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Abstract—In the present paper heat transfer characteristics for boundary layer forced convective
nanofluid flow past a moving plate parallel to a moving stream embedded in a porous medium in
the presence of heat source/sink are analyzed. A single-phase fluid model for nanofluid is used. The
governing nonlinear partial differential equations are transformed into nonlinear ordinary differential
equations by means of similarity transformations and then the reduced ordinary differential equations
are solved numerically by a shooting technique. The effects of different parameters on velocity, ve-
locity gradient, temperature and temperature gradient for nanofluid with Cu and Ag as nanoparticles
are presented and analyzed graphically. For the validation of the numerical scheme, the numerical
results obtained in this study are compared with the published data. From the results it is cleared
that dual solutions exist when the plate and the free stream move in the opposite directions.
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1. INTRODUCTION

Physical phenomena of free/forced convection have wide applications in geophysical science, fire
and safety engineering, nuclear science, chemical engineering, etc. Lots of researchers have considered
forced convection flow over a flat plate. Blasius [1] first considered the boundary layer flow past a flat
plate. Later on, Pohlhausen [2] investigated the heat transfer characteristics for this problem. Boundary
layer flow on a moving flat plate in a quiescent fluid was discussed by Sakiadis [3]. Pop et al. [4] reported
the consequences of variable viscosity on flow past a moving plate. Chen [5] studied forced convection
over a moving sheet by considering suction or injection. An approximate solution of the classical Blasius
equation was discussed by Wang [6]. Sadeghy and Sharifi [7] discussed about the local similarity solution
for the flow of a viscoelastic “second-grade” fluid over a moving plate. Cortell [8] investigated numerically
the Blasius flat plate problem. The effect of transpiration on boundary layer flow over moving surfaces
was reported by Weidman [9]. Ishak et al. [10] discussed about flow and heat transfer characteristics over
a moving plate by considering constant surface heat flux. Seethamahalakshmi et al. [11] investigated
the unsteady MHD free convection flow and mass transfer in the presence of thermal radiation over
a moving vertical plate. Mahmoud [12] considered the boundary layer flow of non-Newtonian power
law fluid over a moving plate in case when the plate and the free stream move in same direction.
Mukhopadhyay et al. [13] presented thermal radiation effect on the flow and heat transfer over a moving
plate. Mukhopadhyay [14] examined the boundary layer flow over a moving permeable surface with
prescribed surface temperature and thermal radiation. Dual nature of solutions was obtained for the
problem. Kannan and Moorthy [15] considered the non-Newtonian fluid flowing over a permeable
moving surface in the presence of suction and heat generation.

Nanofluids have great importance due to their industrial applications particularly in microelectronics,
fuel cell, biomedicine, transportation, and nuclear reactors. Choi and Eastman [16] firstly studied the
theory of nanofluids. By considering Cu and Ag as nanoparticles, boundary layer flow of nanofluids
was discussed by Vajravelu et al. [17]. Makinde and Aziz [18] reported the flow behavior of nanofluids
past a stretching sheet by considering convective boundary condition. Unsteady stagnation-point flows
in nanofluids were inspected by Bachok et al. [19]. Anwar et al. [20] analyzed the effects of heat
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and mass transfer of nanofluids over a nonlinear stretching sheet. Rosca and Pop [21] examined the
steady/unsteady boundary layer flow of nanofluid past a moving surface in an external uniform free
stream.

Fluid flow and heat transfer in porous media deserve special attention due to vast applications
particularly in storage of granule, processing of metals, devises for insulation, geothermal systems,
devises that switch over heat, straining procedures, catalytic reactors, etc. (Mukhopadhyay and Layek
[22], Mukhopadhyay et al. [23]). Aziz et al. [24] looked into the flow of water-based nanofluid being
full of gyrotactic microorganisms passing a horizontal flat plate in porous medium. Later on, Ramana
Reddy et al. [25] explored the rotation flow of nanofluid past a plate in porous medium in the presence
of a magnetic field, chemical reaction and thermal radiation. Of late, Chakraborty et al. [26] offered the
effects of thermal radiation on an Ag–water nanofluid flow past a plate in non-Darcy porous medium.
Only few research works on nanofluid flows in porous media are available in the open literature.

Keeping this in mind an attempt is made in this paper to explore the effects of Darcy porous medium
on nanofluid flow past a moving plate in a parallel moving stream. Darcy’s law basically represents the
correlation between volume-averaged velocity and the pressure gradient. Moreover, in the present paper
the effects of heat source/sink and a general surface temperature varying directly (or inversely) with
the power-law exponent have been explored. Dual solutions were obtained in the present study when
the plate and the stream move in opposite directions. The numerical results obtained in this study are
presented through graphs and the salient features are discussed with physical reasoning.

2. FORMULATION OF THE PROBLEM

Let us consider a two-dimensional, steady laminar forced convective flow of nanofluid over a flat
surface moving with constant velocity Uw in the same or opposite direction to the free stream U∞. The x
axis extends parallel to the surface, while the y axis extends upward, normal to the surface. The governing
boundary layer equations for flow and heat transfer are
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∂x
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∂y
= 0, (1)
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The velocity components in the x and y directions are denoted by u and υ, respectively; vnf = μnf

ρnf
is the

kinematic viscosity of the nanofluid; k1 = k0x is the Darcy permeability of the porous medium; k0 is the
initial permeability; and μnf is the viscosity of the nanofluid. Now, for nanofluids ρnf denotes the density
of the nanofluid; T denotes the temperature; κnf represents the thermal conductivity of the nanofluid;
and the specific heat capacitance of the nanofluid is denoted by (ρcp)nf ; Q = Q0

x is the heat generation
or absorption coefficient, Q > 0 implies heat generation, Q < 0 represents heat absorption.

The effective fluid properties are given by Pandey and Kumar [27]:

ρnf = (1 − φ)ρf + φρs,
κnf

κf
=

2κf + κs − 2φ(κf − κs)
2κf + κs + φ(κf − κs)

, μnf =
μf

(1 − φ)2.5
,

(ρcp)nf = (1 − φ)(ρcf )f + φ(ρcp)s.

Furthermore, φ is the solid volume fraction; μf denotes the dynamic viscosity of the base fluid, ρf and ρs

are the densities of the base fluid and nanoparticles, respectively; κf and κs are the thermal conductivities
of the base fluid and nanoparticles, respectively.

Thermo-physical properties of water, Cu, and Ag are shown in Table 1 [28].
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Table 1. Thermophysical properties of water, Cu and Ag [28]

ρ (Kg/m3) Cp (J/kgK) κ (W/mK)

Water 997.1 4179 0.613

Cu 8933 385 401

Ag 10500 235 429

3. BOUNDARY CONDITIONS

The appropriate boundary conditions can be expressed in the following form:

u = Uw(x), υ = −υw(x), T = Tw(x) at y = 0, (4a)

u → U∞, T → T∞ as y → ∞. (4b)

Here Tw = T∞ + Axn is variable temperature at the surface of the plate, T0 is a constant with dimension

temperature/length, υw = −1
2υ0

√
vf U

x is the suction/injection velocity.

4. SIMILARITY TRANSFORMATIONS

Let us now introduce the stream function ψ as u = ∂ψ
∂y , υ = −∂ψ

∂x and consider the following similarity
transformation:

θ =
T − T∞
Tw − T∞

, η = y

√
U

2vfx
,

u = Uf ′(η), υ = U
ηf ′(η) − f(η)√

2Rex
, Rex =

Ux

vf
, (5)

where η is the similarity variable.
Thus, Eq. (1) is automatically satisfied by this. With the help of (5), the following equations are

obtained from the Eqs. (2), (3):
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where k = 1
DaxRex

= vf

k0U is the parameter of the porous medium, Dax = k1
x2 = k0

x , Pr = νf (ρcp)f

κf
is the

Prandtl number, and λ = Q0

(ρcp)f U is heat source (λ > 0)/sink (λ < 0) parameter.

The boundary conditions take the following forms:

f(η) = S, f ′(η) = 1 − R at η = 0, f ′(η) → R as η → ∞, (8)

θ(η) = 1 at η = 0, θ(η) → 0 as η → ∞, (9)
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where υw = −1
2υ0

√
vf U

x is the suction (υ0 > 0)/blowing (υ0 < 0) parameter; R = U∞
U is the velocity

ratio parameter. For 0 < R < 1, the plate and the fluid move in the same direction and when R < 0 or
R > 1, they move in the opposite directions.

The local skin friction coefficient and Nusselt number are the quantities of physical interest for this
problem, which are given by

Cf = − μnf

ρfU2
w

∂u

∂y

∣∣∣∣
y=0

, Nux = − xκnf

κf (Tw − T∞)
∂T
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, (10)

CfRe1/2
x = − 1

(1 − φ)2.5 f ′′(0), NuxRe−1/2
x = −

(
κnf

κf

)
θ′(0). (11)

Equations (6), (7) are highly nonlinear coupled equations that cannot be solved analytically. Those
equations subject to the boundary conditions (8), (9) are solved numerically using Runge–Kutta method
with the help of shooting technique.

5. RESULTS AND DISCUSSION

In order to measure the precision of the method used in this study, the numerical results obtained in
our study are contrasted with the accessible results of Ishak et al. [29] for different values of the velocity
ratio parameter R and are presented in Table 2, which evidences a good agreement with the results of
Ishak et al. [29].

Figure 1 depicts the behavior of velocity and velocity gradient for the variations of the parameter of
the porous medium. Dual solutions are obtained. Figure 1a clearly indicates that the thickness of the
velocity boundary layer decreases for the first branches of solution. It is observed that velocity raises its
value with the rising values of k, the parameter of the porous medium. As the parameter of the porous
medium raises its value, the system happens to be more porous. The Darcian body force being inversely
proportional to the parameter of the porous medium results in the decrease of Darcian body force (in
magnitude). This resistive force takes steps to slow down the fluid particles in continua. This resistive
force reduces with the rise in the parameter of the porous medium. Subsequently less drag is practised
by the flow and slow down of the flow is thereby reduced. For this reason, the velocity of the fluid adds to
with the increase in the parameter (k) of the porous medium. On the other hand, for the second branch
the velocity decreases. Velocity is higher for Ag–water nanofluid compared to that of Cu–water (see
Fig. 1a). Though the velocity gradient increases initially but after a certain distance from the plate, the
velocity gradient decreases with the rise in the values of k, the parameter of the porous medium in case
of the first branch of solution (see Fig. 1b). For the second branch, the velocity gradient remains almost
the same (no variation there) up to a certain distance from the plate, but after that a sharp increase is

Table 2. Comparison of velocity gradient f ′′(0) for a nonporous flat surface in the absence of porous medium with
the results of [29] for ordinary viscous fluid (φ = 0)

R
f ′′(0)

Ishak et al. [29] Present study

Upper branch Lower branch Upper branch Lower branch

1.1 0.533708 0.001493 0.533707 0.001491

1.2 0.583178 0.016171 0.583176 0.016172

1.3 0.613646 0.051941 0.613645 0.051940

1.4 0.616140 0.117886 0.616142 0.117885

1.5 0.565821 0.241872 0.565823 0.241874
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Fig. 1. Dual nature of (a) velocity and (b) velocity gradient profiles for several values of permeability parameter k.

noted and finally it decreases rapidly with the increasing values of the porous medium parameter k (see
Fig. 1b).

Fluid temperature decreases with the augmentation of the parameter k of porous medium for the first
branch of solution. The thermal boundary layer thickness decreases in this case. For the second branch
of solution, though the temperature decreases initially but it augments finally (see Fig. 2a). Also for the
Cu–water nanofluid, temperature is higher compared to the Ag–water nanofluid (see Fig. 2a). Here,
the surface temperature varies inversely with the power-law exponent n. No overshoot in temperature is
noted in this case (Fig. 2a). Temperature gradient profiles, when the surface temperature varies inversely
with the power-law exponent n, are exhibited in Fig. 2b. The heat transfer rate increases with the rising
values of k, parameter of the porous medium (Fig. 2b).

The effect of the porous medium parameter on temperature and temperature gradient when the
surface temperature varies directly with the power-law exponent n are depicted in Fig. 3a. Fluid
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Fig. 2. Dual nature of (a) temperature and (b) temperature gradient profiles for several values of permeability parameter
k when the surface temperature varies inversely with power-law exponent n.

temperature decreases with the increase in the parameter of the porous medium k for the first branch
of solution, but for the second branch it increases. Temperature overshoot is noted for the second branch
of solution (Fig. 3a). Dual nature of temperature gradient profiles is noted through Fig. 3b.

The effect of the nanoparticle volume fraction φ on velocity and velocity gradient is shown in Figs. 4a
and 4b. Due to the increase in the nanoparticle volume fraction, velocity increases for both branches of
solutions. Ag–water nanofluid shows a higher velocity compared to Cu–water nanofluid (Fig. 4a). The
velocity gradient also shows the dual nature (Fig. 4b).

The effect of the nanoparticle volume fraction φ on temperature and temperature gradient when the
surface temperature varies inversely with the power-law exponent n is shown in Fig. 5. Due to increase
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Fig. 3. Dual nature of (a) temperature and (b) temperature gradient profiles for several values of permeability parameter
k when the surface temperature varies directly with power-law exponent n.

in the nanoparticle volume fraction φ, temperature decreases for both branches of solutions. Cu–water
nanofluid exhibits a higher temperature compared to Ag–water nanofluid (Fig. 5a). Here, also, the
temperature gradient shows dual nature (Fig. 5b).

The effect of the nanoparticle volume fraction φ on temperature and temperature gradient when the
surface temperature varies directly with the power-law exponent n is shown in Fig. 6. Due to increase
in the nanoparticle volume fraction φ the temperature decreases for both branches of solutions. The
Cu–water nanofluid shows higher temperature compared to the Ag–water nanofluid (Fig. 6a). Due to
increase in the nanoparticle volume fraction, thermal conductivity of nanofluid increases; this helps to
thicken the thermal boundary layer (Figs. 5a and 6a).
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Fig. 4. Dual nature of (a) velocity and (b) velocity gradient profiles for several values of nanoparticle volume fraction φ.

Figures 7a and 7b show the velocity and temperature profiles for various values of the velocity ratio
parameter R (> 1). It is observed that due to increase in the velocity ratio parameter R the fluid velocity
increases (Fig. 7a). Actually, due to amplification in the velocity ratio parameter R, the disparity between
the velocities of plate and the fluid increases, which augments the fluid to move away quickly from the
plate. The thermal boundary layer thickness increases for the first branch of solution, but for the second
branch it decreases (Fig. 7b).

Figures 8a and 8b describe the effects of the power-law exponent n on temperature and temperature
gradient. No temperature overshoot is noted for the first branch of solution (Fig. 8a). For the second
branch of solution, no temperature overshoot is observed for positive values of n (i.e., when the surface
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Fig. 5. Dual nature of (a) temperature and (b) temperature gradient profiles for several values of nanoparticle volume
fraction φ when the surface temperature varies inversely with power-law exponent n.

temperature varies directly with n), but for negative values of n (i.e., when the surface temperature varies
inversely with n), temperature overshoot is noted in case of the second branch of solution (Fig. 8a).
The temperature decreases with increasing values of n (see Fig. 8a). From Fig. 8b it is observed that
temperature gradient at the wall is negative for the first branch of solution, which indicates that heat
flows from the plate to the fluid. So, no overshoot in temperature is noted for the first branch of solution
(Fig. 8a). For the second branch of solution the wall temperature gradient becomes positive for positive
values of n (Fig. 8b); this means that the heat flows from the fluid to the plate, that is why temperature
overshoot is noted in this case (Fig. 8a).

The effects of heat source/sink on temperature variation directly/inversely with n are exhibited in
Figs. 9a and 9b, respectively. From these figures it is evident that the fluid temperature increases due
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Fig. 6. Dual nature of (a) temperature and (b) temperature gradient profiles for several values of nanoparticle volume
fraction φ when the surface temperature varies directly with power-law exponent n.

to increase in the heat source/sink parameter λ. However, no temperature overshoot is noted for the
upper branch solution when temperature varies directly with the power-law exponent n (> 0), but for
the lower branch solution temperature overshoot is observed (Fig. 9a). Temperature overshoot in the
first branch of solution is noted in the presence of heat source (λ = 0.3) when the surface temperature
varies inversely with the power-law exponent n (< 0) (Fig. 9b). Fluid temperature is higher for Cu–
water nanofluid compared to Ag–water nanofluid. Basically, the presence of a heat source enhances heat
transfer, whereas due to the presence of a heat sink the heat transport diminishes. In fact, more heat is
produced in the presence of a heat source. As a result, temperature increases. Thermal boundary layer
thickness is an increasing function of heat source. The heat production pilots to a well-built thermal
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Fig. 7. Dual nature of (a) velocity and (b) temperature profiles for several values of velocity ratio parameter R when the
surface temperature varies directly with power-law exponent n.

diffusion coating, which may augment the thickness of the thermal boundary layer. In contrast, the
thermal boundary layer thickness reduces due to heat sink.

6. FINAL REMARKS

Nanofluid flow past a moving plate embedded in porous medium in a moving fluid in the presence of a
heat source/sink has been investigated. A single-phase fluid model was used for nanofluid with Cu and
Ag nanoparticles. It was found that dual solutions exist only when the plate and the fluid move in opposite
directions, which agrees well with the findings available in the open literature. The main observations are
listed as follows:

(i) Fluid temperature is found to decrease with increasing values of n.
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Fig. 8. Dual nature of (a) temperature and (b) temperature gradient profiles for several values of power-law exponent n.

(ii) For negative values of n, temperature overshoot is noted.

(iii) Fluid velocity increases for the first branches of solution with increasing values of the permeability
parameter k > 0.

(iv) Fluid temperature decreases for the first branches of solution with increasing values of the
permeability parameter k > 0.
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Fig. 9. Dual nature of temperature profiles for several values of heat source/sink parameter: (a) the surface temperature
varies directly with power-law exponent n; (b) the surface temperature varies inversely with power-law exponent n.
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