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Abstract—We consider regular hypoelliptic operators and study some properties of completely
regular polyhedra. Basing on the obtained properties, we find an upper bound for the functional
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We consider regular hypoelliptic operators P(D) with constant coefficients and study the properties
of completely regular polyhedra. It is well known (see, for example, [1—3]) that

(1)if a polynomial P(§) is hypoelliptic then its characteristic polyhedron 91(P) is completely regular;

(2) if the characteristic polyhedron 9t(P) of a regular polyhedron is completely regular then P(D) is
hypoelliptic.

It was shown in [4, 5] that the Gevrey classes to which the solutions to the equation P(D)U = f
belong are determined by the characteristic polyhedron of the hypoelliptic operator P(D). In [3, 6-9],
the upper and lower bounds for the functional dimension of the spaces of solutions were found for some
classes of hypoelliptic equations. In the present article, basing on the obtained properties of completely
regular polyhedra, we establish a sharper upper bound as compared to the available bounds for the
functional dimension of the solution spaces of hypoelliptic equations.

1. NOTATIONS AND DEFINITIONS
Consider the n-dimensional Euclidean space R™ of points £ = (&1, ...,&,). Let
€= (&++e)"”
C":=R"xiR", R :={€=(&,...,6) €RY, &>0,j=1,...,n},
83: {éeRna {1 7&077571#0}

Further, N is the set of naturals; Ny := N U {0}; while Nf is the set of all n-dimensional multi-indices;
i.e,, of points @ = (o, ..., ay), where o; € Ngforall j =1,...,n.
Introduce the following notations for {,n € R", a« € Njj, v € R}, and t > 0:

=g Em =D & K =1l g,
j=1

tv = (tvy, ..., tvy), vl =v1 4+ +vp, D® = D" ...Dy",
where

10
D; =
J z’c‘)xj’
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ON THE PROPERTIES OF THE SYMBOLS OF ONE CLASS 699

Let A C R be a finite collection. The characteristic polyhedron of A is the minimal convex
polyhedron 9(A) C R’} containing A U {0}.

A polyhedron 91 C R} is called completely regular if

(1) the origin is a vertex of 91,

(2) 91 has vertices on each coordinate axis different from the origin;

(3) the components of the outward normals (with respect to 91) of the (n — 1)-dimensional noncoor-
dinate faces are positive.

Let 91 C R’} be a completely regular polyhedron. Introduce the notations:

e NV is the set of the vertices of N,
e OMis the set of the points of 91 lying on the closures of the noncoordinate faces of 0,

e A(D) is the set of the outward normals A = (Aq,..., A,) (with respect to 91) of the noncoordinate
faces of 91 normalized so that

dn(A) := max(v,\) =1,
veNn

o A"L1(M) is the set of those A € A(M) that are the normals of the (n — 1)-dimensional (noncoordi-
nate) faces of N,

o ATH(M) is the set of the normals A € A"~1(MN) whose corresponding (n — 1)-face has a subface
lying in some coordinate hyperplane.

Remark 1. It is not hard to observe that, for every completely regular polyhedron 9t C R, the set

A = {1, 1= MIAL A € A}
coincides with the convex hull of
A" =, =ML A€ AT}

Remark 2. Let 91 C R} be a completely regular polyhedron. Then, for all A = (Ay,..., A,) € A(M),
wehave A\; > 0,7 =1,...,n.

Let P(D) =) v.D" be a differential operator with constant coefficients, where the sum ranges
over the finite set (P) := {a € Njj, 7, # 0}, and let

P(&) = Z 'Yaga
a€(P)

be the complete symbol of P(D).

Definition 1. The characteristic polyhedron of P(D) is the characteristic polyhedron of the
collection (P).

Definition 2 [10]. The operator P(D) (the polynomial P(&)) is called regular (or nondegenerate)
if there exists a constant C' > 0 such that, for every v € 91(P), we have

1€ < C(|P(&)|+ 1) for all & € R™
Definition 3. The differential operator P(D) (the polynomial P(§)) is called hypoelliptic if all
solutions to the equation P(D)U = 0 are infinitely differentiable functions.

Hoérmander proved (see [12, Definition 11.1.2, Theorem 11.1.3]) that P(D) is hypoelliptic if, for
¢ e R"and all @ € Njj, a # 0, we have

D?P(§)
P(£)

—0 as |§] — o0
(see also[11, Chapter 3]).
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700 PETROSYAN

Let P be a regular hypoelliptic polynomial with characteristic polyhedron 91(P). Denote the weight
hypoellipticity set of P by

. n . . n—1
M(P) = {ueR+, (»3) <1/ min A, AeA (m)}.

Obviously, 9(P) is a completely regular polyhedron.

Let M(P) be a completely regular polyhedron. Denote by T™”)(Q) the multianisotropic Gevrey
class; i.e., the set of functions f € C*°(Q) such that, for every compact set K C , there exists
a constant C = C(K, f) > 0 such that

sup [D°f(z)| <CI7, aeiM(P),  j=0,1,....
zeK

It is known (see [9]) that if P(D) is a regular hypoelliptic operator then, for every domain 2 C R",
we have

E(P,Q) :={U e D'(Q), P(D)U = 00nQ} c T (Q),
where D'(2) is the space of generalized functions.

Definition 4 [13]. A topological vector space E is called locally convex if there exists a fundamental
system of convex neighborhoods of zero.

Suppose that E is a locally convex space, U is a neighborhood of zero in E, and Bis aset B C E.
Definition 5[14]. Given e > 0, a set F'is called an e-net for B with respect toU if B C F + €U.

Given e > 0, the sets B and U, denote by N (B, eU) the least number of elements in an e-net for B
with respect to U.

Definition 6 [15]. For a locally convex space F, the quantity

Inln N
dfE = supir‘}f lim (V,eU)
U

e—0+ Inlne-1

where U and V range over all neighborhoods of zero in E, is called the functional dimension of E.

2. PRELIMINARY RESULTS
Let 91 be a regular polyhedron. Put
AR HO) =, =ML A e AT}

Proposition. Let 0 C R" be a completely regular polyhedron and put
M:={veR} ()<L e AP M}
Then
A\ ALHE) = AOY \ AL,

Proof. It is not hard to observe that, by the definition of 91,
A H ) = AT ). (2.1)

Since, by Remark 1, A(9M) coincides with the convex hull of A} ™" (90); therefore, A(90) C A(N).
By (2.1), this gives

AOR) \ ARTHON) C A\ ApTH(DN).
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Prove the reverse inclusion. Let € A() \ Af~ 1 (M). Since, by the definition of M, the polyhedron
M C M and the set of vertices in M lying on the coordinate hyperplanes coincides with the set of vertices
in M also lying on the coordinate hyperplanes; therefore, we infer that

don(p) = max(v, u) = dm(p),
vem
(o, 1) < dsp(p) for all a e 9Mm°
lying in some coordinate hyperplane. Hence,
{v e M, (v, p) = dm(p)} C R NRY,
and so € A(M) \ AY~(9M). The proposition is proved.

Corollary 1. For every completely regular polyhedron M C R, the set A(M) coincides with the
convex hull of A}~ (M).

Since AFH(M) = A" (M), the proof is immediate from the above proposition and Remark 1.

Lemma 1. Let t C R"} be a completely regular polyhedron. Then

max dp(A) = max  dyn(A).

AEA(I) AeAT ()

Proof. Suppose the contrary:
max dm(A\) # max  dn(N).

AEA(M) AeATTH ()
Since /N\Z_l(‘)‘() C A(M), this means that there exists € A(M) \ /N\Z_l(‘ﬁ) for which
dm(p) > max dy(A). (2.2)
A (DY

Consider the completely regular polyhedron
M= {v e R, (1K A) <dn(\), A€ Ap (M)}
Since AN (M) = ARTH(N) (see (2.1)) and obviously
NCM,  dop(N\) =dm()) for all X e AL (9M);

therefore, we have

dom(p) >  max  do(A) = max dn()). (2.3)
AT (om) AeATTH ()

Consequently, u € A(ON).
Since, by 2.1, A(9M) is the convex hull of A}~ (9M), there exist some numbers
o()\) € [0,1], Yoo =1
AEAT T (M)

for every A € AP (M) such that

AT (9m)
Let 0 € 9 be such that (19, 1) = dgn(p). Then
dm(p) = (Fsp) = D0 0L < Y 0N dm(N)

AEATT (om) AEATT (om)
< max dy(h) Y O(A) = max dm()).
AeART1 (o) AR (o) AT ()

This contradicts (2.3) and validates Lemma 1.
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702 PETROSYAN
Corollary 2. Given a completely regular polyhedron Mt C R, we have

min |Al= min |A|
AEA(M) AEATTH(OT)

Proof. Since A/|A| € A(D) for every A € A(MN), by the definition of A(N), we infer dp(A/|A]) = 1/|Al.

Hence, Lemma 1 yields

1 1
max = max
AeA®) A xeartiy Al

or, which is the same,

min |Al= min |\
AEA(M) AEATTH(OT)

Corollary 2 is proved.

Lemma 2. For every completely regular polyhedron t C R, we have

Al _ A
max max = max max .
AENO 1<j<n Aj aear— () 1Si<n Aj

Proof. Since A(M) = {u = N/|A|, A € A(M)}, it suffices to demonstrate that
1 1

max max = max max _ .
AEA(M) 1Si<n Aj aeRr— Yoy 1<is<n Aj

Let u € A(DN). Then, by Corollary 2, there are

o) 0,1, Ae Ao, S oe) =1
AEALTH (M)
such that
p= > 0\
AEATTH (M)
whence

Hi = Z 9()\))\]', jzl,...,n.
AEATTH ()

Consequently,

pi > 3“11111 Aj Z 0\ = }nllg Ajs ji=1,....,n,
AEAT () Aerr h o AeAT ()
whence
1 1

max < max max .

1<i<n fij — xeAprt(o) 1<5<n A
Since A} (M) € A(M), the arbitrariness of u € A(9N) implies (2.4), and thus the proof of Lemma 2 is
complete.
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ON THE PROPERTIES OF THE SYMBOLS OF ONE CLASS 703
Let P be a polynomial of n variables. Put
D(P) :={¢eC", P(¢) =0},

ap():= jnf lE-Cl. EeR"

E(P,Q) :={U €D, P(D)U = 0o0nQ},

where D’ is the space of generalized functions.

Theorem 13, Theorem 2]. Let P(D) be a hypoelliptic operator and let
McMp:={rveRl, IC, >0[¢" <Cu(dp(§) +1), { € R™}
be a completely regular polyhedron. Then
df E(P,Q) <1+ max sup A ,
J o XeA(D) dj
where

djx = sup (v, ), m; = {I/j eRY, (v1,...,v-1,0,Vj41,...,vp) € zm},
I/Emj

and the maximum is taken over those j for which there exists a € (P) such that |a| = ord P with
a 75 0.

3. THE MAIN RESULTS

Given a regular hypoelliptic polynomial P(§) = P(&1,...,&,) with constant coefficients, denote
by M(P) and E(P,2) the quantities

M(P) :={veR}, (v,A\) < min 1/\;, A € A(M)},

1<j<n
E(P,Q):={U €D, P(D)U =0 on},

where D’ is the space of generalized functions.

Theorem 2. /[ P(§) = P(&1, ..., &) is a regular hypoelliptic polynomial with constant coeffi-
cients then

1
dfE(P,Q)) < max  max . 3.1
( ) AeAP (o) 1Si<n A (3-4)

Proof. By (2.4), it suffices to show that

1
dfE(P,Q)) < max max .
AEA(M) 1<j<n Aj

Since P(§) is a regular hypoelliptic operator and
dy(A) = A)=1
n(N) = max(v,)) = 1,

the proof of (3.2) is immediate from Theorem 1, which validates (3.1).
Let B denote the set of those completely regular polyhedra 91 C R} for which
@ # N\ {VV}7_, CR§.

Here v/ = (0,...,0, 1/5, 0,...,0),7 =1,...,n, are the vertices of the polyhedron 9 lying on the coordi-
nate axes.
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704 PETROSYAN

Obviously, if 9t € 9B then it has the (n — 1)-dimensional noncoordinate face passing through the
points {uj};?:Lj#, I=1,...,n. Let Xl € A}71(MN) denote the normal to the (n — 1)-face passing

through {¥/}7_, ;i 1=1,...,n,

Theorem 3. Let Nt € B. Then

min |A| = min |\
AEA(D) 1<i<n
Proof. In view of Corollary 2, it suffices to show that
min  |A| = min |\ (3.3)
AEALTH () 1<i<n

Suppose the contrary; i.e., (3.3) fails. Since {\'}7_, C /\Z‘l(‘ﬁ); therefore, this means that there exists
1 € A1 (M) for which

luf < min |X]. (3.4)

The condition p € A}~ (M) implies that an (n — 1)-face with normal p passes through a vertex of 0
lying in some coordinate hyperplane. The definition of B (since 91 € B) implies that these vertices
lie on the coordinate axes. Suppose that an (n — 1)-dimensional noncoordinate face with normal g
passes only through the vertices v/!',... v of M lying on the coordinate axes. The condition M € B
implies that 1 <7 < n — 1. Therefore, by assumption, (17, ) = 1for j =1,...,r and (v/, ) < 1 for
j=r+1,...,n. Thedefinitions of A"~1(MN) and {A'}7_, imply that

ujzl/ygzké», j=1,....7 l=r+1,...,n.

Letv = (vy,...,1) € R™. Putv = (vq,...,1,) and v’/ = (Vp41, ..., vp). Hence, by (3.4),

1 . N/
N 3.5
"] < i |A (3.5)

Consider the polyhedron
Mm:={V" eRY, W' NY<1, j=r+1,....n, (V4 < 1}.
Obviously, the vertices of 9t lying on the coordinate hyperplanes are
(v 1,0,...,0),...,(0,...,0,u7) € R}

Moreover, since (7, ) < 1,j =7+1,...,n, a face of M with normal x”’ does not pass through these
vertices. Consequently,

AT = NN g A ),
Hence, by Lemma 1, we conclude that

"> : A
|1 |_r+11n§1;.1§n |A]

This contradicts estimate (3.5) and hence estimate (3.4).
The so-obtained contradiction proves Theorem 3.

Theorem 4. Suppose that, for € B, we have N° C NZ. Then

max |\ < 1.
AEAT—1(M)

Proof. Since, by hypothesis, M € B and M° NRY # ; therefore, the condition MO C N implies that
a:=(1,...,1) € 9. Hence, |\ = (a, ) < dn(\) = 1 for every A € A"~1(9), Theorem 4 is proved.
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Corollary 3. If, under the conditions of Theorem 4, the polynomial

PE) = > ¢

aeM

is regular then

1
max |A < _.
AEAn-1() 2
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