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1 INTRODUCTION

In the last decade, HF radio paths have been stud�
ied simultaneously using different numerical models
of the ionosphere and radiowave propagation [1–5].
Apparent advantages of the results achieved in these
works are as follows: (1) a model description of the
radiowave propagation in the main ionospheric trough
region [1, 2]; (2) the construction of model oblique
ionograms with the following interpretation of experi�
mental ionograms [3, 4]; (3) model studying the main
characteristics of oblique ionograms [5]. However,
these studies have their own limitations. They use
either a high�latitude ionosphere model or a model of
the ionosphere–plasmasphere system ignoring the
low�latitude region, which are not global 3D models
and do not make it possible to calculate the electric
field and thermospheric and ionospheric parameters
in a self�consistent manner.

The specific feature of our studies consists in per�
forming numerical calculations of HF radiowave tra�
jectories in a 3D inhomogeneous anisotropic iono�
sphere, which is modeled based on a global self�con�
sistent model of the thermosphere, ionosphere, and
protonosphere (GSM TIP) [6, 7]. The used radiowave
propagation (RWP) model was developed in [8]. This

1 This article was presented as a paper at the IV International
conference “Atmosphere, Ionosphere, Safety” (Zelenogradsk,
Kaliningradskaya oblast, Russia, 2014).

model is complex and universal. The aim of this work
is to indicate the possibilities of the RWP model devel�
oped by us.

1. RP MODEL

In the initial state, the RWP numerical model [8]
was constructed by solving the eikonal equation using
the method of characteristics for either normal wave
mode based on a geometrical optics approximation
[9]. The solution was reduced to integrating the system
of ray equations for coordinates and pulses:

where τ is the parameter of integration along each ray
path; p and s are the pulse and ray vectors, respectively;
r is the radius vector of the observation point on a ray;
n is the refractive index of a medium.

The complex parameters of refraction of ordinary
and extraordinary waves at ionospheric altitudes from
60 to 1000 km were calculated using the cold plasma
permittivity tensor [10]. The differential absorption
ratio for either normal mode was expressed by the for�
mula

where ω is the oscillation frequency, and с is the veloc�
ity of light.
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The integral absorption (in dB) along each ray on a
distinguished segment of each ray path (from σ0 to σ)
was found using the formula

where γ is the angle between vectors s and p.

Figure 1 illustrates the application of the RWP
numerical model for the calculation of multihop ray
paths and radiowave attenuation in the ionosphere
[11]. The ray paths of ordinary (left) and extraordinary
(right) waves are shown in geomagnetic local time–
height above the Earth’s surface coordinates. The plots
of absorption of ordinary and extraordinary waves
(dotted lines) are shown in geomagnetic local time–
integral absorption along each one�hop path over the
Earth’s surface coordinates. We considered the radio�
wave propagation under the summer solstice condi�
tions. We specified the parameters necessary for calcu�
lating the medium refractive index using the IRI
(International Reference Ionosphere [12]) empirical
model of the ionosphere. The transmitting station
location on the Earth’s surface is marked by a square
in Fig. 1. We accepted the following denotations:
α and β are the transmitter elevation angle and emis�
sion azimuth, respectively; ϕ and λ are the transmitter
geographic latitude and longitude, respectively; f is
frequency. The calculations indicated that the average
curvature radius increases in going from the dayside to
nightside of the ionosphere along each ray path alti�
tude; as compared to ordinary waves, it may be more
difficult to register extraordinary wave signals during
their multihop propagation since they are more
intensely absorbed in ionosphere; the HF radiowave
energy absorption is most intense under daytime con�
ditions at altitudes of the ionospheric D and E regions.

σ

σ

= γ σ∫int dif

0

cos ,k k d

2. MODEL DEVELOPMENT FOR THE CASE 
OF COMPLEX GEOMETRICAL OPTICS

The complex geometrical optics method can be
used to describe inhomogeneous waves in anisotropic
mediums with weak absorption and potentially atten�
uating waves in the caustic shadow region [13]. The
radiowave propagation model has been developed for
the case of a complex geometrical optics with real ray
paths [14]. The condition

Imr = 0 (1)

is valid for the corresponding ray paths. This expres�
sion makes it possible to find ray paths in an illumi�
nated region without entering into the geometrical
shadow region.

The dispersion relation in a local approximation
for either normal mode has the form [13]

(2)

where H is the system Hamiltonian, p is the complex
pulse, n is the complex refractive index of a medium,
and l is the complex vector of the normal to the wave
phase front. In this case p = pl, where p is the pulse
complex value, and l2 = 1 so that p = n.

In generalized coordinates instead of system (2)
and (1) we have

(3)

(4)

where i = 1, 2, 3; and pi is the pulse conjugate to coor�
dinate qi.

We use the method of characteristics in order to
solve system (3), (4). The relationship

(5)

is satisfied on hypersurface (3) in phase space .
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Fig. 1. Numerical calculation results for the paths and integral absorption of HF radiowaves in the ionosphere (f = 5 MHz, α =
15°, β = 90°, ϕ = 55° N, λ = 70° W, 04:39 UT) for ordinary (left) and extraordinary (right) wave modes.
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Relationship (5) is valid identically if

(6)

where  is the differential of a certain complex func�
tion τi, which changes during a motion along each dis�
tinguished characteristic.

Expression (6) results in the set of equations for
determining the characteristics:

(7)

Having expressed  from (7) and having substi�
tuted it into (4), we obtain

(8)

The algebraic representation of differential 
gives

(9)

where τ is the independent variable.
Having substituted (9) into (8), we have

(10)

We substitute (10) into (9) and the result into (7).
Taking (8) into account, we find the system of equa�
tions for determining the characteristics:

(11)

After changing to the complex geometrical optics,
Eqs. (11) for the characteristics contain the additional
terms.

According to [13], a pulse is expressed via eikonal
ψ as  Therefore, taking (11) into account,
we define a change in eikonal along each characteristic
(a ray path) by the expression

(12)

Equations (11) and (12) form a complete charac�
teristic system for used Eqs. (3) and (4) and pulse,
which is used for either normal mode (both ordinary
and extraordinary). The obtained system makes it pos�
sible to describe the formation of ray paths and absorp�
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tion in a self�consistent manner (with regard to their
mutual influence) as well as an inhomogeneous wave
structure. We numerically integrated Eqs. (11) and (12),
using the Runge–Kutta method in spherical geomag�
netic coordinates. Along each ray path, the difference
interval was selected variable and substantially smaller
than the characteristic dimension of an inhomogene�
ity in the refractive index spatial distribution.

When solving this system, we should not solve the
problem of an analytical continuation of the medium
refractive index function into the region where the
observation point radius vector values are complex.
This is especially important when the wave propaga�
tion in 3D inhomogeneous mediums is numerically
simulated. We consider only ray paths, which remain in
an illuminated region, not going into the caustic shadow
region. In the scope of a geometrical optics approxima�
tion, the solution to characteristic system (11) and (12)
makes it possible to study self�consistently the mutual
influence of the ray path, absorption, and wave inho�
mogeneous structure formation in mediums with not
only weak but also strong absorption. Studying the HF
radio wave propagation in the ionosphere can be one
of the solution applications.

We study the influence of absorption on the ray
path formation and the propagating wave structure
inhomogeneity presented in [15]. The effects of
medium anisotropy and wave dispersion are ignored
here for clarity. The numerical calculations, per�
formed based on the RWP model, indicated that
(according to the known concepts) the plasma refrac�
tive index real part decreases and the imaginary part
increases at each frequency in going deep into the ion�
ospheric layer. This makes it possible to apply the fol�
lowing model of a medium. We introduce Cartesian
coordinates x and z. A wave propagation medium is
specified by the model of a limited parabolic layer with
a complex refractive index:

(13)

where a, b, zm, εm1, and εm2 are the layer parameters.

We introduce the complex pulse vector (p) with
Cartesian projections px = px1 + jpx2, pz = pz1 + jpz2 and
the complex eikonal function ψ = ψ1 + jψ2. If (13) is
taken into account, the characteristic system has the
following form in a complex geometrical optics
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approximation with real ray paths in Cartesian coordi�
nates (x, z):

We integrate these equations, having applied layer
model (13). We write x0 and z0 for point source coordi�
nates, and (px1)0, (px2)0, (pz1)0, and (pz2)0 for the initial
values of an extracted ray pulse. The integration of the
equation characteristics gives px1 = (px1)0, px2 = (px2)0.
Equation p2 = n2 follows from the eikonal equation
and the characteristic system.

We now find

 

from which it follows that

Assume that z0 < 0 and a distinguished ray is inci�
dent on a parabolic layer limited from below. Two cases
are possible. In the first case, a ray is reflected from a
layer at a point where

(14)

In such a case, we obtain the equations that can be
satisfied at a ray reflection point (xn, zn):

(15)

In the second case, the last conditions are not sat�
isfied when a wave disturbance propagates along a ray,
and a ray propagates through a layer without reflec�
tion. In this case the transformations give

In the first case, we obtain

where the subscript is taken if the finite integration
point is located behind the reflection point in a distin�
guished ray; the lower symbol is taken if this point is
before the turning point. It is evident that the path of
each reflected ray is formed as a mirror reflection of
the corresponding incident ray path relative to a
straight line (x = xn). In the second case, the integra�
tion is performed from the initial value (z0) to the finite
value (z).

In a geometrical optics zero approximation, the
harmonic wave electric field strength is written as

where Em(r) is the complex oscillation amplitude, ω is
the oscillation frequency, k0 is the wave number, k0 =
ω/c, and c is the velocity of light. We define a length
element along a distinguished ray:

as well as the phase incursion and the integral absorp�
tion coefficient on the distinguished ray segment with
length s:
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We find the projections of the unit vector, which is tangential to the distinguished ray and shows the wave energy
propagation direction:

(16)

We represent the complex pulse in the form p = pl,
where p is the pulse complex value. The vector of nor�
mal l is complex and real for inhomogeneous and
homogeneous waves, respectively. A homogeneous
wave is a particular case of an inhomogeneous wave,
when (px2/px1 = pz2/pz1). The phase front of a homoge�
neous wave (in contrast to that of an inhomogeneous
wave) propagates in the same direction as a ray front.

We consider the results of the numerical calcula�
tions (Fig. 2). Assume that a point source emits homo�
geneous harmonic waves. Source coordinates are: x0 = 0,
and z0 = –1. The pulse projection initial values are:
(px)0 = n(x0, z0)cosϕ0, (pz)0 = n(x0, z0)sinϕ0, where ϕ0
is the initial angle of incidence of the distinguished ray
on a layer.

Figure 2a indicates that a ray penetrates deeper into
a layer, if absorption is taken into account when a ray
is obliquely incident on a plasma sheet. This effect
weakens with increasing ray angle of incidence on a
plasma sheet. A difference in the ray behavior between

two studied cases increases with increasing depth of
penetration into a plasma sheet. The numerical exper�
iments indicate that such differences are substantial
for the ionospheric F2 layer for the ionospheric prop�
agation of short waves, especially under daytime con�
ditions near a ray turning point, where the electron
density and gradients are maximal. Figure 2b shows
the variations in the ray vector (dx/ds, dz/ds) projec�
tions (dr/ds) and in the pulse vector (p = p1 + jp2) real
(px1, pz1) and imaginary (px2, pz2) parts for the case when
a ray is incident on a plasma sheet at an angle of ϕ0 =
30°. The angle between the ray vector (dr/ds) and the
pulse real part vector (p1) increases as a distinguished
ray penetrates deeper into a plasma sheet. A difference
in the propagation direction and velocity of the phase
and energy correspondingly increases. This means
that a wave inhomogeneous structure develops. At the
ray upper point (when the turning point is reached), a
total internal reflection is achieved, when the indi�
cated angle becomes equal to 90°. As a ray penetrates

[ ]{ } ( )

[ ]{ }{ }
⎡ ⎤+ + +⎣ ⎦ψ =

⎡ ⎤+ + +⎣ ⎦
∫

2 2
1 0 2 0 2 0 1 0 1 2 2 1

0 2 0 1 22 22 22 2
0 1 0 2 0 1 0 1 2 1

( ) ( ) 1 ( ) ( ) 1
( ) .

( ) 1 ( ) ( ) 1 ( )

s
x x x x z z z z

x x x z z z

p p p p p p p p
k s k ds

p p p p p p

[ ]{ }
[ ]{ }{ }

( )

[ ]{ }{ }

+
=

⎡ ⎤+ + +⎣ ⎦

⎡ ⎤+⎣ ⎦=

⎡ ⎤+ + +⎣ ⎦

2
1 0 2 0 1 0

1 22 22 22 2
1 0 2 0 1 0 1 2 1

2
1 2 1

1 22 22 22 2
1 0 2 0 1 0 1 2 1

( ) 1 ( ) ( )
,

( ) 1 ( ) ( ) 1 ( )

1
.

( ) 1 ( ) ( ) 1 ( )

x x x

x x x z z z

z z z

x x x z z z

p p pdx
ds

p p p p p p

p p pdz
ds

p p p p p p

–1.0
140 12108642

–0.6

–0.2

0.2

0.6

1.0

2.00 1.51.00.5

0.2

0.4

0.6

0.8

1.0

ϕ = 0°

30°

60°

85°

z

x

y

s

dz/ds

Px1

Pz2

Px2

Pz1

dx/ds

(a) (b)

Fig. 2. Numerical calculation results: (a) ray paths without absorption (solid lines; n2 = 0, b = 1, εm1 = –0.2 and with regard to
absorption (dashed lines; a = 0.001, εm2 = 0.0011, b = 1, εm1 = 0.2); reflection points of rays incident on a layer (triangles); black
and gray colors indicate that absorption is present or absent, respectively. (b) Projections of the ray and pulse vectors for a ray
(a dashed line for ϕ0 = 30° in Fig. 2a).



988

RUSSIAN JOURNAL OF PHYSICAL CHEMISTRY B  Vol. 9  No. 6  2015

KOTOVA et al.

deeper into a plasma sheet, |p2| also increases since
absorption becomes higher.

An analysis of the calculations makes it possible to
draw the following conclusions:

1. The penetration of obliquely incident rays into a
limited layer increases when absorption increases and
the refractive index real part remains constant. The ray
reflection from a layer can even change into the ray
propagation through a layer. A complex geometrical
optics changes into a usual one, if the effect of absorp�
tion on the formation of ray paths is ignored in
Eqs. (11), when n2 = 0. The conclusions are confirmed
by an analysis of system (15).

2. The case of a normal ray incidence on a limited
layer is an exception. A ray reflects at the same value,
i.e., at z = zn, when absorption is present and absent,
other conditions being equal (Fig. 2a).

3. A homogeneous wave remains homogeneous
when it propagates in a nonabsorbing layer. The verti�
cal projections of the pulse vector and the vector tan�
gential to a ray vanish at a reflection point (Fig. 2b).
The latter follows from an analysis of expressions (14)
and (16). The phase and ray wave fronts turn during
the propagation.

4. Wave inhomogeneity increases during the pene�
tration into an absorbing limited layer (Fig. 2b). A
total internal reflection of an incident wave is reached
at a reflection point. The vector of an obliquely inci�
dent wave pulse is directed here along the x axis, and
the tangential vector is directed along the z axis. The
incident wave energy flux is compensated upward by a
reflected wave (see formula (16)).

3. MODEL DEVELOPMENT 
FOR THE PROPAGATION OF LFM PULSES

IN THE IONOSPHERE

The RWP model for the case of wideband HF sig�
nals in the ionosphere was developed in [16]. A
dynamic representation of LFM signals in the form of
a wave packet sequence was used. The numerical
model of the decameter signal propagation with linear
frequency modulation (LFM pulses) was constructed.
The model can be used to study the propagation of sig�
nals with different frequency band and a center spec�
tral frequency in a 3D inhomogeneous anisotropic
ionosphere. Dispersion distortions of LFM signals
during their propagation in a 3D inhomogeneous
anisotropic ionosphere were studied in [17].

We consider the emission of an LFM pulse by a
transmitting antenna. This pulse is described by the
mathematical model of the following form:

(17)
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where A is the pulse amplitude, τu is the pulse duration
with an onset at t = 0, and ω0 and μ are the frequency
modulation parameters.

The discretization interval (Δt) is selected so that
each train  of quasiharmonic oscillations with
average frequency  and a rectangular envelope
would be a narrowband process. In this case the fol�
lowing inequalities are valid

At the lower boundary of the HF range,  ×

106 1/s and  =  +  If k = 3,

τu = 10–4 s, and Δt = 4 × 10–6 s,  = 12.7,

and  = 0.11. An extracted LFM signal
generates the emission of  = 25 wave packets.

The model can be used to study dispersion distor�
tions of LFM pulses in an inhomogeneous anisotropic
ionosphere. This model admits the generalization for
other types of complex signals, e.g., for phase�shift
keyed signals.

Figure 3 presents the results of some calculations in
the case when the IRI model was used [12]. These cal�
culations were performed for the conditions of the
summer solstice at high solar activity (F10.7 = 150).
Geographic coordinates of the selected hypothetical
midlatitude transmitting station on the Earth’s surface
are 50° latitude and 290° longitude. We specified α =
90° and β = 90°. The results were achieved for an ordi�
nary wave mode at 16:39 UT. In all cases we consid�
ered the emission of an LFM pulse, specified accord�
ing to formula (17), by a transmitting antenna.

Figure 3 (left) shows the effective ray paths of
extracted wave packets plotted in coordinates the geo�
metric length (h) along the ray path–height above the
Earth’s surface (along the main ordinate axis). The
differential absorption (k, dB km–1) is also plotted in
Fig. 3 as applied to the amplitudes of the rectangular
envelopes of the same wave packets. A distortion of an
individual wave packet form and dispersion splitting of
ray path harmonic components are neglected. The
current values of the presented length is 
where tgr is the group delay time of each wave packet
from the emission point to the current point on a ray
path.

Under the selected conditions, the critical fre�
quency of the ionospheric F2 layer is in the frequency
band of the specified LFM pulse. The plots are pre�
sented for four wave packets from the LFM pulse com�
position: with boundary center frequencies from the
entire LFM pulse spectrum, with the lowest center fre�
quency of a wave packet penetrating the ionosphere,
and with the highest center frequency of a wave packet
that still reflects from the ionosphere. Owing to iono�
spheric plasma dispersion, wave packets with different
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+
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carrier frequencies not only have different group
velocities but also propagate along different ray paths.
At an effective duration (Δt) of each wave packet, the
packet length (Δσ) varies when it propagates in an
inhomogeneous ionosphere along the corresponding
ray path and for a weakly inhomogeneous medium

The  ratio for a distinguished wave packet
increases, when a packet penetrates into the iono�
sphere, together with a decrease in the real part of the
ionospheric plasma refractive index (n1) and an
increase in the wave packet absorption intensity. An
increase in wave packet distortions is observed as its
strong spreading along a path. Finally, the concept of a
group velocity loses its meaning. In the calculations
incorrect group velocity values  can appear
in the ionospheric regions where  Such an
effect is also more frequently observed for an ordinary
wave mode than for an extraordinary one under the
conditions when the geometrical optics is applicable.
It becomes necessary to correct a model description of
the wave packet propagation as compared to the
description used above. The correction can be per�
formed, e.g., based on a spectral approach.

The numerical calculations were also performed
for other conditions in addition to those illustrated in
Fig. 3 and in [17]. However, the main regularities in
the manifestation of LFM pulse dispersion distortions
in the ionosphere referred to above are general.

4. USAGE OF DIFFERENT MEDIUM MODELS 
AS THE NEXT STAGE IN THE RP MODEL 

DEVELOPMENT

The empirical models of the ionosphere (IRI) and
neutral atmosphere (MSIS, Mass Spectrometer and
Incoherent Scatter radar model [18]) were used in the
RWP model version in order to describe a 3D inhomo�

Δσ ≈ Δgrv .t

≥grv 1c

( )<grv 1c
<1 0.3.n

geneous and anisotropic radiowave propagation
medium. In this stage of the RWP model develop�
ment, it became possible to use the data of the GSM
TIP dynamic model of a medium in order to calculate
the refractive index 3D distribution. The adaptation of
the GSM TIP and IRI�2012 [19] calculation results to
the RWP model for their joint usage consisted in the
region separation from the global distribution of the
medium parameters and in their 3D interpolation
from the medium model grid nodes to each node along
the radiowave propagation path. Such an adaptation
made it possible to consider the HF radiowave propaga�
tion for two geomagnetic storms: on May 2–3, 2010
[20–22] and on September 26–29, 2011 [23, 24], with
the medium parameters obtained in the results of the
calculations performed using the GSM TIP and
IRI�2012 models. Owing to the developed algorithm
for deducing the electron density vertical profile for
each node along a path, it became possible to repre�
sent the model calculation results in a fundamentally
new form, which makes it possible to observe graphi�
cally the influence of a variable medium on the 3D
propagation of HF radiowaves.

Figure 4 illustrates the numerical experiment of the
ordinary mode propagation at 16:00 UT for quiet con�
ditions on September 2011 during the main phase of
the geomagnetic storm on September 26 and during
the recovery phase on September 29. The coordinates
of a hypothetic transmitting station were selected as
follows: ϕ = 11.2° S, λ = 59.6° W (geographic coordi�
nates); Φ= 0°, Λ = 10° (geomagnetic coordinates), so
that radiowaves would propagate from the electron
density trough region at the geomagnetic equator
toward the equatorial anomaly northern crest (the azi�
muthal angle is β = 0°). We studied the influence of the
variations in the medium parameters on different
13.5 MHz radiowave paths depending on the elevation
angle that varies from 10° to 90° at an interval of 5°. We
indicated two calculation versions for two models of a
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medium: IRI�2012 and GSM TIP. We indicated addi�
tional limiting cases of outgoing and reflected radio�
waves, for which α differs by 0.005°, among the results
of the calculations performed according to the GSM
TIP model. We indicated additional lines for quiet
conditions and the storm recovery phase in order to
illustrate radiowave path variations depending on an
elevation angle increment. It is evident that the Peder�
sen ray originated on those days in the calculation
results.

CONCLUSIONS

Based on the aforesaid, we can make the following
conclusions:

We presented the radiowave propagation model
development for a complex geometrical optics and
indicated that we can consider only rays that remain in
an illuminated zone and do not fall in the geometrical
shadow region, when real ray paths are used instead of
complex paths. For the radio reception problems,
when transmission and reception points are located in
an illuminated region, paths entering into the shadow
region are insignificant since a signal strongly attenu�
ates when it falls in this region. The performed numer�
ical calculations indicated that the numerical calcula�
tion results in the vicinity of the ray path turning point
substantially change when we pass to a complex geo�
metrical optics.

We developed the model for studying dispersion
distortions of LFM pulses in a 3D inhomogeneous
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anisotropic ionosphere. An approach to the dynamic
representation of a complex signal by a wave packet
sequence can be applied to not only LFM signals but
also to other types of complex signals, e.g., to phase�
shift keyed signals.

The adaptation of the operation of the RWP and
GSM TIP models made it possible to study the varia�
tions in paths and their attenuations in the high�lati�
tude, midlatitude, and low�latitude ionospheres under
quiet geomagnetic conditions and during geomagnetic
storms.
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