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Abstract—In the problem on the motion of a rigid body with a fixed point under the influence
of a magnetic field generated by the Barnett—London effect as well as potential forces, the
particular cases of existence of additional quadratic integrals are presented and the qualitative
analysis of the equations of motion of the body is carried out in one of these cases.
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INTRODUCTION

The problem on the rotation of a rigid body about a fixed point under the action of forces
of various nature (and also in the absence of forces) has a long history, but the interest in this
problem still persists. An absolutely rigid body is used as a model for describing the motion of
many complex technical devices, including spacecraft, industrial robots, rockets, etc. In the present
paper, we consider the problem on the rotation of a rigid body with a fixed point in a uniform
magnetic field taking into account the London—Barnett effect and potential forces. It is known that
a “neutral” ferromagnet becomes magnetized along the rotation axis during rotation (the Barnett
effect [1]). A similar phenomenon also takes place during the rotation of a superconducting solid
body (the London effect [2]). The magnetic moment B is related to the angular velocity w by the
formula B = Bw, where B is a symmetric linear operator.

The motion of the body is described by Euler—Poisson equations of the form
A =Aw X w+Bw xy+vx (Cy—s), ¥y=9Xuw, (1)

where w = (w1, ws,ws) is the angular velocity of the body, v = (71,72,73) is a unit vector charac-
terizing the direction of gravity, s = (s1, Sq, $3) is the vector of the center of mass of the body, and
A, B, and C are symmetric 3 x 3 matrices: A is the body tensor of inertia relative to the fixed
point, B is a matrix characterizing the body magnetic moment, and C' is a matrix characterizing
the effect of potential forces on the body.

For C; = vA,, i = 1,2,3, where v is the gravitational constant, the differential equations (1)
describe the motion of a body in a magnetic and a central Newtonian field.

Equations (1) admit two common first integrals
Vi=Aw-vy=3, Va=v-7=1 (2)

and are nonintegrable in the general case.

There are quite a few papers studying the influence of the Barnett—London effect on the motion
of a body in various aspects. Similar problems arise in many applications, for example, in cosmo-
dynamics [3] and when designing devices using noncontact suspension [4]. The analysis of Egs. (1)
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ON THE QUALITATIVE ANALYSIS OF THE EQUATIONS OF MOTION 59

from the viewpoint of their integrability and the search for particular solutions is carried out, for
example, in [5-8|. A linear invariant relation of the Hess type [9] for Egs. (1) was found in [5].
In [6, 7], the cases of their integrability are indicated where A and B are diagonal matrices and
there are no potential forces. It was shown [7] that for B = AE (A = const) Egs. (1) are reduced to
the Kirchhoff equations describing the motion of a rigid body in an ideal fluid.

In the present paper, it is assumed that
A = diag (A1, Ay, A3), C =diag(Cy,C,,C3)

in Egs. (1). A qualitative analysis of these equations is carried out in special cases where there
exist additional first integrals. Linear invariant relations for Eqgs. (1) were obtained in [10] using
the method of indeterminate coefficients in conjunction with the method of Grébner bases [11]. In
the same way, the following quadratic integrals of the equations in question are found under certain
restrictions on the problem parameters:

1. For A1 = AQ, B13 = BQg = 0, B33 = B11 + BQQ, Cl = 03 = 02, and S1 = SS9 = S§3 = 0, one has
the integral

As
Kl = wl + + Yy (2A2 Ag)

A3 A2
+ 2A3 By w37y3 — (BQ22 - Bfl)’yl +2B12(Bi1 + Bag)miye + (B + 312)73)

(2A2(B11 — Boo)wii + 245 Bis (w12 4+ way1) (3)

2. For A1 = Ag, B12 = BQg = 0, B22 = B11 + ng, Cl = 02 = Cg, and S§1 = SS9 = 83 = 0, one has
the integral

A
ngwf—A—;

+ (B3s — B}))vi — (BY, + Bis)vs — 2Bis(Bi1 + 333)71’73>-

(A2 — 2A3)W§ + Ws A2 (2A3 (B33w171 + Briwsys — Bis(wiys + w3’h))

3. For A2 = A3, Blg = B13 = O, B33 = B11 — BQQ, Cl = Cg = 03, and S1 = 89 = 83 = O, one has
the integral

A%(w3 + w?) 1 (
A1(A; —243)  Aj(A; —2A4;)
+ 2A3Ba3(way3 + wsyz) + (B 220 T 323)71 Bi1(Bi1 — 2Bas)v; + 23113237273)-

K; = W% - 2A, Bosywiy1 — 2A3(Bll - 2322)W2’Y2

As can be seen, the integrals exist under the condition of dynamic symmetry of the body, and
the coordinates of the center of mass of the body coincide with the coordinates of the fixed point.

Further, using generalizations of the Routh-Lyapunov method [12], a qualitative analysis of
Egs. (1) is carried out in the case where these equations admit one of the above quadratic integrals.

1. STATEMENT OF THE PROBLEM

Consider the differential equations (1) for the case in which they admit the integral K; in (3).
The equations are written as follows:

Aty = (Byawy + Baaws)ys — ((Bll + Ba)y2 + (As — A2)w2)w3;
Apwy = ( (Bi1 + Baa)yi + (As — Az)w1)w3 (Briwi + Biaws)7s,
Agg = (Briwi + Biaws) v2 — (Brawi + Baaws )1,

Y1 = wWaYe — w23, Ve = W13 — WY1, Y3 = Way1 — Wi
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60 IRTEGOV, TITORENKO

The integrals (2) become
N 2
Vi= A +wim) + Aswsys = ¢, Vo= 77 =1 (5)
=1

Let us pose the problem of qualitative analysis of this system. Based on the necessary conditions
for the extremum of the first integrals of the problem (or some combination of them), special sets
of differential equations will be found and their stability in the sense of Lyapunov will be studied.
With the chosen method of analysis, the special sets are defined as stationary sets [12], i.e., sets
of any finite dimension on which necessary conditions for the extremum of elements of the algebra
of first integrals of the problem are satisfied. Stationary sets of dimension zero are traditionally
called stationary solutions, and stationary sets of nonzero dimension are called stationary invariant
manifolds.

2. ISOLATION OF STATIONARY SOLUTIONS AND INVARIANT MANIFOLDS
In accordance with the above-indicated method, we take a linear combination
20 = MK, — 20 Vi — A Va (6)

of the first integrals and write necessary conditions for the extremum of  with respect to the
variables w; and ~;,

o0

owy Ao(wr = A1 ((Bir = Bag) 1 + Bias)) — Midan = 0,
1

00N

Doy Xo(w2 — A5 Biam) — MAaye =0,

o0 _2

ng = AoA; A3((2A2 — Az)wsz — B11’Ys) — M Azys =0,

0N

E = —XA;? (Az(Bu — Bas)wy + AsBraws + (B}, — B3,)m (7)
1

+ Bia(By1 + 322)72) — M Awr — Aoy =0,

1Y)

% = —XoA4;°Bs (A2w1 + (B + B22)’71) — M Awy — Aoye =0,
2

0N

g = _)‘OAZ_Q (ABBMWS + (B121 + 3122)73) — MAzws — Aoy = 0.
3

Here the \; are the parameters of the family of integrals (2.

In the case of dependent equations, the solutions of system (7) permit one to determine the
invariant manifolds of the differential equations (4) corresponding to the family of first integrals 2.
To find the solutions, we use the system of computer algebra Wolfram Mathematica.

As can be seen, Egs. (7) can be separated in the variables. Let us construct a lexicographic
Grobner basis with respect to Ay > Ay > 7 > w; for the left-hand sides depending on wy, wo,
and 7y, 2. As a result, we obtain a system of equations splitting into two subsystems. Below we
give the lexicographic bases of these subsystems:

(sz - BnBzz)Wz — Ay(Biaw; + Boowy) =0,
—Biom + Biiye + Aswsy =0,

Xo(Bi1 + Bi,) + A2A3 =0,

—AoBi1 — )\1A§ = 0;

(8)
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—Biawi + ((Bi1 — Bas)wy + Biaws)ws = 0,
—w1Y2 +weyr =0,

—(A§w§ + Bia(Biy + B22)W1’Y§))\o - Ang’yg)q =0, ©)
(B12(AJ1"YQ - Agwg))\o + Ang'yg)\l =0.

From the last two equations in (8), we find

By, B + B3

)\1 == —T%Ao, Ag — A% 12 AO (10)

and substitute them into the remaining equations (7) (depending on ws and ;). These equations
are reduced to one equation w3 = 0. It can be verified by a straightforward calculation according
to the definition of invariant manifold that the equations

(B%Q - B11B22) Y2 — A2(B12(J)1 + B22w2) = 0’
Agwy — Biavi + By = 0, (11)

define an invariant manifold of codimension 3 for the equations of motion (4).
The differential equations on this invariant manifold are written in the form

B%Q - B11B22

wp = A—§72737

Y2 = wWi7s, (12)
. B BBy, — B?

Y3 = —w1Y2 + (Aswi — Bia) (Bzm + %%212 2)

and describe pendulum-like oscillations of the body.

Let us substitute A; and Ay given by (10) into (6). By a straightforward calculation it can also
be verified that the integral

2B, ~ B2 + B?

takes a stationary value on the invariant manifold (11).

In a similar way, based on Eqgs. (9), we obtain the equations

—B12wf + ((Bn — Bao)wy + Blzwz)wz =0,
—w17Y2 +wey =0,
w3 = 0,

v3 =0

(14)

defining an invariant manifold of codimension 4.

The differential equations w, = 0 and 7, = 0 on this invariant manifold have the following family
of solutions:
Wy = wy = const,

Yo = 'yg = const.

Thus, from the geometrical viewpoint, the invariant manifold (14) in the space R is associated with
a surface whose each point is a fixed point in the phase space.
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62 IRTEGOV, TITORENKO

Using the maps of some atlas on the invariant manifold (14), one can readily show that the

integral
1

4A2V2

where z; = Bj; —Bay— D and D = \/ By, — Byy)? + 4B%,, takes a stationary value on the invariant
manifold (14) in the map

QQ = <2V — 221‘/1‘/2 ‘/2((311 + 322)21‘/2 + 2A§K1)>, (15)

Z1W2

W1:2B12, W3:07
2172 O (16)
"= 2312’ Y3 =Y,
and the integral
1
Q3 = 4A2V <2V2 — 22, Vi Vs — Vz((Bn + Ba2)zVa + 2A§K1)>’ (A7)
2
in the map
ZoWo 0
w = w3 =
' 2B, T
2B O (18)
"= 2B, 73 = VU

Here zo = By; — Boy + D.

Two more invariant manifolds different from the ones above and a condition on the parameters A,
and A, under which the integral © (6) takes a stationary value on these invariant manifolds can
be obtained by constructing a lexicographic basis for the polynomials of the entire system (7)
for wz > w; > wy > 1 > A2 > A;. The equations of the invariant manifold are written in the form

2B1971 — (Biy — Byy £ D)y, = 0,

2(Ay; — Az)ws — (B11 + Baa F D)ye = Oa

2(Ay — A3)Biow: + (2332 — Boy(B11 — Byy £ D) )72 0,
2(Ay — As)ws — (Biy + Bys F D)ys =

(19)

The differential equations on these invariant manifolds are similar to the equations on the in-
variant manifolds (14),
'.72 =0,
3= 0.
The integral Q in (6) takes a stationary value on the invariant manifold (19) for

Ao
243(A; — A3)

Ao
2A3(Ay — A3)?

A = (AB(BH — Bay) +2A3By; F (245 — AS)D)a

)\2 = — (2./4.3(3%1 + BfQ) — (2A2 — A3)A3(Bll + BQQ)(Bll — 322 + D))

Let us study the relationship between the manifolds. We find the intersection of the invariant
manifolds (11) and (14). To this end, for the polynomials of the system obtained by combining
Egs. (11) and (14) we construct the Grobner lexicographic basis with respect to v; > v3 > w; >
Wa > Ws,

w3z = 07

(Biy — B11Bas)vs — Aa(Bi1 + Bag)ways — Asw; = 0,
(B11Bas — 3122>72 + Ao Biowy + Ay Boows =0, (20)

V3 = 07

312’71 - 311’}’2 — Aswy = 0.
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Equations (20), together with the integral V, = 1, determine the following solutions of the
differential equations (4):

=525 A 7 =0
‘T T/DD T VD’ T 21)
o — D1 (2B}, — Bayo(B11 — By, — D)) o — Dy (B11 + By + D) o= 0
! 2v2D A, By, T 0W2DA,
\/5312 D2
-4 7 . : — 0,
T /DD, V2 V2D V3 )
D5 (2B}, — Baa(Bi1 — Bas + D)) (Bi1 + Bay — D) Dy
w; ==+ , Wy = , w3 = 0.
2v2D A5 By 2v2D A,

Here and in the following, Dy = v/ B11 — Bas + D and Dy = /By — By + D.

From the mechanical viewpoint, the solutions (21), (22) correspond to permanent rotations of
a body around an axis located in the Ozxy-plane (in the system of axes associated with the body)
with the angular velocity w? = (B, + 2B%, + By D + By (Bas + D)) /(243).

It can be verified by a straightforward calculation that the integral
1 ~
20, = K, + F(QBHV1 + (B}, + Bi,)Vs)
5

takes a stationary value on the solutions (21) and (22).

In a similar way, it can be shown that the intersection of the invariant manifold (14) with each
of the two invariant manifolds (19) is nonempty. They have common points that also correspond
to permanent rotations of the body.

3. ON THE STABILITY OF STATIONARY SOLUTIONS AND INVARIANT MANIFOLDS

Let us study the stability of the invariant manifold (11) using the integral €; (13) to obtain
sufficient conditions.

We introduce the deviations

Y1 = wi + (Aszzwz + (B11Bas — 352)72)7

1
A2B12
1
Yo =1 — ?(Azwz + B1172),
12
Ys = W3

and write the variation of the integral €2; in a neighborhood of the solution to be studied,

200, = (szyg + (Asyr + Baoyo)® + (245 — AS)Asy?Q,)-

1
A3
Consider the restriction of A, to the set defined by the first variation of the integral 171,

~ 2
oV, = F<A2w2 + Bi1172)y2 = 0.

12

On this set, AQ; acquires the form

(242 — A3)As
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The condition
245 > A, (23)

of positive definiteness of the quadratic form AQ, is sufficient for the stability of the invariant
manifold studied.

Now let us analyze the stability of the invariant manifold (14) using the integral 2, (15) to obtain
sufficient conditions. The analysis is carried out in the map (16) on this invariant manifold.

We introduce the deviations
2172 Z1W2
9B, Y2 = Wy — Ea

=" — Ys =73, Ys = Ws.

The second variation of {2, on the set defined by the first variations

~ Aszy
oV = 281, (w2y1 + Y2y2) =0,
Y221
oV, = =0
2 B, U

of the conditional integrals is written in the form

1

26%Q, = —
> T 4A2

w
2(24, — A3)Azy; — 245 <(B11 + By + D) + 214272)3/33/4
2

wQ
+ (2,4;7; — (Buu(Buy + D) + Bys(Bay + D) + 23122)>y§] |
2

The condition
2

w w
(Ay — A3)7§ — A3(B11 + Bay + D),TQ — B11(Bi1 + D) — Bay(Bay + D) — 2B3, > 0,
3 2

245 — A3 >0

of sign definiteness of the quadratic form §2€Q, will be sufficient for the stability of the invariant
manifold in question.

Since the ratio ® = V;/V, of integrals on the invariant manifold (14) acquires the form
Do = Aswy/v2 = ¢ = const, we see that the last inequalities are satisfied, in particular, for

(By1 > 0, Bz > 0, Byy > 0)
A [(A?’ < A, < A3> A ( A2z <2< —Ezﬂ V ((Ay = A3) A (2 < %))
2 Ay — A3 (24)

v [(A2 > Aj) A <(2c <—2)V <2 g Afﬂzs))] }

where 21 = Bll + BQQ — D and 29 = Bll + ng + D.

In the map (18), the sufficient conditions for the stability of the invariant manifold (14) become
more restrictive. Under the condition of positivity of Bi1, Bia, and By, they contain additional
constraints on By, say, 0 < By < B%,/Bsy or Byy > B2,/ Bo,.

Let us study the stability of the solutions (21). We introduce the deviations from the unperturbed
solution,

\/5312
/D(By, — By, + D)’
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_ By -BuiD
Y2 =72 F V2D )
Ys =73,
v — o VBi1 — Byy + D (2B}, + By (Bss — Bii + D))
2v2A,B1,v/D 7
_ VB11 — By + D(Byy + By, + D)
Ys =wa + )
2v24,vD
Yo = Ws.

The variation of the integral €2, in deviations on the set

5V — ]F\@(2B12y1 — (Bi1 — Bay + D)) 0
? V/D(Bi1 — By, + D)

1s written as

Byy + By; — D 2 B, 2B, 2 (245 — A3)A;
2AQ, = | ————= — el s S— a2 T £3)48 2
4 < 94, Y+ Z/4) + L \BL —Bu+D Y1+ys| + Az Ys
Let us introduce the variables
_ B+ Byp—D
G = 94, Y1 + Y4,
B, 2B, >
Y S P
G2 A, <B11 —Byp+D Y117 Ys

In terms of the new variables, A2, acquires the form

~ 24, — A3)A
200, = ¢+ ¢ + P2 A s sy
2

Since the quadratic form AQ, is sign definite with respect to the variables occurring in it
for Ay > A3/2, we conclude that the solutions studied here are stable with respect to the vari-

ables
1 2v2D B,
(24 Biy+ By — D
2A2< swy + (B11 + Bao M F ,—B11_322+D>7
Buy  Bu(Bui— By — D) (V2DVBy = By + D+ 2By ) (25)
- +
w2 A, 44,82, ’

ws.

A similar result can be obtained for the solutions (22).

The conditions for the stability of the invariant manifold (19) coincide with the condition for the
stability of the invariant manifold (11).

4. ON SOLUTIONS ON A MANIFOLD

Consider the problem of finding stationary solutions and invariant manifolds of the differential
equations (12). We use the same approach as in Sec. 2.
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The first integrals of Egs. (12) can be obtained by eliminating the variables ws, ws, and ~; from
the original integrals Ky, Vi, and V, by using Eqgs. (11). They have the form

K1 = By [Bh(vs +73) — Bh(v — )]

+ (Biays — Aswy) [(Bfl + B2,)(Biay, — Aswi) + 2By Boy(Biays + Agwi) | = ¢ = const,
V,= (3122 — BHB22)7§ — Aw? = ¢, = const,
v (Bi2y2 — A2w1)2

2 2
2 = B%g +72+73:1

Let us choose independent integrals from these integrals (for example, K, and V), form their linear
combination 2 = 2uo K, — 111V, and write the necessary conditions for the extremum of €2 in the
variables wy, ¥z, and -3,

o0 1 [ Bisz

?1 = 37222 (;122’}’2 - (Z - 2311322M0)W1) =0,

8§ 1 Blgz 1 2 (B%Q + B§2) z

— = — | 2B41(B11Bss — B - = =0 26
” 1.5, < B, wy + A2< 11( 1122 12)#0 Bos Y2 ) (26)
o0 z

— = ——=v3 =0.

72 A§’Y3

Here jio and p; are parameters of the family of integrals Q, and z = (B}, + B,) o + A3pu.
Obviously, for py = —((B}, + B?,) o) /A% Egs. (26) have the solution

w =0, 7=0. (27)

A straightforward calculation using the definition of invariant manifold shows that relations (27)
determine invariant manifolds of codimension 2 of the differential equations (12).

Another invariant manifold of codimension 2 was obtained by constructing a lexicographic basis
for the polynomials of system (26) with respect to p; > w; > 73. The equations of the invariant
manifold are written in the form

V3 = 07 (28)
AgBuwf — Ay (23122 - 322(311 - 322))001% + 312(3122 - 311322)73 =0.

The differential equations 43 = 0 (42 = 0) on the invariant manifold (27) (the invariant man-
ifold (28)) have the families of solutions 73 = 73 = const (o = 49 = const). Thus, from the
geometrical viewpoint, the invariant manifolds found in the space R3 are associated with curves
whose each point is a fixed point in the phase space of system (12).

Let us supplement equations (26) by the relation V', = 1 and construct a lexicographic basis with
respect to wy > 2 > 3 > uy for the polynomials of the resulting system. The result will be a system
of equations that permits one to obtain the following solutions of the differential equations (12):

wy =7 =0, v==I, (29)
D, (2B?, — Byy(By; — Bys — D D

w1 = 1( 2 22( = = )) ) Yo = :t . } V3 = 07 (30)
2vV2DA,Bq, V2
D, (2B?, — Byy(By; — Bos + D D

W = 2( 12 22( U = ))) Y2 = + 2 y V3= (31)
2v2D A5 By V2

These solutions correspond to fixed points in the phase space of the system.
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Obviously, the solutions (29) belong to the invariant manifold (27). It can readily be shown
that the solutions (30) and (31) belong to the invariant manifold (28). To this end, we substitute
relations (30) into Egs. (28), which turn into identities. It follows that the solutions (30) belong to
the invariant manifold (28). A similar result can also be obtained for the solutions (31).

It can be verified by a straightforward calculation that the expressions (30), together with
Egs. (11), determine solutions of the differential equations (4) coinciding with (21) in the origi-
nal phase space. The solutions (31) in the original space are associated with the solutions (22).

Let us study the stability of the solutions (30) using the integral

B}, — By1(Bay + D) —

2@ = 2?1 + A% VQ,

which takes a stationary value on these solutions, to obtain sufficient conditions.
In the deviations

py—onz DICBL = Bu(Bu—Bn-D) D
1 1 2\/@/12312 ) 2 2 \/@7 3 3

on the linear manifold

V2
B22\/ED1

the variation of the integral ® is written as follows:

5?2 =+ <2A2312 U1 =+ (BQQ(Bll — B22 + D) — 2B%2)y2> = 0,

2B (4B}, + (Bu = B2)?)(Bii = B + D), Byy(Bii + Bo + D)y2

A® = 2 U1 3
(2B2, — Bys(Bi1 — By + D)) 243

The quadratic form A® will be positive definite under the following constraints on the parame-
ters By, Bia, and Bss:

2

<(312 £0) A ((322 <0)A (g” < By < o>> V ((Baz > 0) A (Byy < 0)). (32)

22

Conditions (32) are sufficient for the stability of the solutions (30).

Let us obtain necessary conditions for the stability of the solutions (30) using the Lyapunov
theorem on the stability by the first approximation [13].

In the case under consideration, the equations of the first approximation are written in the form

(311322 - B122)D1

Y1 = \/@A% Ys,
o= BB Bu D) Z2B)D, 3
2v2D A5 Bq,
gs = :I:(BQQ(BIZl + Bay(Bas + D)) + (2352 — B11B2) (2B + D)y B VD y )D
’ 2v/2D A, B15 By S V2B )T

The characteristic equation
A(2430° + (Bi1 — B)® + (Bi1 + Ba2)D +4B7,) =0

of system (33) has only zero and pure imaginary roots under the conditions
2

(Bus £ 0) A <(B22 <0)A (gm < B, < 0)> v (By > 0)> V ((Baz > 0) A (Byy #0)).

22
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Comparing the last inequalities with (32), we conclude that the sufficient conditions are close to
the necessary ones.

Thus, the solutions (30) that are stable on the manifold correspond to the solutions (21) that are
stable in part of the variables in the original phase space. The same result has also been obtained in
the case of the solutions (31).

Based on the results presented, we can state the following assertion.

Assertion. The generalizations of the Routh—Lyapunov method used to analyze the problem
under consideration have made it possible to isolate special sets of differential equations (1) in
the special case of the existence of an additional quadratic integral K, (3) of these equations—the
stationary invariant manifolds (11), (14), (19) and the stationary solutions (21), (22) as the points
of intersection of these invariant manifolds—and investigate the solutions found for stability. With
the help of linear and nonlinear combinations of the first integrals of the problem delivering stationary
values to the solutions found, sufficient stability conditions (23) and (24) have been obtained for the
invariant manifolds (11), (19) and the invariant manifolds (14), respectively, and stability in terms
of the variables (25) is proved for the stationary solutions. The approach used has also allowed
carrying out a similar study of the differential equations on the invariant manifold (11).

CONCLUSIONS

New additional quadratic integrals are indicated in the problem of the motion of a rigid body
with a fixed point under the action of a magnetic field generated by the Barnett—London effect
and potential forces. A qualitative analysis of a system of differential equations admitting one of
these integrals is carried out. Stationary invariant manifolds of codimensions 3 and 4 are isolated,
and sufficient conditions for their stability are obtained. It is shown that the intersections of
the manifolds are fixed points in the phase space of the system corresponding to the permanent
rotations of the body. The stability of these motions with respect to part of the variables is
proved. A qualitative analysis of the differential equations has also been carried out on one of
the invariant manifolds found. Stationary solutions and invariant manifolds of codimension 2 are
isolated. Sufficient stability conditions are obtained for stationary solutions on a manifold and are
compared with the necessary ones. We note that in the considered case of the existence of an
additional quadratic integral, the parameters characterizing the influence of the potential forces
do not explicitly appear in either the equations of motion of the body or the first integrals. The
conditions for the stability of solutions are obtained in the form of constraints on the parameters
characterizing the magnetic forces. Thus, it can be assumed that potential forces do not have
a considerable effect on the motion of the body in this case.
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