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Abstract—The existence of a generalized weak solution is proved for the nonstationary problem
of motion of a rigid body in the flow of a viscous incompressible fluid filling a cylindrical pipe of
arbitrary cross-section. The fluid flow conforms to the Navier—Stokes equations and tends to the
Poiseuille flow at infinity. The body moves in accordance with the laws of classical mechanics under
the influence of the surrounding fluid and the gravity force directed along the cylinder. Collisions of
the body with the boundary of the flow domain are not admitted and, by this reason, the problem is
considered until the body approaches the boundary.
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1. CLASSICAL STATEMENT OF THE PROBLEM

We study the problem of dynamics of a rigid body in the flow of a viscous incompressible fluid. The
fluid fills a straight cylindrical pipe of arbitrary cross-section, its flow obeys the Navier-Stokes equations
and tends to the Poiseuille flow at infinity. The body moves according to the laws of classical mechanics
under the action of the ambient fluid and the force of gravity directed along the pipe.

Let ¥ be a bounded domain in R? with boundary % of class C%!. Suppose that the mechanical
system under consideration occupies the cylindrical domain Q = ¥ x R ¢ R3. We denote the boundary
of QbyT;ie, I =0 x R. Let {ey, ez, e3} be an orthonormal basis for R? such that X lies in the plane
of the vectors e; and ey. Let the coordinates of y € R? be denoted by y;, i = 1,2,3. We use the same
notation for the vectors in R3.

Denote by B(t) the subdomain of € occupied by the body at time ¢ and by S(¢), its boundary of
class C%L. The fluid occupies the domain F(t) = Q \ (B(t) U S(t)). We assume that the fluid and body
are homogeneous; i.e., their densities py and p, are positive constants. In solving the problem, some
difficulty arises connected with the fact that the body is carried away by the fluid flow and eventually
leaves every finite segment of the pipe. We will try to eliminate this difficulty at the very beginning, already
in the statement of the problem. Let v and p be the velocity and pressure fields in F'(¢), and let y(¢) be
the body center of gravity that coincides with the geometric center of the domain B(t) since the body is
homogeneous. Let us introduce the function h(¢) = (0,0, y3(¢)) and perform the change of variables:

x =y — h(t), v(x,t) =v(x+h(t),1), p(x,t) = p(x +h(t),t),
B(t) = B(t)—h(t), S@t)=5()—h(t), F@)=Q\ (Bt US®)).
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454 STAROVOITOV, STAROVOITOVA

Without loss of generality, we suppose that g3(0) = 0, i.e., at time ¢ = 0 the geometric center x(¢) of
B(t) coincides with y(0). The point x moves in the plane of the vectors e; and es: x(¢) = y(t) — h(¢),
Z1(t) = 91(t), 22(t) = y2(t), and z3(t) = 0 for all ¢. Since  is a cylindrical domain, 2 = Q — h(#)
for all ¢, and x € Q is equivalent to y € Q. Note that we replace the spatial variable y rather than
the coordinate system: the velocity vector and pressure remain the same at the points y and x that

correspond to each other.

Collisions of the body with the boundary of the flow region are not allowed. So we consider the
problem on the time interval [0, T], T' < oo, such that

dist(B(t),T') = dist(B(t),I') > 6, >0 forall ¢t € [0,T], (1.1)
where §, is some fixed positive number.

The functions v and p obey the Navier—Stokes equations which are written in the new variables as
follows:

pr(Ov + (v-V)v—(h'-V)v) =div P(v,p) + psg in F(t), (1.2)
divv=0 in F(t), (1.3)
P(v,p) = —pl +2uD(v), (1.4)

where p = const is the fluid viscosity, g = (0,0, —g), g is the value of the gravitational acceleration and
h' means the derivative of h with respect to ¢, while I is the unit tensor, P is the stress tensor and D(v)
is the strain-rate tensor having the following components in the basis {e; }:

1 (0v;  Ov,
Div) =, (axj * 8mi> '

Let us write the equations of dynamics of the body. The functions ¥ and x are defined as follows:
g =B [ yay, w0 =180 [ xix
B(t) B(t)

where | A| is the three-dimensional Lebesgue measure of A C R3. The body is rigid, and so we have the
representation for its velocity field

¢ +w(t) x (y = 9(8) = C(t) +w(t) x (x—%(t)) for yeB(t), xe B,

where {(t) = dy (1) and w(t) is the angular velocity vector.

dt
According to the laws of classical mechanics, ¢ and w satisfy the equations
mcflf = / P(v,p)nds + / Mg dx, (1.5)
S(t) B(t)
dj:) = /(x —X) x P(v,p)nds, (1.6)
S(t)

where m = py|B(t)] is the body mass, n is the normal vector to S(t) directed towards the fluid,
J(t) = po / (Ix = ()1 = (x = %(1)) ® (x — x(t))) dx
B(t)

is the moment-of-inertia tensor of the body relative to the center of gravity. Note that the gravity torque,
acting on the body, relative to %, is equal to zero.
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We complement (1.2)—(1.6) with the boundary and initial conditions:

v(x,t) =0 for xeT, (1.7)
v(x,t) =¢(t) +w(t) x (x—x(t)) for x € S(t), (1.8)
C0)=¢"  wO)=w’  B(0)= DBy, (1.9)
v(x,0) =vO(x) for x € Fy =Q)\ By. (1.10)
Finally, the flow tends to the Poiseuille flow at infinity:
(v(x,t) = vp(x)) = 0 as x3 — Foo, (1.11)

where v,,(x) = (0,0, V,(21,22)) and the function V}, : ¥ — R is the solution of the problem
92V, + 93V, = \ = const, (x1,m2) € 3, Vp(z1,22) =0, (x1,x2) € OX.

To each value of A there corresponds a particular Poiseuille flow. To select one of them, it is more
convenient to use another parameter instead of A, namely, the fluid flow rate across X:

Q= /Vp(ml,mg)da:ldmg.
>

It is not difficult to see that

1
\ = —Q2/|V‘/p|2dx1da:2.

The problem of finding the functions v, ¢, and w that satisfy (1.2)—(1.11) will be called Problem A. We
have not included B(t) into the list of the sought-for functions because B(t) can be uniquely determined,
provided By, ¢(t), and w(t) are given. Note that h in (1.2) can also be uniquely found from ¢ because
h(0) = 0and h/(¢) = (0,0, {3(t)).

There are many papers considering the problems close to Problem A (see, for example, [1—9]). In
most of them, the flow region €2 either coincides with the entire space or is bounded. In the first case,
the velocity tends to zero at infinity, while in the second it vanishes at the boundary of the flow region.
Nonstationary problems of this type with a noncompact boundary and nonzero conditions at infinity
have not been studied by now. In[10, 11], the case of inhomogeneous conditions at infinity is considered
for the problem of an unbounded flow of a viscous fluid satisfying the Navier—Stokes equations and
streaming around a body. It seems that, for the first time, the problem in a domain with a noncompact
boundary (namely, in a cylindrical pipe) was under study in [12]. In this article the fluid flow is described
by the Stokes equations, whereas it tends to the Poiseuille flow at infinity. We prove the existence of
a stationary solution of the problem.

We consider a nonstationary version of the problem in a cylindrical pipe. The main result is formulated
in Theorem 1 which claims that a weak generalized solution of the problem exists at least until the first
collision of the body with the boundary of the flow region. Generally speaking, it can be shown by the
technique of [4] that the solution exists on an arbitrary span of time, while the collisions of the body
with the boundary are allowed. But, such a study would be rather sophisticated and lengthy, and its
significance would be questioned by the recent article [13] in which the impossibility of collisions is
proved, provided that the fluid flow is described by the Navier—Stokes equations. It should be noted that,
in that article, the body is a sphere and the boundary is a plane; thus this result cannot be applied to
our case. Nevertheless, this result most likely can be generalized (we would even say, for sure) although
the authors have not yet published any generalization. Since we are rather confident of the possibility of
such a generalization, we decided to prove the solvability of our problem until the first collision.

2. THE GENERALIZED STATEMENT OF THE PROBLEM AND THE MAIN RESULT
We define the velocity field in the entire domain €2 as follows:

a 1) = {v(x,t), x € F(t),
’ C(t) +w(t) x (x —x(t)), x € B(t).
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By (1.8), the field u does not have any discontinuity on S(¢). Moreover, divu = 0 in Q. Next, it is not
difficult to check that D(u) = 0in B(¢).

The converse statement is well known (for example, see [14]); namely, if D(u) = 0 in some domain of

the space R? then in this domain the field u is the velocity field of some rigid body motion. In accordance
with these requirements, we define the function spaces that the velocity field solving Problem A must
belong to.

Let the spaces of scalar and vector functions be denoted in the same way. For an arbitrary real number
a > 0, we define the domain Q, = ¥ x (—a, a). Let G be a domain in R3 that coincides either with Q or
with one of the domains 2,. Along with the classical Lebesgue LP(G) spaces and the Sobolev spaces
HY(G), we use the standard function spaces of mathematical hydrodynamics:

CP(G) ={ue C™(G) |divu=0 in G, u|p~, = 0},
L%(G) is the closure of C°(G) N LA(G) in L*(G),
H(G)is the closure of C°(G) N HY(G) in HY(G).
Moreover, we define the function classes related to the problem of the motion of a rigid body in a fluid.
For arbitrary domain Gy C R3, we consider the spaces
L%(G,Go) = {u € LL(G) | D(u) =0 in GynG},
Hy(G,Gy) = {ue€ Hy(G) | D(u) =0 in GoNG}.
These space were introduced and studied in [1, 3] (also see [4, 15]). Let us use the same norms on
L% (G, Gy) and Hi (G, Gp) as on L(G) and H'(G) respectively.
The norm on L?(£2) will be denoted by || - ||. As it follows from the Korn inequality, the norm on H1(G)
and H (G, Gy) can be equivalently given as ([, |D(u)|? dx) vz
I Go depends on time then denote by LP (0, T'; Hi (G, Go)) the set of functions from L? (0, T; HL(G))
which belong to Hx (G, Gp) for almost all ¢ € [0, T]. We use the same norms on these spaces.

Note that the velocity field of the Poiseuille flow belongs neither to L2(2) nor HL(Q); however,
it belongs to HL(Qq) for all > 0. Another important fact for us is that if w € H1() then

/w-egds:O, (2.1)
b

where X is an arbitrary section of €2 by the plane orthogonal to es.

The domain B(t) moves without deformation; therefore, there exists a family of orientation preserving
isometries Uy : R® — R3 such that U, s(B(s)) = B(t) for all s,¢ € [0,7]. It is not difficult to see that
x(t) = U (&) is a unique solution of the problem:

dx
dt

In order to describe the motion of the body, we will use the characteristic function ¢ of B(t); i.e.,
o(x,t) = 1iorx € B(t) and p(x,t) = 0forx € Q\ B(t). By (2.2), ¢ is the solution of the problem:

Op +div(u —h)p) =0,  o(-,0) = ¢°,

where ¥ is the characteristic function of By. It is immediate from the definition of Uy s that p(x,t) =

P (U, (x)) = p(Usi(x), 5).
We can also describe the density field in € in terms of ¢:

p(x,t) = prp(x,t) + pf(l —p(x,1)).

We are ready now to give the definition of generalized solution of Problem A:

=u(x,t) — h'(t), x(s) =& € B(s). (2.2)

Definition 1. Say that a pair of functions {u: Q x [0,T] — R3, ¢ : Q x [0,7] — R} is a general-
ized solution of Problem A on [0, T if the following are fulfilled:
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(1) p(+,t) is the characteristic function of B(t) C Q for all t € [0,T]; ¢ € C(0,T; LP(Q)) for all
p € [1,00); o ¢ w3 dx =0, where ¥ = (-, 0) is the characteristic function of By = B(0);

(2) for an arbitrary compactly-supported function n € C1(€2 x [0,T]) such that n(-,T) = 0, the
function ¢ satisfies the integral identity

T
//go((‘)m + (u—h') - Vn) dxdt = — / ©'n° dx, (2.3)
0 Q Q

770 = 77("0)’ h,(t) = (0’07 hg@))) h3(0) =0, hg(t) = |B(t)|_1 /@(X’t)u()gt) - e3dx;
Q

(3) there is a family of orientation-preserving isometries Uy s : R® — R? such that Uy (B(s)) = B(t)
forall s,t € [0,T];
(4)foralla >0

u € L®(0,T;L%(Q0)) N L*(0,T; Hy (R0, B)), (u—v,) € L*(0,T; HL()), (2.4)
and the integral identity

T
/ / (ou- (Op + (u— ) - V)gp) — 2uD(w) : D(%) + pe - 4) dxdlt = / Pud p0dx (25)
0 O Q

holds for an arbitrary compactly-supported function ¢ € W2(Q x [0, T]) N L*(0,T; Hx (2, B)) such
that 4 (-, T) = 0. Here, p° u®, and 4" are the initial distributions of the functions p, u, and 1,
respectively.

An analog of this definition in the case of a flow in bounded domain is a standard one by now. Its
substantiation can be found in the papers on this topic, for example, in [1, 4]. If {u, ¢} is a generalized
solution of Problem A then the functions v, ¢, and w appearing in the setting of the original problem
can be reconstructed as follows: Firstly, by Condition 1, for each ¢ € [0,T] the function ¢(-,¢) is the
characteristic function of a certain set B(t). Since u € L?(0,T; Hx (R4, B)), we have D(u(-,t)) = 0 for
x € B(t). Hence, there are functions ¢ : [0,7] — R? and w : [0,T] — R3 such that u(x,t) = ¢(t) +
w(t) x (x —x(t)) for x € B(t), where x(¢) is the geometric center of B(t), which, by Condition 2,
moves without deformation. Moreover, it is not difficult to derive from Condition 2 that {(¢) = d};it)

and w(t) is the angular velocity of B(t). We find the function v(-,¢) as the restriction of u(-, %) to the
set F'(t) = Q\ B(t). It is shown in [1, 4] that, if the so-defined v is differentiable with respect to time
and twice differentiable with respect to spatial variables then there exists a function p such that for all ¢
in the domain F'(t) the equations (1.2)—(1.4) are fulfilled. In this case, ¢ and w satisfy equations (1.5)
and (1.6).

[t may seem that Condition 3 in the definition is superfluous and follows from the fact that the
velocity field u(+, t) is a rigid body field on B(t). However, Condition 3 is necessary since the smoothness
required from u (Condition 4) does not allow us to uniquely determine the particle trajectories. Therefore,
generally speaking, nothing forbids the body to “disperse to dust” at some time. We can only show that
the body will not disintegrate into finitely many pieces. Condition 3 is just necessary in order for the body
to remain “solid” during the time interval under consideration.

The purpose of this article is to prove the following

Theorem 1. Suppose that (0° — v,) € L2(2), By C Q, and dist(Bo,T') > d.. Then thereis T > 0
such that a generalized solution of Problem A exist on the interval [0,T]. Moreover,

(1) T can be taken arbitrarily large if dist(B(t),T") > 6, for all t € [0,T];

(2) the isometries Uy s are Lipschitz continuous in t and s.
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3. PROOF OF THEOREM 1

We fix an arbitrary o, > 2diam By. In this case, B(t) C ), /5 for all £ > 0 since x moves orthogo-
nally to e3. Let v, be a smooth stationary solenoidal vector field in €2 such that

(1) 9p(3x) = V(%) in 2\ Qu;

(2) vp(x) =0forx €I

(3) vp(x) = 0forx € Q,, /5 such that dist(x,I") > 6, /2.
Obviously, such a vector field can be constructed.

Put w =u —v,. Then w — 0 as 23 — =o0; and, more precisely w € L*(0,T; HL(Q)) as follows
from (2.4).

Rewrite the equations from Definition 1 in terms of w. Since ¢v, = 0in €2, we simply replace u by w
in(2.3):
T

// (O + (w —h') - Vn) dxdt = —/gpono dx. (3.1)

0 Q
Then (2.5) looks as follows:

where

(w, ) —pf/w®\7p—|—\7p®w):D(1,b)dx,

- / - (o (B = 9,) - V)%, + pAV, + pg) dx,

b'(t) = (0,0,h3(t),  hs(0) =0,

B0 = BOI [etxwixn) eadx,  wd =¥,
Q

Note that |B(t)| = |By| for all ¢ > 0. We do not include v, into the list of arguments of ® and ¥ since
this function is fixed.

Let us consider ¥ in more detail. If |z3] > a, then v,(x) = v,(x) and, so, (b’ —v,) - V)v, =0,
whereas Av, 4+ pg = const e3. Owing to (2.1), we obtain

hos) = [ (ps (W = 5,) - V)%, + 0T, + pg) dx (33)

Given a natural number k > o, we consider Problem Ay in the domain €y, consisting in finding the
functions wy, and ¢y, vanishing in Q \ Q and satisfying the integral identities:

T
//gpk (8t17 + (wk - hﬁg) . V?]) dxdt = —/goono dx, (3.4)

0 Qp Qp
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/T/ (orwi - (O + ((wi — i) - V)4p) — 2uD(wy) : D()) dxdt
o T T
_ 0.0 0
+0/<I>(wk,1,b)dt—|—0/\11(hk,1,b)dt——Q/p w0 dx, (3.5)
hy () = (0,0, h5(t)),  haa(0) =0, k() =B /@k(xvt)wk(xyt) -e3dx,
Pr(x,1) = popr(X,t) + pp(1 — or(x, tg)))

The function w is the initial value of wy. Also, wY is zero in  \ Q4 and belongs to L% (). In addition,

we assume that w9 — w0 in L2 (Q) as k — oc.

Given k, we have a problem in a bounded domain with zero boundary conditions for the function wy.
Therefore, we can apply the well-known methods of[1, 4, 7] and prove that Problem Ay has a generalized
solution on [0, T] for k > a, having the properties:

(1) ¢(:,t) is the characteristic function of By(t) C €2y, /2, and there exists some constant C' such
that ||(pk||C(O’Tk;Lp(Q)) < Cforall k;

(2) there exist isometries Ut'fs Lipschitz continuous in ¢ and s such that By (t) = Ut'fS(Bk(s)) for all
t,s € [0, Tk];

(3) wi € L>(0,Ty; L2()) N L2(0, Ty; Hx (2, By)) and wy(x,t) = 0 for x € Q\ Q, for all k; (4)
there exists a constant C' such that for each k and almost all ¢t € [0, T;] we have

t

[P ax+ [ [ D@ dxds
Q

0 Q
t

t
§/|<I>(wk,wk)|ds—|—/|\If(hk,wk)|ds—|—0/‘Wg‘zdx. (3.6)
0 0 Q

The only restriction on T} is that dist(By(t),I') > d, for all ¢ € [0, T]. After (3.8), we will estimate the
value of T}, from below.

Since we will pass to the limit as k — oo, we need to deduce the estimates uniform in k from these
properties. All constants independent of & will be denoted by C.

Let us start with the function wy, using (3.6). Taking it into account that the values of the modulus
of vj, and all its derivatives up to the second order are bounded in €2, it is not difficult to see that

| D(wi(-,t), wi (1)) < Cllwi(-,)* + ;HD(Wk('7t))|’27

and, in view of (3.3), [ (hy(t), wi(-,1))| < C||lwg(-,t)||?> + C for almost all ¢ € [0, T}]. Inserting these
estimates into (3.6) and using the Gronwall inequality, we have

t
/|wk(-,t)|2dx+//|D(wk)|2dxds <cC (3.7)
Q 0 Q

for almost all ¢ € [0, T%].

For each k and almost all ¢ € [0, T}], the function wy(-,t) defines the velocity field of some rigid
motion on Bg(t), i.e., on the support of ¢ (+,t). Therefore, there exist x(¢) and wy(t) such that
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wi(x,t) = Crp(t) + wi(t) x (x — Xx(t)) for x € Bi(t), where x4(t) is the geometric center of By(t),

d% (1)

A Using (3.7), we can easily obtain

whereas (i (t) =

HCkHLOO(O,Tk) + HwkHLOO(O,Tk) <C. (3.8)

For this purpose, the integral in (3.7) should be taken not over the entire domain €2, but only over By.
We note also that hj4(t) = (x3(t), and so

0%l s 0.1,y < € (3.9)

[t follows from (3.8) that the geometric center of By(t) can move with the velocity not exceeding some
constant C independent of k. The angular velocity of the body is also uniformly bounded. Therefore, there
exists T > 0 such that

dist(Bg(t),T') > 4, for all t€[0,T] and k > a.

Since T' < Ty, for all k, estimates (3.7)—(3.9) are valid on [0, T]. It follows from (3.7) that there exist in
L>(0,T;L2(Q)) NL*(0,T; HL(Q)) a function w and a subsequence of the sequence {wy}, which we

again denote by {wy}, such that
wy — w x-weakly in L>°(0,7;L2(Q4)), (3.10)
wy, —w  weaklyin L*(0,T; Hy(Q4)) '

forall @« > ay as k — oo.

By analogy, (3.8) and (3.9) yield the existence of ¢,w,h’ € L*°(0,T') such that, again up to a subse-
quence,

¢ — €, Wi — W, . — h x-weakly in L*°(0,T).

In addition, h' = (0,0, k%), hl = (3, and hg(0) = 0. It is not difficult to derive from these relations that
X, — % in C%7(0,T) for arbitrary v € [0, 1), where X is some function acting from (0, T') to .

Since Ufy(€) is a solution of the problem

dUF
) ) )+ () % (UR(©) —%0). Uhol) = €
the sequence {Ut’fo} converges in C%7(0,T), v € [0,1), to the mapping Uy ¢ solving the problem:
au,
W) _ o)~ W)+ wlt) x o) ~ %), Uoo(6) =€

As follows from this equation, for each ¢t > 0 the mapping Uy is an orientation preserving isometry
of R3; therefore, the inverse mapping Uy is an isometry as well. Thus, for all ¢ and s the mapping Uy
is an orientation-preserving isometry. From the same equation, we deduce the Lipschitz continuity of
U in t and s. Moreover, it is not difficult to see that x(¢) is the geometric center of B(t) = Uy o(Bo),
dx(t)
t) =
¢ ="
We introduce the function ¢(x,t) = ¢°(Up(x)). It is clear that for each t € [0,T] this is the
characteristic function of B(¢) and ¢, — pas k — ocineveryspace LP(Q x [0,7]),1 < p < co. Passing
to the limit in (3.4), we find that ¢ satisfies (3.1). The convergence of {(y } yields the convergence of the
sequence {pg} to p = pp + ps(1 — @) in every space LP(2 x [0,T7]), 1 < p < oo.

, While w(t) is the angular velocity of B(t).

The strong convergence of {¢} in LP (€2 x [0, T7) yields another important fact. Since

T
/ / gOkD(Wk) dxdt =0
0 Q
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for all k, this equality also remains valid in the limit as £ — oo:

T
O/Q/gop(w) dxdt = 0.

Therefore, D(w(-,t)) = 0in B(t) and w € L*(0,T; H5(Qq, B)) forall a > av.

We will prove now that the limit functions satisfy the integral identity (3.2) for arbitrary 1 satisfying
the requirements of Condition 4 of Definition 1. To this end, we pass to the limit as £ — oo in (3.5).
Generally speaking, there is an extra difficulty in carrying out this limit transition that is typical for the
problems concerning the topic under consideration. The difficulty is that the test function ¢ depends on
the solution, to be more precise, on the domain B occupied by the body. On this set, 1 is subject to the
condition D(¢p) = 0. Thus, one more hidden nonlinearity is present in this integral identity.

We will overcome this difficulty as follows: First, we note that for arbitrary ¢ > 0 there exists k. € N
such that By (t) C [B(t)]. for all k > k. and all ¢ € [0, T, where [B(t)]. is the e-neighborhood of B(t)

in R3. This follows from the uniform convergence of Ut'fo to Uz,o. We put

K*(Qr) = {¢ € L*(0,T; Hx(Q, B)) | 0 € L* (2 x [0,T]), » =0 in Q\ Q. },

K2(Qr) = {¢ € L*(0,T; Hx(Q,[Bl)) | p € L* (2 x [0,T]),9p =0 in Q\ Qa}.
Note that

KZ(Qr) C KY(Qr), K*(Qr) = lin% K2(Qr)
E—>

for all & > v, under the condition dist(B(¢),I") > 0, ¢t € [0,T]. This equality means that for each v €
K% (Q7) we can find the functions 1. € K&(Qr) such that . — 1 in L*(0,T; HY(Q)) and dyape — Opap
in L2(Q x [0,7T)) as € — 0. The proof of these facts can be found in [1, 4, 7]. Fixing e > 0 and a > a

arbitrarily, we may take in (3.5) ¥ € K&(€2r) independent of k, for & > max{k., a}. In what follows, we
assume that ¢ € K&(Qr).

In (3.5), only the convective terms depend nonlinearly on the solution, namely,

/T/Pkwk- () + ((wr, — 1) - V)ap) dxdt.

Passage to the limit in other terms presents no difficulty. Since the sequence {py} converges strongly in
LP(Q x [0,T)), p > 1, it follows from (3.10) that

T T
lim // PEW - Oyt dxdt = // pw - Oytp dxdt.
k—oo J Q J Q

To perform passage to the limit in the remaining convective terms, we use the technique of [7]. We
need to apply for s € (0,1/2) the results that are proved for H% (24, B) in Sec. 7 of that paper. Recall
that s € (0,1) there. A useful property of the functions from these spaces is that they have no trace for
x3 = ta. In other words, C§°(Q,) is dense in H (2, B) for s € (0,1/2).

As it follows from (3.5) and (3.7), there exists some constant C' such that

T
//pkwk . aﬂ,b dxdt
0 Q

for all & > max{k., a} and ¢ € K&(Qr), satisiying the condition ¥ |,—o = ¥|.=r = 0. Since € can be
taken however small in the last estimate, the results of [7, Sec. 7] allows us to prove that w, — w

in L2(Q, x [0,T]) as k — oo for an arbitrary o > c,. Using this fact, it is not difficult to pass to the limit
in the convective term.

< Clllzaorm )
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Thus, (3.2) is valid for an arbitrary ¥ in K&(€27). Since ¢ is arbitrary and
lin% K2 (Qr) = K“(Q7),

this equation also holds for an arbitrary 4 in K(Q7). Owing to the arbitrariness of a, we conclude that
(3.2) is true for an arbitrary function 1 satisiying the requirements of Condition 4 of Definition 1. Thus,
Theorem 1 is proved.
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