calculated, experimen-
tal, and theoretical results is the best within the same
range as for the reflected wave: 2.5 < θ < 5.0. This can
probably be explained by the fact that this θ range cor-
responds to beds of minimum length and bodies of
maximum size; under such conditions, the formula-
tion of the problem is close to the case of perforated
plates, for which the two-dimensional mathematical
model used seems to be more natural.

Computational experiments with varying channel
widths demonstrated that the intensity of the reflected
wave is independent of this parameter to within frac-
tions of a percent of average overpressure. The inten-
sity of the transmitted wave tends to decrease with
increasing channel width to within several percent of
average overpressure, which may be attributed to the
presence of turbulent phenomena behind the bed.

CONCLUSIONS

A parametric numerical study was conducted of the
interaction of a shock wave with a system of cylinders,
modeling a bed of a granular medium with a varying
bed length and permeability, cylinder diameter, and
channel length. Each computational experiment was
the calculation of the characteristics of the shock wave
propagating in the domain obtained by subtracting the
system of cylinders from a rectangle using a numerical
integration of the Euler equations with the Cartesian
grid method. This computational procedure is effi-
cient for the study of both rarefied and dense beds. The
results of the computational experiments in terms of
overpressure behind the reflected and transmitted
waves were generalized using the dimensionless crite-
rion θ = (1 – S)l/SD, where S is the permeability of
the system of cylinders, l is the length of the system,
and D is the diameter of a cylinder.

All sets of calculations for the reflected wave showed
an increase in its intensity with increasing θ, i.e., with
increasing bed length and decreasing cylinder diameter
and permeability. The relative discrepancy between the
calculated and available experimental data within the
range 2.5 < θ < 5.0 is within the range 5–7%.

The discrepancy between the calculated and exper-
imental data for a transmitted wave is much greater
than that for a reflected one, and it can reach tens of per-
cent at θ > 7.5. The agreement between the calculated,

experimental, and theoretical results is best within the
same range as for the reflected wave: 2.5 < θ < 5.0.
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