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Abstract—Under consideration is the multiobjective version of the maximum cut problem. The
formulas together with the lower and upper exact bounds of stability radii are obtained for solutions
of this problem as well as for the various types of stability of the problem under assumption that the
Holder metrics are given on the spaces of a disturbing parameter. It is proved that the problem of
finding the radii of every type of stability is intractable unless P=NP.
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INTRODUCTION

Study of stability in multiobjective discrete optimization problems is carried out mainly in the two
directions [10]: qualitative and quantitative.

The qualitative direction focuses on generating the conditions under which the set of the effective
solutions to the problem has some inherent predetermined property that characterizes the problem
stability to small perturbations of the initial data. Several results in this direction correspond to finding
the necessary and sufficient conditions that guarantee various types of stability of the multiobjective
Boolean and integer problems with various optimality principles (for example, see [6]).

The quantitative direction is connected with obtaining some bounds of the acceptable changes in
the input data that preserve certain predetermined properties of optimal solutions (see [4,9]), and the
development of the algorithms for calculating these bounds (see [8, 12, 13]). The key concept here is the
definition of stability radius which implies the radius of the largest neighborhood of the initial data in the
parameter space of the problem for which every perturbed problem with the set of parameters from this
neighborhood is in some sense “close” to the original problem.

This article belongs to the field of quantitative research. We deal with finding a general approach
to study various types of stability of multiobjective combinatorial problems. This approach allows
us to describe various types of stability and quantitative relationships between them. In this paper,
we introduce some characteristics of the multiple-criteria maximum cut problem which show how two
feasible solutions can be “close” to each other in the sense of stability. Basing on these characteristics,
we formulate statements on stability radii. Also, we established the fact of intractability of the problem
of finding the radii of every type of stability in the case of PANP. Note that in [2] and [3] the problem was
under study of stability of solutions of the multiobjective version of the maximum cut problem in the case
of an unlimited region of admissible perturbations.
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528 KUZ'MIN
1. STATEMENT OF THE PROBLEM AND MAIN DEFINITIONS

Consider a simple connected marked (n,m)-graph G = (V, E) with the sets of vertices V =
{v1,v2,...,0,}, n >3, and edges E = {ej,ea,..., ey}, m > 2. Let a partition of V' be given into two
nonempty subsets S and S. Then the subset of the edges of G whose endvertices lie in different subsets
is called a cut of the graph and is denoted by (.5, .5).

[T to each edge {v;, v;} € E there is assigned a negative number wy; ;y, called the weight of {v;,v;},
then the single-criterion maximum cut problem of an undirected graph G consists of finding some cut
(S, S) such that the sum of all edge weights is maximized. This problem is easily reduced to a problem
of Boolean quadratic programming. Namely,to each cut (S,S) of G we associate the Boolean vector
r = (x1,72,...,2,)" € E" = {0,1}" with the entries

o 1, if v; €8,
"o, if v eS.

It is clear that, for every vector x € X = E™\ {0, 1}, there is a cut (5, S) with subsets S = {v; € V|
x; =1} and S = {v; € V | z; = 0}. In particular, (S,S) corresponds to 2 =1 —z € X. Thus, each
vector x € X can be naturally considered as a cut of the graph (or a feasible solution to the problem).
In what follows, we will call x € X a cut or a solution using these words as synonyms.

To obtain a multiobjective version of the problem, to each edge {v;, v;} € E we assign the vector

(wiigy whigys - ’wfz’,j})T’
where w’{fm} € Ry =[0,+00) is the weight of {v;,v;} corresponding to the criteria k € N,. According
to the enumeration of edges of G, from the m columns we form the matrix W = [w'{“i’j}] e RY™ with
rows Wy € R k € Ny ={1,2,...,s}. Itis easy that the quadratic function
fr(x, W) = Z w’fi,j}(mi — ;)
{vi,v;}€FE

on the set of cuts X is the total weight of the cut x by the criterion &. In result, we have the s-criteria
version of the maximum cut problem

ZE5W) s fla, W) = (fi(z, Wh), fo(m, Wa), ..., fs(z,Ws)) — max

consisting in the finding the Pareto set;i.e., the set of effective solutions (the effective cuts) P*(W') =
{z € X | Dom(z,W) = @}, where

Dom(z, W) = {2’ € X | f(z, W) < f(z/, W) & f(z, W) # f(z',W)}.

Since f(z, W) = f(x, W), wehavex € P*(W)ifand onlyif z € P*(W);so |P*(W)|is even. Consider-
ing the enumeration of edges of G, we continue to use a simpler method of indexing the elements of W;
namely, we assume that W = [wy;] € R{™. Then Wy, = (wg1, Wk, - - -, Wkm), kK € Ns.

2. VARIOUS TYPES OF STABILITY OF THE PROBLEM AND OF SOLUTIONS

We will study the various types of stability of Problem Z#(W) and its solutions to perturbations of
parameters (the elements of W) and the vector function f(z, W). For this purpose, on the spaces of
criteria R® and solutions R™ we define, in general, different Holder norms || - ||, and || - ||, respectively,
where p,r € [1,00]. Let us remind that the Hélder norm |- ||, of a vector z = (21, 22,...,24) of
dimension d € Nis

o | O |zilP, i 1 <p< oo,
[EERE R ,
1@(161]3\% |zi], if p=oc.
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A GENERAL APPROACH TO THE CALCULATION OF STABILITY RADII 529

On the space of solutions R™, together with the norm || - ||, we consider the dual norm || - ||,», where
r and 7’ are related by 1/r + 1/r' = 1. By the norm of a matrix W, we understand the norm of the
vector composed of the norms of rows of W i.e., |[W/|| = ||(||[Wi|lr, [Wallr, .., [Ws|lr)]lp. We will model
a perturbation of the entries of W by adding to W some perturbing matrix

UeQ(e)={UeR>*™ | W4+UeR™& Ul <e}, e>0.

In addition, we consider the five traditional types of stability of the problem [4, 6]:
Problem Z$(W) is called Ty -stable (strongly stable in terminology of [4]) if
E1={e>0|VU €Qe) (P°PW)NP(W+U) #02)} # 2,
T,-stable (strongly quasi-stable) if
Eo={e>0]|3* e XVU €Qe) (z" €e P(W+U))} # 2,
Ts-stable (stable)if
Es={e>0|VU €Qe) (PP(W+U)C P(W))} # @2,
Ty-stable (quasi-stable) if
Ex={e>0|VU € Qe) (PP(W)C P)(W+U))} #2,
and Ts-stable (stable) if
E5={e>0|VU € Q) (PP(W)=P(W+U))} # 2.

In what follows, we will denote the set of solutions to Problem Z*(W') which are not efficient (i.e.,

inefiective solutions) by P*(W) = X \ P*(W). Together with stability of the problem, the stability of
solutions is also under study (for instance, see[2, 6, 9]).

An effective solution 2° € P*(W) is called stable if
Op={e>0| YU €Qe) (' € PS(W +U))} # 2.
An ineffective solution 20 € P*(W) is called stable if
Op=1{e>0 | YU € Q(e) (2 € PP (W + 1))} # @.

Note that the relationships between the stability of the solutions of a problem of integer linear program-
ming (ILP) and its T5—T5-stability was established in [6]. In this article, we obtain similar relationships
between the radii of stability of Problem Z*(W).

Assume that sup @ = 0. The T;-stability radius p;(W) of Problem Z*(W') with ¢ € N5, we call
pi(W) = sup Z;. Let II be one of the sets P*(W) or P°(W). We call p(z°, W) = sup Or; the stability
radius of the solution x° € II of Problem Z%(W). By these definitions, the radius of T};-stability of
a problem is positive if and only if the problem is T;-stable; and the radius of stability of a solution
is positive if and only if the solution is stable. Note that if P*(W) = X then the sets Z; and =3 are
unbounded; therefore, p; (W) = p3(W) = 4+00. Owing to the definitions of stability radii of solutions
and problems, it is not difficult to understand that the following are true:

p1(W) = max{pa(W), ps(W)},  pa(W) = B p(z, W), (1)
p3(W) = merlglsi?w) plz, W), pa(W) = ze%lj% p(z, W), (2)
ps(W) = min p(z, W) = min{ps(W), pa(W)}. (3)
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530 KUZ'MIN
3. STABILITY RADII OF SOLUTIONS

Let us introduce the characteristics that indicate how “far” the two admitted solutions of Problem
Z*(W) are separated in the sense of a stability radius. Put

5*($7$/7 W) = (5I(1’,$,, Wl)v 65(1‘71;/7 W2)7 SRR 5:(1’,33‘,, WS))a
where % is either > or >,
St (z, o', W) = sup{e > 0 | Vu € Qi(e) (fe(x, Wi + u) * fu(z’, Wi +u))},

Q) ={ueR™ | Wp+ueR} & ||ull, <e}, k € N.
[t is obvious that, for every k € Ny,
(5%(3:,3:’, W) > 0 (z, 2", W) > 0. (4)

In Theorem 1 we reveal the specific content of 05 (z, ', Wy), k € Ny, for Problem Z*(W). The general
idea of this theorem is that the greatest perturbation of the inequality fx(z, W) x fi(2’, Wy) occurs when
the absolute values of certain entries of the vector u are as close to each other as possible.

In order to formulate Theorem | we introduce some notations: With every solution x € X and every
edge e; = {v;,v;} € E we associate the number y;(x) = |x; — z;|. It is easy that y;(x) = v (x). Given z
and 2/, put

O'(l‘, 1‘/) = (0'1(1‘, l‘/), 0-2(337 l‘/), SR Um($7 x/))T’
where o;(z,2") = v(z) —v(2'),l € Ny, Givenz € X, put N(z) = {l € Ny, | vi(z) = 1}. Let

N(xa xla O[k) = (:ul (.T, xla O[k), /’LQ(‘T7 {L',, Oék), cee 7,u’m(:1:7 {L',, ak))—l—a

where o, > 0 and

0, if 1€ N(z)\N(2') and wy < ag,

, [ € Np,.
o(z,2’), otherwise. "

' o) = {
If frr(z, Wi=) > fr=(2/, W) for some k* € N then N(z) € N(2'). Then the set N(z)\ N(z')
contains ¢ > 1 elements. For each k € N, arrange wy, | € N(z) \ N(z'), in nondecreasing order:

0 < wyyy, < wggy < -+ < wyy,. We assume also that wy;, = 0. Note that if fi(z, W) > fi(2’, Wy) then
forall i € Ny we have

¢
> Wi, .
Wiz, 2, w,) =i (t =i+ Dwy,
Wk, < , < , < , < Wi, -
(s 2"y wrr )l = (e, 2w )l = (e, 275wyl

Therefore, we have
Proposition 1. If fi(z, W) > fr(z', Wy) then there exists a unique index q € Ny such that
Wip(z, ', wp, )

Wit <
T (s o wr,) [

< Wi,

In what follows, we assume that ¢ = ¢(k) is the index defined by Proposition 1. Note that ¢ can also
be found from the equation

t

. W,
q:argmax{ ZJ_/Z ! |i6Nt}.
”,LL(.’L’,IL’ 7wkli)”l

Put
~ Wip(z, 2wy,

gr(z, 2’ i) =
T | e(, 2w, )|l
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A GENERAL APPROACH TO THE CALCULATION OF STABILITY RADII 531

and let VIN/;C be the vector with entries wy;, | € N,,, where

G- WKL if le N(z)\N(') and wg < gg(x, 2, 1),
M 0, otherwise.

Theorem 1. Given z,2' € X, k € N, and r € [1,00], we have
[ gn (.t (Well) e 7 S, W) > fi(a!, W),

op (@, ,Wy) =
P {0, i frle, Wi) < fir(a', W),

> / . ,
5]?(2:7:1:,,Wk) — {61{? (m7‘r7Wk)7 lf N(x) ’Z_BN(:L‘ )7
+00, if N(z)2 N(z)).

Proof. For brevity, denote |[(gx(z,2',7"), |[Will»)ll» by ¢. Let us consider the three possible cases:
Case I: N(z) 2 N(a'). Since fi(z, Wy) > fir(a', Wy) for every vector Wy, € R'?; therefore,

5,? (z,2',Wy) = +o0.

Moreover, if fy(z, W) = fr(2/, Wy) then, obviously, 6 (x,2’, Wj) = 0. Thereby, it remains to prove
that o7 (x,2’, Wy,) = ¢ for fi(x, Wi) > fr(2’, Wy). Note that in this event ¢ is the norm || - ||, of the
vector composed from the elements wy, I € N(z) \ N(2'). On the other hand, the vector u* € R™ with
the entries

ut = — Wik, it 1€ N('ZL‘) \N(l‘,),
! 0, otherwise

has minimal norm among all vectors w that generate the equality fi(x, Wi + u) = fr(2', Wi + u), and

this norm is equal to . Consequently, 6; (z, 2/, Wy) = @ if fu(z, Wi) > fr(a’', Wg).

Case 2: N(z) 2 N(«') and fi(x, W) < fr(2’,Wy). Then, obviously, &7 (z,2’, Wj) = 0; and if
Jr(x,Wy) < fr(2', W) then 5,? (z, 2", W) = 0. So, we need to show that for fi(x, W) = fr(2', Wy)
we have & (x, 2, W) = 0.

Let0 < A <eandly € N(a') \ N(z). Define the entries u}, I € Ny, of u* as

N A, b L=,
up = .
0, otherwise.
Then ||u*||, = A, u* € Q(e), and

fr(x, Wi +u*) = fir(z, Wi) = fr(a, W) < fu(@', W) + X = fr(a!, Wi +u").
Hence, foralle > 0, there is a perturbing vector u* € Qg (e) such that fi(x, Wy, + u*) < fr(2', Wy + u*);
ie., 5,? (x, o', W) = 0.
Case 3: N(x) 2 N(2')and fi(x, W) > fr(z', Wg). Note that in this case the sets N(z) \ N(z') and
N (2') \ N(z) are nonempty. Using this, prove that 6; (z,2’, Wj) = 5,? (x,2', W) = .
Consider the perturbing vector u* = u*(\) € R™ with entries u}()), I € Ny, such that

— Wi, if leN(x)\N(2) and w < gi(z,2’,1),
W) = —gg(z,2', 1), if leN(z)\N(z') and wy; > gg(z,2',1),

ge(x, ', 1)+ X, il 1€ N(a')\ N(x),

0, otherwise.
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532 KUZ’MIN

Then, given A > 0, we obtain
Wi +u*(\) € R, ()

Je(, Wi +u*) — fro(@', Wy +u*) = fo(z, Wi) — fr(a’, Wy)
q—1

= > wi, = grle, 7, (e, 2wl = AIN () \ N(2)]
i=0

= Wipl(z, o', wp,) — gi(2, 2", D|u(z, 2’ wi,) |l — AN (') \ N(z)].
Therefore, it A\ = 0 then fi(z, Wi + u*) = fr(2', Wi + u*); and, by N(2') \ N(z) # &, forall A > 0, we
have
fr(z, Wi, +u*) < fr(z/, Wy +u*). (6)

On the other hand, since gy (x, ', 1)||p(, 2', wir, )|l» = gr(z,2",7"), we find

e Ol = | (gn . 2" Dl 2 wia ) Wil |, = -
).

Moreover, it is clear that, for all e > ¢, there is A* > 0 such that u*(\*) € Q(e

Hence, taking into account (5) and (6), we conclude that for every € > ¢ there exists u* € Qi(¢)
generating the inequality fi(x, Wi + u*) < fr(z/, Wi + u*).

Consequently, 5,? (z, 2", Wy) < p, which, by (4), implies

5k>(ajax,7Wk) < 5%(1’,33,, Wk’) <.

[t remains to show that 5,? (z,2', W) > 0F (x,x',Wy) > . For this purpose, owing to (4), it suffices
to prove that &; (z, 2", W) > ¢. Since for r = 1 (i.e., in the case of metrics || - [[; on R™) we have

o = | (Wi, 2’ wa, ), (Wil = frolz, W) — fala’, Wi);
therefore, for every u € Qi () we infer that

Ji(@, Wi +u) = fi(a!, Wi +u) = fio(z, Wi) — fi(a', Wi) + fi(2,u) — fi(2',u)
> fr(a, Wi) — frla', Wi) — [lully > filz, Wi) = fr(a', Wi) — ¢ = 0.
Consequently, 67 (z,2’, Wy) > @ forr = 1.

We now prove the inequality 67 (z,2’, W) > ¢ for 7 € (1,00]. Suppose the contrary. Among all
u' € Q) satistying fi(z, Wi, + ') < fr(z', Wy, + u'), we choose u® having the minimal norm.

Moreover, without loss of generality, we assume that ) <0 forl € N(z)\ N(z'), while u{ > 0 for
[ € N(2') \ N(x);since, otherwise, it can be replaced by the elements of opposite signs, preserving both
the vector norm and the inequality fi.(z, Wy, + u°) < fu(2’, Wy 4+ uP).

Let @0 be the vector with entries uloi, i1€{0,1,...,q— 1}, where u?o equals zero. Let u° be ob-
tained of the vector u® whose all entries uloi with i € N, are replaced with zeros. Then [u®|, =
I (1@° |-, ||@®]|,)|| -, and therefore, since ||u®||, < ¢, at least one of the inequalities ||a°||, < gr(x,z’,7")
or [|@®]], < [|[Wp]|» has to be true. However, the first one is not available. Moreover, we have

1@ > gi(a,’, ") (7)

because otherwise, by the Holder inequality, we deduce

[y

fk(aja Wi + uO) - fk($/7 Wi + UO) = (wkli + ug) + (Wk + ao)lu(l‘vxlvwqu)
i

q—1
> (wg, + up)) + Wep(e, o' wig,) — 12°0 (2, 27, wig, )] > 0.

Q

Il
o

~
Il
o
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Inequality (7) indicates that there is some h € N,_1 # @ such that “zoh > —wyy, ; and, among the entries

of °, there is at least one with the absolute value greater than gy (z, 2’,1). Let M be the set of the entries
of @° with the maximum absolute value. To each of these elements, we add or subtract some o > 0
so that their absolute values decrease; however, they still belong to M. Then u?h reduces by /3, where

0< B < wy, + u?h. Hence, we can construct the vector u* = u*(«, 3). Since wy, < gr(z,2’,1), we
can choose « and 3 so that

[wllr > lu*lles frlw,u®) = fula!,u®) > fule,u*) = fr(@ 0.
This means that u* satisfies fi,(x, Wy, +u*) < fr(z', Wi, + v*) and has a norm less than that of u°. This

contradiction has convinced us of the validity of inequality 67 (x, ', Wj) > ¢ forr € (1, o).
The proof of Theorem 1 is complete.

Given some real y € R, put [y]* = max{0,y}.

Note that in some cases, the formula of 67 (z, 2, W}) is essentially simplified. In particular, the two
corollaries are valid:

Corollary 1. If each row Wy, k € Ny, of the matrix W consists of equal numbers then
[Wio(z,2")]*

5k>($,x’,Wk): lo(e. )

Corollary 2. /f R™ is endowed with the norm || - || then, for every k € N5, we have
67 (z, 2!, Wy) = [Wio(z,2')]T.

The connection between the values 6;(x, 20, W3), k € Ny, and the stability radii of the solutions of
Problem Z#(W) is described by the following easy verifiable statements:

Proposition 2. Let 20 € P*(W). Then

W)= min 6@, W),
zeX\{z0,20}

Proposition 3. Let z° € P°(W). Then

0 i in 6= 0 > 0
v, W) > max mln{mmd— z, 2, W), |67 (x,2°, W }
Al ) zeDom(z0,Ww) kEN, k( ), 1167 ( )||p

We have to note that, from a theoretical point of view, the determination of the stability radius of an
effective solution is simpler than in the case of an ineffective solution. This is caused by the fact that for
loss of optimality of an effective solution of the original problem Z*(1) it suffices to have one dominant
solution of the perturbed problem Z*(W + U). But an ineffective solution of Z*(WW') becomes effective
only if all its dominating solutions ceased to dominate in the perturbed problem Z*(W + U).

Of course, this remark is true not only for the problem under study, but also for every general
multiobjective optimization problem with a Pareto optimality principle. That is why most results on
determination of the stability radius of the effective solutions (as well as the To- and T4-stability of
a problem) are exact formulas (for instance, see [2] and [9]), while the results on the T3-stability of the
problem have only achievable estimates (for example, see [3] and [4]).

It is obvious that the effective solution 2 has the infinite radius of stability if and only if N (z%) D N(x)
forall z € X;i.e., the cut 2% contains all edges of the graph. It means that the infinite radius of stability

can only be in one pair of effective solutions: 2% and 29, and this is possible only in a bipartite graph. The
ineffective solutions always have finite radius of stability. Moreover, we have

Theorem 2. Let 2° € P*(W) and let at least one solution x* € X be such that N(z°) 2 N(z*).
Then p(z°, W) < [[W||.
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534 KUZ’MIN

Let z° € P*(W). Then p(x°, W) < ||W|. Moreover, if for every solution x € Dom(z", W) we
have N (z") 2 N(z) then

0 .
W) < Will,.
p(x, )—;?é}ﬁ” Kl

Proof. Considerz% € P*(W). Since N (z°) 2 N(z*), there exists some I* € N(z*)\ N(x°). Therefore,
it is possible to construct the perturbing matrix U? = U°(\) with the entries
WO A—wy, i 1=10* ke N;,
MU —w, i 1€ Ny \ {I*}, k€ N..
Then, for every A > 0, we have
Fr(@ Wi+ UR) =0 < A= fi(z*, Wy, + U)
foreach index k € Ns. These show that z° & P*(W + U?). Itis also easy that, forevery e > ||W ||, we can
find a positive \* such that U*(\*) € Q(¢). Thus, p(z°, W) < [|[W]|.

Let 20 € P°(W). The inequality p(z°, W) < ||[W|| is easy to check if we take —W as the disturbing
matrix U. It remains to consider the case when, given an arbitrary solution = € Dom(2?, W), we show
that N(2°) 2 N(x).

Let k* € N; be the index at which the minimum of |||, is attained. Let us construct the perturbing
matrix U* = U*(\) with entries

—wp + A, il 1€ N@%), k=Fk",
Up = § —Wg, if 1€ Ny \N(@°, k=k",
0, otherwise.
Then 20 € PS(W + U*(\)) for every A > 0. Moreover, it is obvious that, for every
e > min ||Wg]|,,
kEN
there is some positive A* such that U*(\*) € Q(e). Consequently,

0 .
W) < W .
p(z”, W) < knel}\I}S Wl

The proof of Theorem 2 is complete.

4. STABILITY RADII OF THE PROBLEM

Using Theorems 1 and 2, Propositions 2 and 3, together with (1) and (2), it is easy to obtain the
following formula and estimates for the radii of 77 —T75-stability of Problem Z*(W):

Theorem 3. Let P*(W) # X. Then
W) > max min |62 (z, ', W)||,,
POV mae min 5 W,
p1(W) > min max min 5,? (a2, Wy).

o zeP*(W) :c’EDOH’l(z,W) keNs

Wherein py(W) = +oo if and only if for every x € P*(W) there exists x* € PS(W) such that
N(z*) D N(z). Otherwise, py(W) < |[W]|.
Theorem 4. We have
pa(W) = xerlg?(}lslf) :c’e)r?\ig’v,x} 6%, Wl
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Moreover, pa(W) = +oo if and only if there exists x° € P*(W) such that N(z°) D N(z) for all
x € X. Otherwise, po(W) < ||[W||.

Theorem 5. Let P*(W) # X. Then ps(W) < ||W|| and
p3(W) > min max min m1n5 2 x, W), 167 (2, 2, W .

W)z min e oin{ s 67 (0 W, 157 (2 W)l

Moreover,
(V) < min Wi

if and only if there is a solution x* € P*(W) such that N(z) 2 N(z*) for all € Dom(z*, W).
Theorem 6. We have
pa(W) = xerlglj?W) :c’e)r?\ig’m:c} ||52(33,33’,W)||p.
Moreover, py(W) = +oc if and only if P$(W) = {2°, 20} and N(2°) D N(z) for all x € X. Other-
wise, pa(W) < [[W]].
Note that, by (3) and Theorems 5 and 6, it is also easy to obtain some estimates for the radius of
T5-stability of Problem Z*(W).

Note also that, in Theorems 3 and 9, instead of Dom(z, W) we can use Dom(z, W) N P*(W), which
does not change the values of the lower bounds for the corresponding radii of stability, but may decrease
combinatorial exhaustion in their calculation.

If P$(W) = {2° 20} then we can specify the exact formulas for all types of stability of Prob-
lem Z#(W). Since in this case the radii of 77 -, T5-, and T-stability are equal; therefore, by Theorem 6,
we have

Corollary 3. If P$(W) = {2°,29} then
pr(W) = pa(W) = pa(W) = p(a®, W)= min [|6 (", 2, W)]|,.
z€X\{x0,20}

Corollary 4. If P$(W) = {20, 20} then

ps(W) = ps(W) = min min{mln5 (20, z, Wy), ||5>(ac0,ac,W)||p}.
zeX\{z0,z0} kEN,

Proof. For brevity, denote the right-hand side of the formula of Corollary 4 by 4. By the definitions of
6> (20, 2, W) and 5 (29, 2, W},), we have f(z, W +U) # f(2°, W + U) forevery x € X \ {z°,29} and

every perturbing matrlx U € Q(v); and the inequality fi,(x, Wy, + Ui) > fi(2°, Wy, 4+ Uy) is false for any
k € Ns. Therefore, p3(W') < 1), which, by Theorem 5, gives p3(W) = .

On the other hand, owing to Corollary 3, it is easy that ps (W) > 1. Thereby, it follows from (3) that
p3(W) = ps(W). This completes the proof.

In the single-criterion case, Theorems 4—6 turn out into the following propositions:

Corollary 5. Let s = 1. If there exists the solution ° € PY(W) such that for every x € PY(W)
the inclusion N(x°) D N(x) is true then

0<po(W)=p", W)= min 62z, z, Wy).
xzePL(W)

Otherwise, p2(W) = 0.
Corollary 6. Let s = 1 and PY (W) # X. Then

0 < min max 07 a:/,x,Wl < p3s(W) < ||We||y-
s 67 ) < pa(W) < 1]
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Corollary 7. Let s = 1. If PY (W) = {29, 20} then
0< ps(W)=p’, W)= min 512(330,33,W1).
zeX\ {2920}
Otherwise, ps(W) = 0.
By Corollaries 6 and 7, we conclude that p3(W) < ps(W) for PL(W) = {20, 29}. Therefore, we have

Corollary 8. Let s = 1. If PY(W) = {2, 20} then

0<ps(W)=min 67"z, W) < ||Wi,.
ze€X\{z0,20}

Otherwise, ps(W) = 0.

Let us note that all results of Sections 3 and 4 are valid also for Problem Z; (W), where W € R**™,
with the set of perturbation matrices

Q(e) ={U e R™*™ | |U|| < €}
and the particular criteria of the form MAXSUM MODUL:

Jr(z, W) :zezjv: |wi |z — ma, k€ N;.

5. COMPLEXITY OF CALCULATION OF STABILITY RADII

Following[1], we call a problem intractable if there is no polynomial algorithm of solution. In[13], the
single-criterion problem was considered of finding some acceptable changes of the edge weights under
which the optimal solution selected in advance remains optimal. It was proved that, for a wide class
of combinatorial problems assuming P#NP, it is impossible to construct a polynomial-time algorithm
for finding these acceptable changes. We show that, despite the fact that the stability radii give less
information about the tolerance of the edges, the problem of their finding is intractable for P#NP either.

Let Z1(1) be some single-criterion problem of searching the maximum cut in the graph G whose
each edge has unit weight. It is well known that Problem Z!(1) is NP-hard. Moreover, in [11], the NP-
completeness is found of Problem Z{ (x, 1) inverse to Z1(1) and consisting in verification whether this
cut  be maximal.

The following algorithm shows how we can find a solution of Z!(1) by calculating the stability radii of
optimal solutions for the sequence that consists of at most m? Problems Z!(W). During the execution
of the algorithm, the edge weights will be modified until each of them becomes equal 1. Let us denote
this variable vector of weights by w.

Algorithm 1. The reduction of Problem Z'(1) to the problem of finding the stability radius of the
optimal solution.

Step 0. Choose a cut 2° such that
Vo € X (N(z) 2 N(29)). (8)
If N(2°) = N,, then Problem Z!(1) is solved and z° is its maximum cut.

Step 1. Put the weights of the edges of the cut 2° equal to 1, and the weight of the other edges, 0 (in
this case, p(z%, w) will be positive).

Step 2. 1i p(z¥,w) > 0 and there is at least one edge of zero weight in Problem Z!(w) then pass to
Step 3; otherwise, to Step 4.

Step 3. Choose arbitrarily an edge with zero weight and give it the weight equal to 1. Pass to Step 2.
Step 4. If there is no edges with zero weight in Problem Z!(w) then Z!(1) is solved and z° is
a maximum cut.
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Step 5. Choose arbitrarily an edge e with zero weight. Verify whether increasing the weight of e to 1
implies the optimality loss of the cut 2% or not. If yes, then pass to Step 6. If not, then put the weight of e
equal to 1 and go to Step 4.

Step 6. Assuming that the edge e has weight 1, we find a new maximum cut z*. Then the weight of
all edges of this cut (including the edge e) put equal to 1. Renaming z* by x°, pass to Step 2.

The estimates for the stability radii in Propositions 2 and 3 allow us to conclude that if the edges of the
graph have weights 0 or 1 then any positive stability radius is at least 1/m for any norm || - ||, 7 € [1, o0].
This we will use in the proof of Theorems 7 and 8 without further notice.

Theorem 7. For every norm || - ||, on R™, Algorithm 1 solves Problem Z'(1) with O(m?*¢)
operations, where O(() is the complexity of calculating the stability radii of an optimal solution.

Proof. First of all, we verify that Step 0 can be performed in every Problem Z!(1); in other words, it is

always possible to choose some cut 2V satisfying (8). To this end, select in G a spanning tree T and paint
all its tops with white and black colors. Let each vertex obtaining odd label by searching in the width be
painted white, and each vertex with even label, with black. Such a partition of the graph vertices defines

the cut 20 that contains all edges of T' (among them). Moreover, each cut z € X \ {2°,2°} defines
repainting of the tops such that at least one edge e of the tree T is incident to the two vertices of the
same color. This means that e is not included into the cut z. Thus, the cut 2 is not included in any other
cut as proper subset; i.e., 29 meets (8). At that, Step 0 can be done in O(m) operations.

Implementation of Steps 1—4 does not cause difficulties. Let us show now how we can perform
Step 5. Let w? denote the vector of weights of the edges which are formed by time of Step 5 execution;
and let w' be the vector w® in which we assume the weight of the edge e to be 1. At the same time
p(z%,w") = 0. We have to check whether the cut z° € P!(w?) is maximal in Problem Z'(w'). Since
Step 3 was still performed at least once, there is m’ > 1 edges with weight 1 not belonging to 2°. We
decrease the weights of all such edges by 1/2m. Then, since 2° satisfies (8); by Proposition 2 the stability
radius p(z°, w) is positive. Calculate p(x°, w). Then we will increase the weight of e by 1/2m step by step
until the stability radius be reduced or the weight of e be greater than m’/2m.

Consider the two possible cases: Note that, since p(z°,w®) =0, by Proposition 2, the set of
equivalent solutions Q(z°, w®) = {z € X | f(2°,w®) = f(x,w°)} includes some cut different from 2°
and z9.

Case I: The weight of e became equal to m//2m, and the stability radius did not change. Then the
edge e does not belong to any cut of Q (2, w®). Therefore, the increase of the weight of e to 1 will preserve
the inequality f(2°, w) > f(x,w)forallz € X. Thus, the cut 2° is still maximal in Problem Z*(w!). Put
w equal to w' and go to Step 4.

Case 2: The weight of e became equal to m*/2m < m’/2m, and the stability radius decreased.

Then e belongs to at least one cut of Q(z°, w®) \ {2, 20}. Hence, every increase of the weight of e
in Problem Z!(w?) results in the optimality loss of 2°. Go to Step 6 without any modification of w.

[t is easy that Step 5 can be done in O(m() operations.

Finally, let us discuss the execution of Step 6. If we came to this step then the cut 2° is not maximal
in Problem Z!(w!) anymore. Show how we can find a new maximal cut z* in this event. Even so, we
will keep the optimality of 2°.

Attach the weight (m* —1)/2m to e and keep the weights of all other edges the same as after
execution of Step 5. Since e belongs to every maximal cut in Problem Z!(w!), we include e in z*.
Thereafter, we will check each of the edges ¢’ € E \ {e} whether it belongs to z*. To this end, we will use
the next property of Problem Z!(w): Let the edge e’ belong to maximal cut in Problem Z!(w!). Then
a sufficiently small increase of its weight implies some decrease of the stability radius p(2°, w) if ¢’ did
not belong to 2. Otherwise, the stability radius p(2°, w) remains the same.
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First, we check the edges that do not belong to 2°. If the stability radius decreases under increasing an
edge weight by 1/2m? then we include this edge into z* and keep its weight increased; and if the stability
radius does not change then we return the initial weight to the edge and do not include it into z*.

Next, we check the edges of the cut 2°. If the stability radius does not change under increasing an
edge weight by 1/2m? then we include this edge into * and keep its weight increased; and if the stability
radius increases then we return the initial weight to the edge and do not include it into z*.

It is easy to understand that the cut z*, obtained in result of checking all edges from E'\ {e}, is
maximal in Problem Z!(w!) and it is not included in any other cut as a proper subset. Therefore, we can
use z* further as the cut 2° in Algorithm 1. Obviously, Step 6 can be done in O(m() operations.

When all edges gain weight 1, we will find a maximal cut in Problem Z!(1). Since at least one of
the edges gains weight 1 under transition from the step with a higher number to the step with a lower
number, such a transition will be done at most m times in the process of Algorithm 1 execution. [t is easy
to see that the most time-consuming stages of Algorithm 1 are Steps 5 and 6 of complexity O(mJ().

Thus, Algorithm 1 has complexity O(m?2¢).
The proof of Theorem 7 is complete.

Corollary 9. If P#NP then the problems of finding the radii of Tx-, Ty-, and Ts-stability of the
single-criterion Problem Z'(W) are intractable.

Indeed, by Theorem 7, to prove Corollary 9 we have only to ascertain that in Algorithm 1 we can use
p2(w), pa(w), and ps(w) instead of p(x°,w). Obviously, the cut 2° meets the condition (8) and none of
the maximal cuts z € P1(w) \ {z°, 20} is included into 2°. Therefore, owing to Corollaries 5, 7, and 8,

we conclude that
0

p(z”,w) = pa(w) = pa(w) = ps(w).

The next algorithm shows how we can solve Problem Z! (x,1) by finding the stability radii of the
nonoptimal solutions for a series of at most m Problems Z!(W). Over the execution of the algorithm,
the weights of the edges will be modified until each of them becomes equal to 1. As before, we will denote
this varying vector of weights by w.

Algorithm 2. Reduction of Problem Z! (z,1) to the problem of finding a stability radius of a nonop-
timal solution.

Step 0. If cut 20 includes all edges of the graph then 2° is maximal. Stop.

Step 1. To each edge of 20 we attach the zero weight, while to each of the other edges, the weight 1.

Step 2. 1 there is at least one edge with zero weight in Problem Z (z,w) then go to Step 3.
Otherwise, z¥ is nonoptimal.

Step 3. Choose an edge e of zero weight and attach the weight 1 — 1/2m to e. If p(z°, w) < 1/2m
then 2V is the optimal cut. If p(2°, w) > 1/2m then go to Step 4.

Step 4. Attach the weight 1 to e and go to Step 2.

Theorem 8. Given an arbitrary norm || - ||, on R™, Algorithm 2 solves Problem Z} (z,1) in
O(mn) operations, where O(mn) is the complexity of finding the stability radius of a nonoptimal
solution.

Proof. Skip the trivial case when z° includes all edges of the graph and assume that, running
Algorithm 2, we come to Step 3. Let w* denote the vector of the edge weights obtained if the weight

of the edge e is 1 — 1/2m and let w! be the vector w* in which the weight of e is 1.

It is easy that 2° cannot be maximal in Problem Z! (x,w*). However, if 20 becomes maximal
in ZL (z,w') then its stability radius is at most 1/2m since, otherwise, the increase of the weight of e to 1
would keep the cut 2% nonoptimal. Thus, 2° € PY(w?) if and only if p(2°, w*) < 1/2m holds at Step 3.
Moreover, obviously, further change of the zero weights to the unit values does not lead to the optimality
loss of the cut z°. Hence, if p(2°, w*) < 1/2m then z° is the maximal cut in Problem Z} (z,1).

[t is clear that Step 3 can be done in O(n) operations, and Algorithm 2 itself, in O(mn) operations.

The proof of Theorem 8 is complete.
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Note that, by analogy with Algorithm 2, it is rather easy to construct an algorithm for reducing
Problem Z! (x,1) to the problem of finding the radius of T} - or T3-stability.

Summing up all the above, we conclude that, under assumption of P#NP, the problem of finding
some of the stability radii of Problem Z!(W) on maximal cut of a graph is intractable. The same can be
proposed for the s-criteria Problem Z*(W) (s > 2) since finding the stability radii of Z*(W) is not easier
than in the case of the single-criterion Z'(W). In particular, given an arbitrary stability radius, it is easy
to provide a bijective correspondence between the single-criterion and multi-criteria problems such that
the information on the stability radius of the multi-objective problem guarantees the information on the
stability radius of the single-criterion problem as well. For instance, given a single-criterion problem,
if we add to it arbitrary many criteria with all edges of zero weights then the sets of optimal solutions
and the radii p1 (W), p2(W), pa(W), and the stability radius p(x°, W) of the optimal solution z° for the
single-criterion and multiple-criteria problems coincide.

Thus, for the single-criterion and multiple-criteria problems of a maximal cut of a graph, it is highly
improbable that any polynomial algorithm exists for computing an arbitrary stability radius. Therefore,
the prospective directions for constructing some efficient algorithms computing the stability radius of
Problem Z*(W), s > 1, could be approximate probabilistic and genetic algorithms. Some progress is
also possible by reduction of the definition of stability radius by analogy to [5, 7], for example.
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