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Abstract—The mechanism of explosion of type Ia supernovae is based on nuclear burning of
the white dwarf material. When modeling scenarios for the evolution of white dwarfs followed
by a supernova explosion, it is important to fully take into account the nonequilibrium chemical
kinetics of major isotopes in the form of subgrid processes. It is necessary to consider a detailed
network of nuclear reactions, but in this case not all reactions make major contributions both
to the final mass fraction of isotopes and to the energy of burning. However, even the conven-
tional 7-, 13-, 19-, 21-, or 34-isotope networks of reactions present a rather expensive procedure
of subgrid processes to consider. We propose a “convolution” of an alpha network of nuclear
reactions whose analytical form can be used in a hydrodynamic model of the evolution of white
dwarfs and a type Ia supernova explosion. A large number of computational experiments with
a distributed client-server computational system is used to construct such a model.
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nuclear reactions, isotope
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INTRODUCTION

Type la supernovae are the main source of “life” elements in the Universe. Mathematical modeling
of such phenomena requires, in addition to a detailed calculation of hydrodynamic flows, taking into
account the nuclear combustion reactions of the material of white dwarfs in the form of subgrid
processes. However, in a computational model, the use of some complex network of chemical
reactions often leads to an unbearable computational load. The paper [1] experimentally and
theoretically substantiated the importance of taking into account the following isotopes: 2C, 160,
20Ne, 24Mg, 28Si, °°Ni, and alpha particles “He. These are the key elements in nucleosynthesis both
in terms of observations and in terms of the energetics of nuclear reactions.

Of especial importance is the chemical composition of the remnant in type lax supernovae |2, 3],
which are quite often formed in collisions of white dwarfs [4]. Of particular note is the problem
of nickel production in dwarf galaxies [5] and in supernova remnants obtained in double deto-
nation [6, 7] and of iron in Chandrasekhar supernovae [8], and also chemical composition of the
combustion front of the material [9], its stability [10], and its ignition [11]. The model of the chem-
ical evolution of the main isotopes constructed in this paper together with the model of turbulent
combustion of white dwarf material [12, 13| permits one to obtain an efficient model for describing
the evolution of type la supernovae from the explosion scenario to the propagation of the remnant.

In the first section, we describe the mathematical model of a network of nuclear reactions. The
second section deals with distributed computing systems. The third section presents the main
computational experiments. In the fourth section, we construct “convolution” models of nuclear re-
actions and also consider debatable issues. In the summary, we give the main conclusions concerning
this paper.
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1. 7-ISOTOPE MATHEMATICAL MODEL OF CARBON BURNING

441

We will consider seven key isotopes *He, 2C, 160, 2°Ne, Mg, 28Si, and °°Ni and the following

set of alpha-chain nuclear reactions:

Nuclear burning of helium: 3 x *He — *2C + +.

Synthesis of oxygen from carbon: ?*C + ‘He — 160 + .
Synthesis of neon from oxygen: O + *He — 2°Ne + +.
Synthesis of magnesium from neon: ?°Ne + ‘He — 2*Mg + .
Synthesis of silicon from magnesium: ?*Mg + *He — 28Si + .
Nuclear burning of carbon: 2C + 2C — ?*Mg.

Nuclear combustion of carbon and oxygen: 2C + 0 — 286i.

© PN W

Nuclear combustion and synthesis of silicon to nickel: 28Si + 7 x *He — *°Ni + 7.
Silicon photodisintegration: *Si 4+ v — Mg + *He.

. Magnesium photodisintegration: Mg + v — 2°Ne + *He.

. Neon photodisintegration: 2°Ne + ~ — 60 + *He.

. Oxygen photodisintegration: 0 + v — 12C + *He.

. Carbon photodisintegration: >C + v — 3 x ‘He.

15. Nickel photodisintegration: Ni + 7y — 28Si + 7 x *He.

— = = =
=~ w N = O

Nuclear combustion and synthesis of oxygen to nickel: 160 + 160 + 6 x *He — 55Ni + 6.

The table of reaction rates k; and released energy @); can be found in [14]. We will consider the
following system of ordinary differential equations written for the evolution of the mass fraction of

each element M4He7 ]\41207 Mwo, MzoNe, M24Mg7 Mszi, and MseNi:

dJ\CZZHe = —3k M2y, — ko Moo My — ks Moo Magre — kg Maone Mape

— ks Mzaygg Magre — 6ks Moo My, — Tho Mesgi My, + k1o Mess;

+ k11 Maanig + ko Maone + k13 Moo + 3k1aMizc + Thys Mson,

dl\izc = ky M3y, — kaMizg My, — 2k Mo — ky Mz Moo + kisMiso — kg Mizg,
d]\iﬁo = ko M2 Mayte — ks Miso Mage — ky Moo Moo — 2kg Mts o My, + ki Mzone — ki3 Miso,
d]\f;:Ne = k3 Moo Maye — kaMoone Maye + k11 Mzayig — k1o Mooy,
% — by Moo Migso—kis Masygy Maggo-+ g M2+ o Masgi— iy Moaygg,
dﬂg;ssi = ks Moangg Mage + by Mize Miso — kg Mesgs My, — kioMesg; + kis Msoxi,
dﬂéjNi = ks Moo My, + ko Mas; M}y, — k5 Moo

To solve system (1)—(7), we use the ChemPAK code [15], which is based on the implicit Euler method

of the fifth order of accuracy, known as RADAU5 in the literature.

2. DISTRIBUTED COMPUTATION SYSTEM

A feature of the study of such a network of nuclear reactions is the possibility of distributed
computing for each set of the mass fraction of elements and the temperature and density of the
degenerate gas of white dwarfs. To implement distributed computing, we use a client-server archi-
tecture. DHCA (Distributed Hydrodynamic Computation Application) is a client-server distributed
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computing system consisting of three main components: a server, a web application, and an applica-
tion based on the Android operating system. The server is responsible for storing and distributing
computational units among end Android-based mobile devices. The server stores the results of
calculations for each computing block and, upon successful completion of calculations, accumulates
the total result of all blocks; it stores basic user information needed to distribute work. The web
application is responsible for creating distributed computing tasks, loading initial conditions, track-
ing the progress of calculations, and uploading the results; it is a closed segment of the system
with limited access. The Android application is responsible for processing the computational blocks
received from the server according to a certain algorithm; sends the results back to the server; and is
responsible for registering users in the system. The work of the application begins with the creation
of a task for calculations. With the help of a web application, a specialist enters basic information
about a task (name, description, etc.), and also loads the initial conditions of the task in the form
of a file of a certain format. When uploading data to the server, the task is divided into a certain
number of computational blocks according to the algorithm depending on the type of the task. The
number of blocks is determined from the number of active system users or can be set by the specialist
when creating the task. The user’s work with the Android application begins with registration in
the system. When registering, the user enters login and password under which further work will be
carried out. When registering, the system establishes connection with the Firebase Cloud Messag-
ing (FCM) platform, which is responsible for working with notifications. A successful connection to
this platform is accompanied by the issuance of a unique token for the device using which the server
is able to send notifications to a specific device. The token is entered into the user’s account and
used later on to allocate computing units and maintain statistics. After registration, the user will
be able to view and select currently unfinished tasks. After starting a task for calculation, all users
of the Android application receive a notification about the appearance of a new task. When a task
is selected for calculation, the application sends a request to the server to receive computational
blocks. If there are free blocks, the server sends the first available block as a response and reserves
it for the user using the FCM token. If there are no free blocks, but there are blocks that are
reserved for other users but have not received a result within a day, the server sends the first such
block and reserves it for a new user. The application, having received a response from the server,
in the case of the presence of computational blocks, writes the response to the local database and
starts computing the block in thread-safe code based on Kotlin Coroutines. The user monitors the
calculation process and can interrupt it at any time. Also, the user can refuse to participate in the
task, in which case all computational blocks reserved for this user that did not receive the result of
calculations will be canceled and become available to other users. If the calculation is successful,
the result is written to the local database, and then it is sent to the server. In the absence of
an Internet connection, the sending of results is interrupted until a connection is established. If
the result is successfully sent to the server, the application requests free computational blocks; if
there are any, the iteration is repeated until there are free blocks or until the user terminates the
application. When the results arrive at the server, the server checks every time if there are still
computational blocks for which there is no result; if there are no more such blocks, then the task is
considered completed and the server accumulates the final file of a certain format. Further, in this
case the task is marked as completed in the web and the Android applications, and the final file
becomes available for download in the web interface. Lightweight threads are used to implement
the distributed computing system (see Fig. 1).

The system is an implementation of a mixture of a pattern for distributed computing on mobile
devices and a map/reduce pattern. Further, this system is reliable, because it redistributes blocks
from inaccessible nodes between available devices. On the client side, background calculations are
organized using Kotlin Coroutines; with further development, we hope to increase performance with
this technology.

At the moment, the client part works on all Android devices starting from version 6.0 (Marsh-
mallow), which gives almost 94% coverage of all Android users. The larger the coverage, the greater
the final performance the system will be able to produce. At the same time, the system has a num-
ber of nuances. Adding a new type of task requires refining both the web and client parts of the
application. In addition, such improvements ultimately require software updates from the end user
of the mobile device. Since task types are backward compatible with the application version, a user
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Fig. 1. Conceptual system operation diagram: (1) researcher, (2) user, (3) Web application, (4) server, (5) mobile
application, (6) data input, (7) data recording, (8) data display, (9) calculation start, (10) a new job notification,
(11) acceptance, (12) loop, (13) data request, (14) check for availability of free data, (15) data transmission,
(16) result, (17) displaying the result.

with an older version of the client will not be able to participate in the new type of task. The
specialist who opens the task must know the format of the parameter file for each type of the task.
This shortcoming can be solved by further improvement of the web application in terms of entering
task parameters, highlighting required fields, and automatically generating a parameter file based
on the data entered. It is also worth noting that with the proper level of abstraction and parame-
terization of each type of problem at the design stage, it is possible to achieve great variability in
terms of setting the conditions.

3. COMPUTATIONAL EXPERIMENTS

As the most significant, let us consider four computational experiments: combustion of low-
density carbon, combustion of high-density carbon, combustion of high-density carbon and oxygen,
and intensive combustion of high-density carbon. We note that we will consider most of the results
on the evolution of the mass fraction not only on a linear but also on a logarithmic scale. This is
due to the fact that the characteristic hydrodynamic time in the explosion of type la supernovae
is approximately 10® s, and the characteristic time of explosion of type Ia supernovae is approx-
imately 1-10 s. Nevertheless, the process does not end with a supernova explosion, and we will
consider the evolution of the change in the mass fraction up to times of the order of several dozens
of years, during which the remnant is formed.

For the first computational experiment, we consider a degenerate gas consisting entirely of car-
bon 2C with density p = 107 g/cm?® and temperature 7" = 10° K. This condition is the lower limit
of carbon combustion in terms of density and temperature. The results of modeling the evolution
of the mass fraction of M elements over time ¢ in seconds are shown in Fig. 2.

Modeling shows that during the characteristic time of formation of supernova explosion remnants
with the minimum allowable carbon combustion parameters, the main combustion products are 28%
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Fig. 2. Change in the mass fraction of elements during carbon combustion at the minimum allowable values of
density and temperature for the first experiment on linear (a) and logarithmic (b) scales.

neon, 38% magnesium, and 33% silicon, while the remaining elements do not exceed one percent.
The formation of neon occurs owing to the combustion of carbon and the photodisintegration of
magnesium at the initial times, then the main source of neon is the combustion of oxygen with the
consumption of the helium isotope. As soon as the helium runs out, the production of neon also
stops. Combustion of carbon and bonds of carbon and oxygen make it possible to obtain a high
content of magnesium and silicon. Note that at hydrodynamic times, the formation of elements is
fairly well described by a linear function for logarithmic values of the mass fraction and time. Thus,
the mass fraction is approximately described by the function M = 104 x tZ. Note also that under
these conditions there is no formation of nickel. Using the least squares method, we determined the
following approximate functions for the change in mass fraction over the hydrodynamic time:

Mg, = 1.122 x 107° x t0'9997, Mg = 0.776 x 1076 x t1-6392’ Moy, = 6.623 x 10~° x t1'0007,
Mzaygg = 0.158 x 1071 x ¢80 Mosgs = 0.316 x 10723 x 14259,

Note that the formation of magnesium and silicon over hydrodynamic times is rather small, while
at times of the order of formation of the remnant, these elements determine the main mass fraction
of elements.

In the second computational experiment, we also consider a gas consisting entirely of carbon ?>C
with a density p = 10° g/cm?® typical for the detonation region and a combustion temperature
carbon T' = 10° K. The results of modeling the evolution of the mass fraction M of elements over
time ¢ in seconds for the second experiment are shown in Fig. 3.

Modelling shows that the behavior of the mass fraction of isotopes corresponds qualitatively
to the previous experiment. The main difference lies in the formation of the mass fraction of the
remnants of a supernova explosion, the values of which reach 29% for neon, 34% for magnesium,
and 36% for silicon, while the rest of the elements also do not exceed one percent. Approximate
functions for the change the mass fraction over the hydrodynamic time take the following form:

Migre = 1701 x 1072 x 9557 Moo = 3.539 x 1072 x t"9°1 Mooy, = 1.254 x 1071 x t%99%,
Mziygg = 0.576 x 1072 x #1197 Masg = 0.281 x 1072 x 15264,

Note that, compared with the previous experiment, the main difference in the laws of change in the
mass fraction is in the powers of the coefficient multiplying the exponential function of time.

For the third experiment, we retain the density and temperature parameters from the second
experiment, but consider a gas with equal mass fractions of oxygen and carbon. The results of
modeling the evolution of the mass fraction M of elements over time ¢ in seconds for the third
experiment are shown in Fig. 4.
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Fig. 3. Change in the mass fraction of elements during carbon combustion at the minimum allowable values of
density and temperature for the second experiment on linear (a) and logarithmic (b) scales.
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Fig. 4. Change in the mass fraction of elements during carbon combustion with the minimum allowable values of
density and temperature for the third experiment on linear (a) and logarithmic (b) scales.

The results of the experiment showed that during the formation of the residue, the mass fraction
of oxygen drops from 50% to 27%, while the mass fraction of neon reaches 58%, which occurs mainly
due to the combustion of oxygen. The mass fraction of magnesium falls in comparison with the
previous experiments to 13% and that of silicon to 2%, mainly due to the lower mass fraction of
carbon. Note that the change in the mass fraction of silicon, magnesium, and neon corresponds to
the previous experiment over short times. We note that for equal masses of carbon and oxygen, the
mass fraction of the helium isotope reaches its maximum in a particularly pronounced way.

In the fourth experiment, we consider the limit case of carbon combustion at a temperature
of T = 10" K with density p = 10° g/cm?, typical for the detonation region. The results of
modeling the evolution of the mass fraction of M elements over time ¢ in seconds for the fourth
experiment are shown in Fig. 5.

Within the characteristic hydrodynamic time, all carbon combustion reactions occur with inter-
mediate formation of isotopes including nickel. Thus, we have a substantial temperature interval
from 10° to 10'° K on which the exponent for the change of the mass fraction of elements depends.
In the next section, as a discussion, we will propose one approximation to the change in the mass
fraction of elements that can be used to construct a subgrid combustion process of a material.

4. DISCUSSION

As part of the discussion, we present a subgrid model of the combustion of white dwarf material.
Of course, we are constructing only an approximate model of nuclear reactions, which is able to
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Fig. 5. Change in the mass fraction of elements during the combustion of carbon with a characteristic density and
high temperature in the fourth experiment.

describe quite well the change in the mass fraction of elements in the first approximation. This will
allow us to considerably reduce computational costs for the description of nuclear reactions, since
their computation in one cell over the characteristic hydrodynamic time requires approximately
a second. Since for tens of thousands of time steps in each of approximately a billion computational
cells we will use an analytic function instead of calculating the ODE system (1)—(7), such a problem
can be fundamentally calculated on available supercomputers in the three-dimensional setting. In
the future, we plan to present the results of similar calculations using such a model. Here are the
main assumptions when constructing the “convolution”:

1.

At a temperature of the order of T' = 10'° K over times of the order of 107! ¢, we will use
Gaussian functions to change the mass fraction of the elements of the alpha chain of nuclear
reactions.

We will use a sigmoid to go from the temperature T' = 10° K to the temperature 7' = 10'° K.

Let us take into account the experimental fact that 50% of the formation of neon occurs due
to the combustion of oxygen.

Carbon and oxygen are the main sources of formation of all elements, while oxygen is “respon-
sible” only for the formation of neon.

To be definite, we consider the change in the coefficients in the mass fraction of isotopes to
be linear in the decimal logarithm of the density.

It is stated in the paper [1] that the 7-isotope model of nuclear reactions is sufficient from the
point of view of describing the energy of combustion.

Undoubtedly, such a small set of isotopes does not fully describe the chemical diversity of the
composition. In particular, when considering nickel, we are not talking about nickel itself but
about the isotopes of the iron group. In fact, we fully describe the material of white dwarfs
(carbon, oxygen, neon), the first elements of combustion (magnesium and silicon), and also
the iron group (nickel). However, we believe that such a composition is sufficient to describe
the combustion energy as well as to describe the chemical composition of the main elements
of the interstellar medium.

Let us define dimensionless variables 79 = T'/10° K, temperature in 10° K, p — density in g/cm?,
and t, time in seconds, as well as two auxiliary functions:

1

= T . axT9110 — = (tmw/(2c?)
T 1 4 e—2xT9+10” g(t, pyc) = c\/ﬂe 7

a(T)

which we will use to describe changes in the mass fractions of isotopes. Here are the formulas for
how they change:

dMige
dtH =o(T) xg (t, 1077, 1/\/277) + (1= o(T))((0.0085 x 1g p — 0.0594) x ¢! 0487-0-007xler)
JOURNAL OF APPLIED AND INDUSTRIAL MATHEMATICS Vol. 16 No.3 2022
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dMiz¢ dMiyge  dMiso  dMaone  dMeayyg  dMesg;  dMsoy;

dt dt dt dt dt dt dt

M16
d 20 = o(T) x g (t, 10—12,3/\/%)
MIG
+ (1= 0(T))((0.0176 x 1g p — 0.1238) x t*-5465+0.1561x1er) 5_|_57€1§t+3’
MZD
d — = o(T) x g(t, 10713, 1/\/7?>
MIG
+ (1= 0(7)) ((0.0627 x 1g p — 0.4386) x t0038-0-0004x1er) 1. Wgé’tﬁ
M24
d dtMg =o(T) x g(t,107"",3) 4+ (1 — o(T)) ((0.00029 x lg p — 0.0021) x ¢'110270:00005xIgp)
M28 i
d S~ o(T) x g (t, 10—10,3/\/%)
+ (1= 0(T))(107°(0.1405 x 1g p — 0.9835) x ¢10728+0-0504xler)
M56 i
d o M — 6(T) x g(t,1079, 4).

These approximate functions can be used to change the mass fraction of isotopes at times
from t =107 s to t ~ 1 s, which permits one to describe explosion processes not only at the
initial stages of combustion but also over the characteristic times of a type la supernova explosion
and over times of the order of formation of the remnant.

Consider an equilibrium solution of the original ODE system (1)—(7) by equating the left-hand
side of the equations with zero. In addition, we set the condition My, = 0; i.e., alpha particles are
considered exhausted. This leads to the equality Mssn; = 0, which indicates the absence of isotopes
of the iron group when alpha particles are exhausted. We will go even further and exclude neon
and magnesium from consideration; i.e., we set Mzon, = 0 and Mz1yg = 0. This permits us to write
the following relations:

k7M120M160 - kloMZSSi’
kisMiso = 2/{6M1220 + ks Mo Miso + kg Miag.
As a result, we arrive at one equilibrium state
k13M160 - 2]€6M1220 + klOMQSSi + k14M12c.

Such a state determines the incomplete combustion of a carbon-oxygen dwarf with the formation
of a silicon isotope that underlies interstellar dust.

CONCLUSIONS

A “convolution” of alpha network of nuclear reactions for a 7-isotope system is proposed. The
isotopes of helium, carbon, oxygen, neon, magnesium, silicon, and nickel are considered. The
model of nuclear reactions based on many computational experiments was written in a fairly simple
analytical form that can be used in a hydrodynamic model of the evolution of white dwarfs and the
explosion of type Ia supernovae.
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