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In this paper, we present some new identities and representations for solutions to the second-order
differential equations that generalize those available[1-3] and go on with the study of the general problem
(formulated in [2]) of the constructive construction of partial differential equations from a given class of
functions determining the solutions of these equations (see also [1—7]).

Theorems 1—3 of the article are directly related to the Hopf—Cole transformation which makes it
possible to obtain some multidimensional representations of the solutions and coefficients of Burgers-
type nonlinear equations. Theorem 4 is a new version of the application of a fundamental system of
solutions to a second-order linear ordinary differential equation with variable parameter for obtaining
a representation of the solution and the coefficients of a second-order multidimensional equation with
considerable arbitrariness.

We first give results for a Burgers-type multidimensional equation with parameter p applying the
Hopf—Cole transformation and its generalization. As is known [8, 9], the Hopf—Cole transformation
consists in that if a function F'(y, t, p) # 0 is a solution to the parabolic equation with parameter p

OF  O°F
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F
then the function w(y, t,p) = —2p gy /F satisfies the nonlinear Burgers equation

ow 0w Cw ow
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with the same parameter p. Note that the variable parameter makes it possible to obtain, as p — 0,
solutions to the classical Hopf equation
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which is important for applications.
Suppose that a;j(x,t), a;; = aji, are continuous functions ¢,5 =1,2,...,n, x € D C R", and
to < t < t1, where D is a domain in the real Euclidean space R™.
A generalization of the Hopi—Cole transformation to the multidimensional case is given by

"E-mail: anikon@math.nsc.ru
“E-mail: ayupova@math.nsc.ru

11



12 ANIKONOV, AYUPOVA

Theorem 1. Let F(y,t,p) # 0 be a solution to the parabolic equation with parameter p
OF  0°F
or ~ P oy

and let v(x,t) be a twice continuously differentiable function such that
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y € R", to <t <ty,

which is arbitrary in all other respects. Then

oF
w(z,t,p) = —2 F
(x,t,p) p ay/

satisfies the following equation independent of F':
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The proof is immediate from the following relations obtained by the representation

oF
w(y,t,p) = —2 F
(y.t,p) pay/

y=v(z,t)
2

F_
ot — o2
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ot __2p<8y2 ot +8y8t>/F+2p<8y ot 8t> ay/F’
w ’F OF\? / o\ ov
or; <_2p8y2/F+2p<8y> /F)aa:i’

dw  2p OF PF OF\* / o\ dv
w&ni__F oy <_2p8y2/F+2p<8y> /F ox;’

w % O%F OF\? /|
Ox;0x;  Oz;01; (—2]) 0y? /F +2p <8y> /F

with account taken of the equation and the equalities

PF PFOF | OF\® / 5\ ov dv
+<_2p8y3/F+6p8y2 8y/F _4p<8y> /F D D,

(1)

For a;; = 6;5, n =1, and v(z,t) = z, from equation (1) we obtain the one-dimensional Burgers

equation. Assume in what follows that

= ov Ov "
Za”(l‘?t)axzaxj#ov xEDCR ) t1<t<t2,
2,7=1
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THE HOPF—COLE TRANSFORMATION 13

without further specification. Of interest are the more general solutions w; namely, if we suppose that
w(z,t,p) is the root of the equation
F
g(w(z,t,p),p) = —Qng /F

)

y:v(x7t)

where g(z,p) is a twice continuously differentiable function, aZ(z,p) # 0, and F is three times con-

tinuously differentiable then equation (1) has a substantially nonlinear and more general form which is
convenient for applications.
We have

Theorem 2. Suppose that g(z,p) and v(z,t) are twice continuously differentiable functions,
while F(y,t,p) # 0is an arbitrary three times continuously differentiable function,

a<p<f, z e RY, y € R, zeDCR", t <t<ts.
Then the function w(x,t,p) that is the root of the equation

oF
w(x,t,p),p) = —2 F
g(w(z,t,p),p) pay/

y=v(z,t)
satisfies the equation
n n
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2 Qi \Ts ) gy oy 0t — P 2. Aij LT 895895 n
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* u Z akl(w’t)aaj oz
> ag(z,t) 50 o k,i=1 S
ij=1 v
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g.(w,p) oy \ ot~ P oy oy ot P oy

F
Proof. Differentiating g(w(x,t,p),p) = —2p8 F , we infer
9y y=v(z,t)

Jow  (PF /. (OF\? [ ,\ov _ (0*F | OFOF |,
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/ Vi _ _ 3
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— (?92];/ < >2/F2> 8332833] (%)

Inserting (3)—(5) into (2), we prove Theorem 2.
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Theorem 2 obviously implies

Theorem 3. Suppose that g(z,p) and v(z,t) are twice continuously differentiable functions,

F  9*F
g.(z,p) #0, and F(y,t,p) # 0 is a solution to the parabolic equation ot :pay2. Then the
function w(zx,t,p) that is the root of the equation
oF
g(w(m,t,p),p) = _2pa /F 9
Y y=v(z,t)
satisfies the following equation with the coefficients independent of F':
- v Jv dw g’ (w,p) — ow Ow
a;i(x,t =D a;qi(x,t
]ZZ:I @) o 0m; ot P gl (w, p) ]Zzl 1@ o, 1,
- 0w - ow Ov
iJ 7t - ) i at
+p Z CZ](ZL‘ )c%czc‘)xj g(w p) Z Cl](l‘ )8.%1 83;]-
5,j=1 1,j=1
> ai(@, )5y o 5~ X ai@ g |
ij=1 ) ij=1 e ow Ov
+ n e o akl(m’t)&nk .
z aij(ac,t) dx; dz; k,l=1

ij=1

Now, consider the questions of using the fundamental systems of solutions for representing the solu-
tions and coefficients of the second-order multidimensional evolution equations. To this end, consider the
second-order linear ordinary differential equation with meromorphic coefficients and variable parameter
p=>0:

F'(2) + b(2)F' + (pa(2) + c(2))F(2) = 0. (6)

Let Z1(z,p), Z2(z,p) be a fundamental system of solutions to (6). Give an example of constructing
Z1(z,p) and Zs(z, p). Consider the hypergeometric equation

z2(1=2)F"+(y—(a+p+1)2)F —aBF(z) =0, v >0, (7)

with the fundamental system of solutions Z7 and Z5 [10]:

_ I'(y) 2 I'a+ k(B +k) 2>
Z]_(Ol,,B,’Y, Z) - F(OZ)F(B) kZ:;) F('Y“‘ k) k"’ ‘Z| < 17
ZQ(OQBa’Ya Z) - Zl_’yZl(a - + 175 - + 172 -7 Z)7 |Z‘ < L.

If in equation (7) we assume the parameters v = ag > 0 and —(a + 3+ 1) = by to be fixed and the
values —a8 = p > 0 to be variable then, for z # 0 and |z| < 1, equation (7) can be rewritten as

boz P
Py 0t 0% F(z) =
+ z2(1—2) * z2(1 —2) () =0
for
. ag + boz . 1 .
b(Z)— Z(l—Z)’ a(z)— Z(l—Z)’ C(Z)_O

with the explicitly computed Z;(z, p) and Zs(z, p).
As above, denote by a;j(z,t), v(z,t), a;j = aj;, € D CR", and t; <t <ty respectively the
continuously differentiable functions with the condition

- ov Ov

1,j=1
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and designate as Q(p) and R(p) with p > 0 the integrable functions decreasing at infinity rapidly enough.

We have

Theorem 4. Suppose that the function

w(z,t) = /[Q(p)Zl(v(a;,t),p) + R(p)Za(v(z,t), p)le P dp, reDcCR”, t <t<ts,
0

twice differentiable under integral is well defined. Then it satisfies the equation

n n n

ov Ov Ow O*w dv v
a®) 3 aii@t) g g oy = O W@ g o Fe®) D ailet)y v

. =1 ij=1
S dv Ov Ov Z 520
a(v) X2 ai(x,t) 50 50 G — 2 aij(@,t) 50 50 .
b= ’ wi=1 ! ow v
+ n + b(’U) Z aij(a:,t) 8:1? 61‘ K
> aij(w,t) gy, c%}j ij=1 i 0T
ij=1

(8)

Proof. Let F(z,p) be an arbitrary solution to (6) with parameter p, 0 < p < oo, and let a(p) be a suitable

function. Consider the function

u(z,t) = [ a(p)F(v(x,t),p)e " dp
/

and show that it satisfies (8). We have

(e} [e.e]

ou , 0V —pt ou _/ , Ov —pt
ot —/a[F ot Fp]e dp, 0w aF axie dp,

2 i 2
d*u /Q[F,,&) ov P o ]e‘ptdp.

8$ial‘j - 61‘2 633]- 8:1:163:]
0
Hence,
- ov Ov v 7 ov _ & ov Ov 7 _
a(v) Y am(ﬂf,t)awi ou; 01 /aF’ N Phdp —a(v) > az‘j(l‘,t)axi or,; /ane P dp
i,j=1 0 1,j=1

n o0 9 o0
- {Z aij(x,t) 88;1 aa;; /aF”e‘pt dp + Z aij(z,1) 82;% /ae_pt dp
0 0

n
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n n 2
o) X 00055 55— 2 awlw0)als,
7’7]: 7’7]:

+ n +b(v)
> aij(x,t) o0 o
Bj=1 !
v v / t
X g a;j(z,t) /aF Prdp
ij=1 Oz Oz 9

Choosing Q(p) and R(p) as a(p) and Z; and Z5 as F', we completely prove Theorem 4.

In view of the representation of a solution w(z, t) to (6) by the formula of Theorem 4
w= [ Q) Z:(0(a.1).p) + Rp)Za(o(a. ). 9l dp
0

a possibility opens for applying the theory of second-order linear differential equations with some
constant parameters. We confine ourselves to just one example.

Suppose that b(z) = 0, a(z) = 1, and ¢(z) = 0in (6); i.e., F” + pF = 0. We have
Z1(z,p) =siny/pz, Zo(%,p) = cos/pz.

Assume that
R(p)=> Rib(p—k),  Qp)= Qui(p—k),
k=0 k=0

Ry, and Qy are constant, |Ry| < 1/k%, and |Qg| < 1/k% with a > 1. Then
w(z,t) = Z[Rk sin VEuv(x,t) + Qp cos VEu(x, t)]e ™, (10)

k=0

series (10) converges for ¢ > 0, and equation (8) has the form

- v Ov dw - 9w
Z aij(,1) = Z aij(z,1)

ij=1 8951 8zj ot ij=1 8%18.%]
. v Ov Ov < &2%v
Z Qg (:E’ t) Ox; Ox; Ot - Z Qij (1‘, t) O0x;0x; n
n i,j=1 i,j=1 Z a2, 1) ow Ov
- . ov Ov P RN 8%1 8.’Ej ’
'Zl CLZ]({L‘,t) Ox; am]- i,7=1
27]:

As was observed many times [4—7], the representations of solutions and coefficients found here can
be used in the direct and inverse problems of mathematical physics.
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